
let Recapi Representation & of a groug G
· a Vector space v

· a group homomorphism 9 :6- U
to unitary operators on V

--

Let G be a grey, & : GtUSV a representation on a vector

space V
ge erg) -Un

Even a rector /eV Prev



we can look for WGV such that

erg)ineW for all geG , ww
such a subspace is called a moren subspace

given WSV
,
we can consider W - orthogonal

complement of Wi

W = [W] eV1 <Ww:0 for
all I W
-

=wont evcase +every
written uniquely as I-W i



since prg) are all unitary, Wt is ale on
invocatsubspace

If let lueW
,
In]eWt

Winvariant
,
Prg/w]cW for

any go

=> (w+ (e(s)/w) =0
=> Kulferfiw+*= 0
= <Wegy/w =0 for

my geG
foreg In ch
for any InW

+



-> prgfIweWt
=> Wt is an invariant subspace

ortherermal
basis for V : Elvis,1,S---

P :G-Ur is a homomorphism

Prs) as a matex in this basis prgg) =prgferg -E

ess = crelpreslvi F[vilers vis Svilpv( ( ↑X

↓



But instead
,
we canbick a different basis

31 wit ,Nat , Ins.- be a basis for Ierfonermel

Elvis , wit, lat-f be an othonermal basis forW

a basis for V S1W,It, ... , I i ,-
v= Wowt Iwisug

W wit
in this basis



S·
In andPut are themselves representations

up to -
achaye
of basis Pa & Put& -
"untarily q
equivalent to

"

2
,
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,
Put are subrepresentations of p

f 78 a reducibleUprouters ps -presentation



E
Any representation that is not

reducible is called

enable

Note of & is irreducible then the only invariant
subspacesed p are 586 and V

Trivial example: let be
any grang ,

and V=I

Vector space of complex numbers

Und-Seit, dere) = Un
&: ge prg)

=I sea

P (3 ,94 =1 = et9ile(s) =141



trivial representation - rireducible

Nontrival example: SU() we Knowi Valix, 14)
Pin+ e
E

On thewester space of two son-in particles
v =Veve-Cli, His , lik.Ha
- t

Pet de

Are there Contrivial) invariant subspaces Por Pos ?



[ii]-Hi])) =W-Singlet state
nvariant subspace

Wt= Eli] ,Elit, 14 nvenient

subspace: tright space

in this basis Prie)ine ↑
Spin-1
representation

&P , lot-oel')



Clebsch-Gorden Coeffs : Matrix elements of the

unitary matrix that block-dragonalve?
-

F
Schuls Lemma regar Alternatively ei 6-GLN

S"We unitarity <VIW] Hermition

Prick" inver product

Kulwe(g)v/esug
-

Schur's Lemma part ti let 6 be a graug
P6-UrK two reducible representations
PriGt UNK) firrepst of G



and a matrix H :V , > 12 IeV
WheV
HuseVa

If Hers = Right for all ge 6
-

then either: & H =0

② His invertible

Of of He Kerl-V,
In H = St



o It is inverble kerl-Seg
In H = Vz

Lets lock at Kerlt: EveV, I Hi - of
groh luekerl
=eHis = He lit

=> Wiseker then sors essylve for all ge
=> her It is an invariant subspace et V

but & , is
irreduable



Kerl-ISes- Hiero
a

New lets look at In H : Elveve/=His for
see /VseN,

IW] + InH-1w] :H New

e()in] = Pers Hv]= Hersive

Fi - In It is an invariant subspaceof

In H-[V:His
ita



Either H =: or

It is one tec and ente -> His
invertible

&2 : Suppose V =V =V and PR=P
are the some, & rireducible and finite-dimensional

and assure we have It that satisfies partIt assumpter

Hers =pish [H
,
ers =0

then either : H = O or



H = X Idy detry nature

Sof p is on irrep,
the only mater that

commutes with every prg) as
the dation

Pfi Part 1 says He or It invertible
&

Assume Hinvertible - It a finter dim square matrix

=> It has at least one egerector y whergunate

Shy/ng1,2,

...) *
&

↑
B = H-15dr + [B, 1981:0A

=> Bot er B is invertible



↑
BlV] = O Sob not
invertible

Bro = H- XId

If G is a symmetry grang H

[H, pro] =g

Elis , i , ... Ng Pirst
Plessly,ersitie



CHij = <PH14,

[HikPuj)-Pin[Huj g

Chip : Fifij
- [States transforming

i an=the symmetry groug
are degenerate

Ex: Nenrelativistic Hydrogen atem
freda

, Sinemat I lo, - M2F-l, . - e



= End,
ne]] e spirt, ieg obso

= Sinline spine imp so

lifle different dimensions

Part : <elimaHm] = S
Elz

Partzi almeHlm]-ESmeme



Part 2 .
S

.
let 6 be

agree

9 :Gt UK Partie dim Irregs
&: G+Ur

&res H = He
,
is

It invertible+ &
,52
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