CS 173, Spring 19 Examlet 10, white 1

Name:

NetlID: Lecture: A B
Discussion: Thursday Friday 9 10 11 12 1 2 3 4 5 6

1. (9 points) Fill in key facts about the recursion tree for 7', assuming that n is even.
T(0)=5 T(n)=3T(n—2)+n?

(a) The height:
(b) The number of leaves (please simplify): 32 = (1/3)"
(c) Value in each node at level k: (n — 2k)?

Change of base formula: log, n = (log, n)(log, a)

2. (6 points) Write the following functions in the boxes so that f is to the left of g if and only if
f(n) < g(n).

n nlog(17n) V/n+18 8n? 2" +n! 2logan 4 5n 0.001n3+3"

Solution:
Vn+18 < n < nlog(ltn) < 8n? < 0.001n3 +3" <« 2en 457 < 20 4 pl
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1. (7 points) Recall that f is O(g) if and only if there are positive reals ¢ and k such that

0 < f(x) < cg(z) for every = > k. Prof. Snape claims that there is a function f (from the reals to

the reals) that can never be involved in a big-O relationship. Is he correct?

Solution:

produces only negative outputs.

2. (8 points) Check the (single) box that best characterizes each item.

() =c O(logn) o(yn)
T(n) =2T(n/2)+n o(n?) o(n?)
T(1) = O(logn) | /| ©(/n)
Lo =T/2+e o) o)
nt? is O(nt61) O(n114)
logs5 faster than n?

at the same rate as n?

O(n) O(nlogn) |/
e(2") e(3")

O(n) O(nlogn)
e(2") o(3")

vV neither of these

slower than n

He is right. Our definition will never be satisfied if one (or both) of the functions

R
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Name:

NetlID: Lecture: A B
Discussion: Thursday Friday 9 10 11 12 1 2 3 4 5 6

1. (9 points) Fill in key facts about the recursion tree for 7', assuming that n is even.
T(8)=5 T(n)=3T(n—2)+c

(a) The height: § —4
(b) The number of nodes at level k: 3"

(c) Value in each node at level k: ¢

Change of base formula: log, n = (log, n)(log, a)

2. (6 points) Write the following functions in the boxes so that f is to the left of ¢ if and only if
fn) < g(n).

3n? nlogn (101")n 0.001n 301og(n'7) 8n!+ 18 3" 411"

Solution:

30log(n'") < (109")n <« "B <« 3n2 < 00010 < 3"+11" < 8nl+18
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1. (7 points) Suppose that f and g are functions from the reals to the reals. Define precisely what it
means for g to be ©(f). Your definition can be in terms of other primitives such as < and big-O.

Solution: g is O(f) if and only if g is O(f) and f is O(g).

2. (8 points) Check the (single) box that best characterizes each item.

T(1)=d O(logn) O(y/n) O(n) V| ©O(nlogn)
Tn)=Tn—-1)+c¢ O(n?) o (n?) o(2") o(3")
T(1)=d O(logn) O(y/n) ©(n) V| ©(nlogn)
T(n)=2T(n/2)+c @(nz) @(n?’) e(2") o(3")

Suppose f and g produce only
positive outputs andf(n) < g(n) . no | 4/ sometimes yes
Will g(n) be O(f(n))?

faster than n? slower than n?

n'924 grows

at the same rate as n® | /
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Name:

NetlID: Lecture: A B
Discussion: Thursday Friday 9 10 11 12 1 2 3 4 5 6

1. (9 points) Fill in key facts about the recursion tree for 7', assuming that n is a multiple of 3.
T3)="7 T(n)=2T(n—3)+c

(a) The height: 3 —1
(b) The number of leaves (please simplify): 257!

(c) Total work (sum of the nodes) at level k (please simplify): There are 2* nodes at level k, each
containing value c. So the total work is c2*.

Change of base formula: log, n = (log, n)(log, a)

2. (6 points) Write the following functions in the boxes so that f is to the left of ¢ if and only if
f(n) < g(n).

n nlog(17n) V42" +18 8n? 2" 4l 9logsn 0.001n3+3"

Solution:
loean <« n <« nlog(lTn) < 8?2 < n+2"+18 < 0.001n°+3" < 2" +n!
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Name:

NetlID: Lecture: A B
Discussion: Thursday Friday 9 10 11 12 1 2 3 4 5 6

1. (7 points) Suppose that f, g, and h are functions from the reals to the reals, such that f(z) is
O(h(x)) and g(x) is O(h(x)). Must f(x)g(z) be O(h(x))?

Solution: This is false.

Suppose that f(z) = g(x) = h(z) = z. Then f(z)is O(h(z)) and g(z) is O(h(z)), but f(x)g(z) = z*
is not O(h(z)).

2. (8 points) Check the (single) box that best characterizes each item.

T(l)=c O(logn) O(y/n) O(n) O(nlogn) |/
T(n)=3T(n/3)+n O(n?) o (n?) o(2") o(3")
T(1)=c O(logn) ©(/n) O(n) O(nlogn)
T(n)=2T(n/2)+n* @2 V| em?) o(2") o(3")

E<m |+ k=m

Dividing a problem of size n into k sub-
problems, each of size n/m, has the best
big-© running time when k>m km =1

faster than n? | / slower than n?

n'°925 grows

at the same rate as n?
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Name:

NetlID: Lecture: A B
Discussion: Thursday Friday 9 10 11 12 1 2 3 4 5 6

1. (9 points) Fill in key facts about the recursion tree for T, assuming that n is a power of 2.
T(8) =17 T(n) =4T (%) +n

(a) The height: logsn — 3

(b) Total work (sum of the nodes) at level k (please simplify): There are 4F nodes at level k.
Each one contains the value . So the total for the level is 2"n.

(¢) The number of leaves (please simplify): 48273 = Llos.n
410g2 n _ 4log4 nlogy4 _ (410g4 n)log2 4 nlog24 =n2

So the number of leaves is 4%n2.

Change of base formula: log, n = (log, n)(log, a)

2. (6 points) Write the following functions in the boxes so that f is to the left of g if and only if
fn) < g(n).

3" glogzn 93n 3log2 4 0.1n (5n)! v

Solution:

ot « /i < 01ln < 4emn & 30 <« 20 <« (5p)l
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Name:

NetlID: Lecture: A B
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1. (7 points) Suppose that f and g are functions from the reals to the reals. Define precisely when
f<yg.

Solution: lim, ., 1™ =0

g(n)

2. (8 points) Check the (single) box that best characterizes each item.

T(1)=d O(logn) O(y/n) O(n) O©(nlogn)
T(n)=3T(n—1)+c O(n?) O(n?) o(2") o(3") Y
T(1)=d O(logn) O(y/n) O(n) V| ©O(nlogn)
T(n)=T(n/2) +n O(n?) O(n?) o(2") o(3")

3" is o(5") opB") |V neither of these

3" is O(2") o(2m) neither of these | /




