Damped / Driven Linear Oscillators

EOM : i +2Bi+w;x= f(t) where F ., =—kX=-mo,%,  Fy, =-bv=-mQp)V, Fy. =mf{)

o . k . .
Damping Cases : Critical damping : f=®, =,/—, Underdamping: f<®,, Overdamping: > o,
m
Resonance:
lity factor Q = — b= here A2[ @, + 2% | Ly d A= amplitude of
Quality factor Q = where O, T — )73 (@, ) an = amplitude of x(7)
FWHM
Estored : :
Q=2r——==—— where E_ =T +U for mechanical oscillator
dissipated / cycle
For weak damping < o, : 0. =0 A = Jo Q0= Do
0 - peak 0 eak 2ﬁwo 2ﬁ
. . = ~ 1 . 1
Coupled Linear Oscillators Mg=-Kg T = EM,.qu.qj U= EK”q’q’
o°’T 0’U tensi
M, =—— K, = Transverse oscillations of taut string: k, = =t
' 0g,9q ila=o ' dgq,9q ilg=0 length equilib

Fourier Series as a Linear Vector Space
* Space : | f) = t-periodic functions f(z) that are periodic over t =[-7/2 —7/2],with @ =271/7

sin(nwt) n=1,...,00
T/2

. 2
*Basis#1:|n)={ 1/J2  n=0 « Inner Product #1: (g|f)== | g(t) f(r)dr
cos(nwt) n=-—1,...,.—o T n
. ~| T 1 o2 *
« Basis #2 : |n)= " « Inner Product #2 : (3| f)= - [ s
-7/2
- Basis is Orthonormal : (n|m)=34,, - Completeness : any | f)= D |n)(n|f)
Variational Calc / Mech  * Gen. coord ¢; must be indep Principle of Least Action :
1,4, . oL d (oL L=T-U — 06S=0 @ true {ql(t)}
S= J dtL(q,,q,,;t) 068S=0—> —=—| — | foreach g; oL oL
e dg; dt\ 94, Gen. force O, = — , momentum p, = —

H =¢q,(dL/0dq,)— L conserved when dL /dt =0 ‘ i o
H = p,q, — L equals T+U when 7, =7, (q;)

3D Math Miscellanea dl =dsS+sdop+dz? dl =dri+rdf6+rsinfdod
a= §[§— s¢2]+(]3[s¢5+2j¢:|+2[2]
a= f[i" —r0” — r¢’ sin’® 9] + é[ré +27/0 —r¢’ sin@cos@] + g?)[sin@(r(ﬁ +279) + cos@(2r9¢3)]



2-Body Central Forces & Scattering

* Coordinates & Reduced Mass : 7 = R+227 i, = R-Tp, 7= R—F, U= T
M M M

s r

* Centrifugal force & PE:  F,=—r, U,=——, effectiveradial U*=U+U,;
ur’ 2ur
. L 1
* Angular EOM: ¢=— *Radial EOMs: ui=F(r)+ F.(r), E=T+U= E,ur'2 +U,+U
ur

 Path Equation : u(©)=1/r@) — u”+u=—FTA g w=_H

L'’
* Conics : With (7, ¢») centered on a focal point and E = Ellipse, H = Hyperbola
+: E or H-near-branch Z1p? —E
L9 414 ecosp) with L e=S=YTF2 im
r b —: H-far-branch a a H
I2 2 2 _q
* Kepler Orbits F:—l2 cr(@)= L with I’0=—:—:a‘l—€2 , E:;m:—M(e )
r sgn[y]+ecos¢ ,Ll|j/| a 2a 2r,
4r’ 2r.. —r.
Bounded orbits: T’ = T H a’, r= i , e= Tinax ™ Tin
7/ rmin +r max r max + rmin
. b .
Unbounded orbits: scattering 0=mr—-20 with tanox=—, impact by=b ©
angle a  ~ Darameter
dA _|sin0dbd¢ do b |db i dN,
e XSec: dQE—zz ¢ , — =——|—| with stcatienng e Lumi: £=nANe, “=Lo
r d6. de, dQ sin0|d6 angle

» Earth Specifications: R, = 6.4 x 106m, GM, = gR., g=10m/s2
e Earth Orbit: ro=a=1A.U.=15x 10" m, orbital velocity vy =3 x 10* m/s

e Atomic Data: 1 amu = mass of 1 nucleon (proton or neutron) = 1.66 x 10-27 kg = (5/3) x 10> g
Gas at STP has Navog = 6.02 x 102 molecules in 22 4 liters; 1 barn = 10-22 m2 = 10-2* cm?

General dr? M=GM,,/c* d
- dt> = dt* (1-2M/r) - —————r*d¢” with . o’ =-dr’ L=-mc*<
Relativity (1-2M/r) t=t_c dt
Rigid Bodies V42T —xy -z * I simplifies for lamina,
I= j dm R T —yz n-fold axisymmetry, reflection symmetry
I :jdm (6,7 —rr) A
Xty Rotations: orthogonal R" =R
Principal Axes : Ie=Ae I=1,+TI passive rotation from e, €, e,
B ) 1. S frame {X,y,Z2}to  R'=| e. e, e
[ =1®@ ¥V body-fixed point B T=—d"l® . A b
2 S frame {e,,e,,e,}: €, 6, €
For B fixed in body frame, ~*~ L hotpin toxL —> transforms: v =R%, I =RIR"”
d_ﬁ —oxB T, =1lw+{,-1,)0,0, Free symmetric top : precession of @ is
dt stdy 7, = Lo, + (I, - I,)0,0, Q" =[(11,)-1]wsé, body, Q=L/I, lab;

Ty = Lo+, — 1) o0, E,E),% always coplanar



