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Learning Objectives

Review approximate pattern matching

Formalize edit distance storage as an‘edit string’
Discuss strategies for efficient APM with edits

Introduce dynamic programming




Approximate Pattern Matching

Input: A text T, a pattern P and a distance d

Output: All positions in T where P has at most d mismatches or edits

P: word

T: There would have been a time for such a ‘word:

Alignment 1: iwor*di Alignment 2: ‘word:
Notamatch! Match!

Distance 2 match! Distance 0 match!




Hamming Distance

The number of substitutions required to turn one string into another

I:GGAAAAAGAGGTAGCGGCGTTTAACAGTAG

P. GTAACGGCG

T

Mismatch
(Substitution)




Approximate Pattern Matching

As a heuristic, seed and extend reduces the overall search space

I: There would have been a time for such a word

word word
word
po | p1 | p2 P4
A A A A
v verify verify verify | verify !
v \ 4 \ 4 l v
T
p

Only consider mismatches while verifying a seed hit



Edit Distance

248 bits (129), Expect = l1le-63

Score =
Identit

ies

= 213/263 (80%), Gaps = 34/263 (12%)

Strand = Plus / Plus

Query:
Sbjct:
Query:
Sbjct:
Query:
Sbjct:
Query:
Sbjct:
Query:

Sbjct:

161

481

218

540

278

587

335

646

383

706

Substitution

atatcaccacgtcaaaggtgactccaactcca---ccactccattttgttcagataatgc

atatcaccacgtcaaaggtgactccaact-tattgatagtgttttatgttcagataatgc

ccgatgatcatgtcatgcagctccaccgattgtgagaacgacagcgacttccgtcccagc

ccgatgactttgtcatgcagctccaccgattttg-g------------ ttccgtcccagc

Deletion
c-gtgcc--aggtgctgcctcagattcaggttatgccgctcaattcgectgecgtatatcgce

caatgacgta-gtgctgcctcagattcaggttatgccgctcaattcgetgggtatatcgc

ttgctgattacgtgcagctttcccttcaggeggga------------ ccagccatccgtc

ttgctgattacgtgcagctttcccttcaggecgggattcatacagecggeccageccatccgtc

Insertion
ctccatatc-accacgtcaaagg 404

atccatatcaaccacgtcaaagg 728

217

539

277

586

334

645

382

705



Edit Distance

Imagine edits are introduced by an optimal editor working left-to-right:

’ Edit string summarizes how editor turns x into y:
! Operations:
x GCETRTGCGGCTAACGC M = match, R = replace (substitute),
y: GCTAITGCGGCTATACGC I =insertinto x, D = delete from x
—_—>
xx GCGTATGCGGCTAACG
| | MMD
y: GC-TATGCGGCTATA C \Reminder:thisisD,notI,because
we have to delete a character from x
g, to make it more like y
xx GCGTATGCGGCTA-ACGC
[T T MMDMMMMMMMMMMI
Y. GC-TATGCGGCTATACGC
—)'
xx GCGTATGCGGCTA-ACGC
[T Frrrrrrrrr T MMDMMMMMMMMMMIMMMM
y: GC-TATGCGGCTATACGC




Edit Distance

Dli, j]: edit distance between length-i prefix of x and length-j prefix of y

F I !
x: I
y:

J

Optimal edit string for DI, j] is built by extending a shorter optimal
string by 1 operation. 3 options:




Edit Distance

Dli, j]: edit distance between length-i prefix of x and length-j prefix of y

F I !
x: I
y:

J

Optimal edit string for DI, j] is built by extending a shorter optimal
string by 1 operation. 3 options:

Append D to transcript for D[i-1, j]
Append I to transcript for D[i, j-1]
Append M or R to transcript for D[i-1, j-1]

We choose based on whichever option has the fewest edits




Edit Distance

X:GTTTAA Y:GGTTTA
sa ST,
osa ST T o
D[6, 5] GTTTAA

GGTTT




Edit Distance

X:GTTTAA

DI[5, 6]

DI[5, 5]

DI[6, 5]

Y: GGTTTA
GTTTA A
GGTTTA -

A
GTTTA A
GGTTT -
A
GTTTAA

GGTTT

GTTTAA D[6, 6]
GGTTTA



Edit Distance

X:GTTTAA Y: GGTTTA
sa ST,
SRR
DI6, 5] GTTTAA

GGTTT




Edit Distance

X:GTTTAA Y:GGTTTA
MIMMMM
G - T T TA
bl ol GGTTT A
GTTTA
PL, 3] GGTTT
DI6, 51 GTTTAA

GGTTT



Edit Distance

X:GTTTAA Y:GGTTTA
MIMMMM
G - T T TA
DL, o] G GTTTA
MRMMR
DI5. 5] G T TTA
GGTTT
DI6, 51 GTTTAA

GGTTT




Edit Distance

X:GTTTAA Y:GGTTTA

MIMMMM
G - T T

T A
DI[5, 6
[]GGTTTA

MRMMR
GTTTA

GG TTT

MRMMRD
G TTTAA
GGTTT -

DI5, 5]

DI[6, 5]




Edit Distance

X:GTTTAA Y:GGTTTA
MIMMMM
G - T T TA G - TTTA
1
D[5'6]GGTTTA GGTTTA Dlé, o]
MRMMR
G T TTA GTTTA
2
P15, GGTTT GGTTT Pié, o]
MRMMRD

G T TTAA G

D[6, 5
Sl e e T TT - GeTT

DI[6, 6]3

—
—
—

— >
>




Edit Distance

X:GTTTAA Y:GGTTTA
MIMMMM
G - T T TA G
1
DL, o] G GTTTA G Dlé, o]
MRMMR
G T TTA G
2
ol e T T T G ot ol
MRMMRD
51 o LT T AA G DI6, 6]

GGTTT - G




Edit Distance

X: ACCT Y:AGCC
A C C
4 IMM
D[3, 4] A G C C M D[4,4] extends one of
these options
A C C
S > D[4, 4
lET) IR A MRM [4, 4]
A C C T
D[4, 3] MRMD

>

()

@)
I




Edit Distance

X: ACCT Y: AGCC
A - C C T
4 | -
DI3, 4] A G C C - rm—< D[4,4] extends one of
these options
A C C T
> D[4, 4
bI3, 3] A G C C a4
A C C T -
D[4, 3] MRMDI

>
()
@)
I
(@




Edit Distance

We can store D as a 2D matrix:

Let D[O,j] =j,andlet D[i,0] =i




Edit Distance

We can store D as a 2D matrix:

Is at beginning Ds at beginning

Let D[0, j] = j, and let D[i, 0] = i

BBBBB the longest----
LTTTTT LT
BBBBB ----longest day




Edit Distance

We can store D as a 2D matrix:

Is at beginning Ds at beginning

Let D[0, j] = j, and let D[i, 0] = i

D
Otherwise, let D[1,j] = min D
D

o(a,b)is0ifa = b, 1 otherwise

1—1,7] + 1
,j—1]+1

i—1,j=1]+0ox[i—=1],y[j = 1])



Edit Distance @

We can store D as a 2D matrix:

Is at beginning Ds at beginning

Let D[0, j] = j, and let D[i, 0] = i

: .. , o / horizontal (I)
Otherwise, let D[i, j] = min Dli,j—1]+1
Dli—1,j—1]+ox[i—1],y[j—1])

™~~~

diagonal (M orR)
o(a,b)is0ifa = b, 1 otherwise



Edit Distance

editRecursive(“ABC”, “BBC”)

_— \ T~

(“ABC” “‘BB”) (“‘AB” “‘BB”) (“AB”, “BBC”)

N T——

(“ABC” “BJJ) (“AB” “B” “AB” “BB”)

(only part of recursion tree shown)




Edit Distance

editRecursive(“ABC”, “BBC”)

_— \ T~

(“ABC” “‘BB”) (“AB” “BB”) (“AB”, “BBC”)

N T——

(“ABC” “BJJ) (“AB” “B” “AB” “BB”)

(only part of recursion tree shown)

editRecursive(“Shakespeare”, “shake spear”)

Calculate (“Shake”, “shake”) 8989 times

How can we address this problem?



Edit Distance

editRecursive(“ABC”, “BBC”)

_— \ T~

(“ABC” “‘BB”) (“AB” “‘BB”) (“AB”, “BBC”)

N T——

(“ABcJJ “BJJ) (“AB” “B” “AB” “BB”)
Memoization: Top-down
Dynamic Programming: Bottom-up

Both: Solve individual sub-problems once




Edit Distance: dynamic programming

ei.f,empty: y i
S G CTATGCCACGSOC

Letn=|x|,m=|y|

D: (n+1) x (m+1) matrix

DIi, j1 = edit distance b/t length-i
prefix of x and length-j prefix of y

O
. < .
NoONI>NoO-HA>—60000




Edit Distance: dynamic programming

Let D[O,j] =j,andlet D[i,0] =i

e GCTATGCCATCGSC .
Al < What is A?

DIi, j1 = edit distance b/t length-i
prefix of x and length-j prefix of y

NoONnOrnoHdr-H0o0NMN0oon




Edit Distance: dynamic programming

Let D[O,j] =j,andlet D[i,0] =i

e GCTATGCCATCGZC
2 | <

What is A?

NoONnOrnoHdr-H0o0NMN0oon




Edit Distance: dynamic programming

Let D[O,j] =j,andlet D[i,0] =i

GCTATGCCACGZC
1(2|{3|4|5(6|7|8(9[10|11|12

R R e
Dlplelolo|N|lojv|bdlw|NF| oo

NoONnOrnoHdr-H0o0NMN0oon




Edit Distance: dynamic programming

Let D[O,j] =j,andlet D[i,0] =i

GCTATGCCATCGZC
1(2|3|4|5(6|7|8(9[10|11|12

GCT

R R e
Dlplelolo|N|lojv|bdlw|NF| oo

NoONnOrnoHdr-H0o0NMN0oon




Edit Distance: dynamic programming

Let D[O,j] =j,andlet D[i,0] =i

G

C

GCTATGCCAC
112|3(4|5|6|7|8]|9]10

11

12

GCGTAT

R R e
Nlplelolo|N|loav|hlw|N kR oo

NoONnOrnoHdr-H0o0NMN0oon




Edit Distance: dynamic programming

Let D[O,j] =j,andlet D[i,0] =i

GCTATGCCACGZC
1/2|3|14|5|6|7|8|9]|10|11|12

R e
NlplelYlo|N|lojv|hlw|NiF| oo

NnNoOonOrooo-H4Hrr-—1-oao0o0aoo

D is one row / column larger than x / y!




Edit Distance: dynamic programming

y

e GCTATGCCATCGC

DI6, 6]

( D[i—1,5]+1
D[i,j] =min{ D[i,j —1]+1
Dli—1,5 — 1]+ d(z[i — 1],yly — 1])

\

O
| X .
NoONINAa-H»—Ho00N00o0

Cell depends upon its upper, left, and upper-left neighbors




Edit Distance: dynamic programming

y

e GCTATGCCATCGC

DI5, 6]

DI6, 6]

( D[i —1,j] + 1« UPPEr
D[i,j] =min{ Dli,j —1]+1

O
| X .
NoONINAa-H»—Ho00N00o0

\

Cell depends upon its upper, left, and upper-left neighbors




Edit Distance: dynamic programming

: y |
e G C T AT GT CUC CAZC CGZC

] €
G | {— DI6,5]
C /////
G 1
T ( = D[5, 6]
A N T |

D: x 7T > D[6, 6]

G
C
A
C ( Dli — 1, j] + 1<—upper
G D[i,j] = mind D[i,j — 1] + 1«—eft
C | Dli—1,5 = 1]+ d(z[i — 1],y[5 — 1])

Cell depends upon its upper, left, and upper-left neighbors




Edit Distance: dynamic programming

: y |
e G CTATGOCCAZCGUC

] €
G | {— DI6,5]
¢ T | D[5, 5]
G B ’
T ( // I D[5, 6]
A N Y«

D: x T N D[6, 6]

G
C
A
C ( Dli — 1, j] + 1<—upper
G Dl[i,j] =min< Dli,j — 1] + I/LeLupper—left
C | Dli— 1,7 =1+ d(z[i — 1], y[j — 1])

Cell depends upon its upper, left, and upper-left neighbors




Edit Distance: dynamic programming

: y |
e G CTATGOCCAZCGUC

] €
G | {— DI6,5]
¢ T 1 D[5, 5]
G B ’
T ( // = D[5, 6]
A NEME=E

D: x T N D[6, 6]

G
C
A
C ( Dli — 1, j] + 1<—upper
G Dli,j] = min{ Dli,j— 1]+ 1+ 1€t pper-left
C | Dli — 1,5 — 1] +d(=[i — 1},y[j —1])

Cell depends upon its upper, left, and upper-left neighbors 1, ] are D-based
D[0] is ‘empty string’




Edit Distance: dynamic programming

Dli —1,5] +1
Dli,j] =min{ Dli,j — 1] +1

Y
GCTATGCCACGUC
1(2|3|4|5|6|7|8|9]|10|11|12| Fillremaining cells from

—» | top row to bottom and
< > | from left to right
£ >
T >

etc

Vo[V hlw vk o|®
I

=
Y

=
=

NoONnOrnoHdr-H0o0NMN0oon

=
N




=1?

=1:j

What goes herein i

e G CTATGCCACGC
e|©|1|2]|3|4|5|6|7|8|9|10|11|12

dlN|m|st|n|o|N|o|a|f DN

QDU OKFICIHFOOULUCLVU O U

Edit Distance: dynamic programming




Edit Distance: dynamic programming

Dli —1,5] +1
Dli,j] =min{ Dli,j — 1] +1

Y

e G CTATGCCATCGLC
el@0]1(2|3|4|5|6|7|8|9]|10(11|12
G|1]|? |« What goes herein i=1, j=1?
Cl| 2
G|3 x[i-1]="G;
T|4 y[i-1] =G,
Al 5 sodelt= 0
T|6
G| 7
C| 8 -G G- G
Al9 |
C |10 G - -G G
2 153 ID DI M




Edit Distance: dynamic programming

Dli —1,5] +1
Dli,j] =min{ Dli,j — 1] +1

Y

e G CTATGCUCACSGZC
el@0]1(2|3|4|5|6|7|8|9]|10(11|12
G|1]|? |« What goes herein i=1, j=1?
C| 2
G|3 x[i-1]="G;
T |4 y[j-1]='G,
Al 5 sodelt= 0
Tl 6
Gl 7
C| 8 -G G- G D[i, j] = min(D[i-1, j]+1,
Al | D[i, j-1]+1,
c |10 G - -G G D[i-1, j-1]+delt)
G 11 =min(1 + 1, 1 + 1, 0 + 0)
4 ID DI M - 0
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Edit Distance: dynamic programming

Dli —1,5] +1
Dli,j] =min{ Dli,j — 1] +1

(Y

e G CTATGCCACGLZUC
el@0]1(2|3|4|5|6|7|8|9]|10(11|12
G|1|0|? |« What goes here ini=1, j=2?
Cl| 2
G|3 x[i-1]="G;
T|4 y[3-1]="C;
Al 5 sodelt=1
T|6
G| 7
C| 8 --G G - -G
A9 |
C |10 GC - GC GC
2 153 IID MI IR




Edit Distance: dynamic programming

Dli —1,5] +1
Dli,j] =min{ Dli,j — 1] +1

Y

e G CTATGCCATCGLC
el@0]1(2|3|4|5|6|7|8|9]|10(11|12
G|1|0|? |« What goes here ini=1, j=2?
Cl2
G|3 x[i-1]="G;
T4 y[j-11="C;
Al 5 sodelt=1
T16
G| 7
C| 8 --G G - -G D[i, j] = min(D[i-1, j]+1,
AlS | D[i, j-1]+1,
C |10 GC- GC GC D[i-1, j-1]+delt)
G |11 =min(2 +1, 6 + 1, 1 + 1)
2 153 IID MI IR - 1




=7?

=4:j

_|-What goes herein 1

/

7

]

ic programming

4
2

3

dynam

e G CTATGCCATC CGC

nio|Nlolo Y

—
i

AN
i

el@0]1(2|3|4|5|6|7|8|9]|10(11|12

Gli1le|21]2|3|4a|5]6
clal1lel1l2]|3]4]s
Gl3|2]2]1|2]3
Tlal|3]21]2]2]3

Edit Distance

<HHFOULUCOLU OOV




Edit Distance: dynamic programming

Dli —1,5] +1
Dli,j] =min{ Dli,j — 1] +1

Y

e G C T AT GCCACSGZC
clo|1|2|3|4|5|6|7|8]|9]|10]11]12
Gl|l|e|1|2|3|4|5]|6 _-What goes here in 1=4, j=7?
clal1lela]2]3]a]5 LT
gl3l[2]1l1]2]z]3]a] 1 x[i-1]="T!
Tlal3]|21]2]2]|3]44 y[j-1]='C’
Al 5 sodelt=1
Tl6
G|7
clgl 6C---GT GC-GT-- D[i, j] = min(D[i-1, j]+1,
N D[i, j-1]+1,
c [0 GCTATGC GCTATGC D[i-1, j-1]+delt)
¢ 11 =min(4 + 1, 3 +1, 3 + 1)
c [4 MMIIIMR MMIRMII =4
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Edit Distance



Edit Distance



Edit Distance



Edit Distance



Edit Distance



eMatrix buildEditMatrix(X, Y) @

Input:
string X:Inputstring X
string Y:InputstringY
Output:

eMatrix:vector<vector<int>> storing all optimal edit distances
e C AT

=

— > OO
WIN| R ®
NI ®|R
RN =
= N
RN WA
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Assignment 11: a_edist

Learning Objective:
Use dynamic programming to build an edit distance matrix

Construct an optimal edit string from the edit matrix

Consider: Does substitution, insertion, and deletion need to have the
same ‘weight’as a penalty? How could you modify the code to take a
user-specified input for each?




Edit Distance

T
4
3
2
1

w| NN R OO
N RO RN
R O R N P
R RN W D

—1 > O O

+— Edit distance for x, y

But where and what
is the edit?




Edit Distance

Traceback corresponds to an optimal alignment / edit transcript

At each step, ask: which neighbor (x, < or ") gave the minimum?

e C A AT
e 9,12 |3 4
Ci1/9]1]2]3
Al2 |16 1]?2
TI1 3| 2| 1] 1| 1<—Q:Howdidlgethere?




Edit Distance

Traceback corresponds to an optimal alignment / edit transcript

At each step, ask: which neighbor (x, < or ") gave the minimum?

e C A AT
e | 0612 |3 4 DL2, 4] =
Ci1,0|1]2)3
Al2 1612
TI1 3| 2| 1] 1| 1<<—Q:Howdidlgethere?




Edit Distance

Traceback corresponds to an optimal alignment / edit transcript

At each step, ask: which neighbor (x, < or ") gave the minimum?

e C A AT
e | 0612 |3 4 DL3, 3] =
Ci1,0|1]2)3
Al2 1|0 ]1]2
TI1 3| 2| 1] 1] 1<—QHowdidlgethere?




Edit Distance

Traceback corresponds to an optimal alignment / edit transcript

At each step, ask: which neighbor (x, < or ") gave the minimum?

e C A AT
e | 0612 |3 4 DL2, 3] =
Ci1,0|1]2)3
Al2 10|12
TI1 3| 2| 1] 1| 1<<—Q:Howdidlgethere?




Edit Distance

Traceback corresponds to an optimal alignment / edit transcript

At each step, ask: which neighbor (x, < or ") gave the minimum?

e C A A T
D[1, 3] =
e 9,12 |3 4
DI[1, 2] =
C/1 90,1]2)|3
Al2)1 0] 152 DIz, 21=
T 3|21 ] 1] 1 D>QHowdidlgethere?




Edit Distance

Traceback corresponds to an optimal alignment / edit transcript

At each step, ask: which neighbor (x, < or ") gave the minimum?

e C A A T
DIl, 3]1=2+1
e 9,12 |3 4
D[1, 21=1+0
C/1/ 9,12 | |
Al 2|1 D[22, 2]=0+1
T 3|21 ] 1] 1 D>QHowdidlgethere?




Edit Distance

Traceback corresponds to an optimal alignment / edit transcript

At each step, ask: which neighbor (x, < or ") gave the minimum?

e C A A T

el 91| 2|3 4
C 1\ 0{1 2 | 3
Al2|1 @4\-1‘&
T|3]2]1]1]1




Edit Distance

Traceback corresponds to an optimal alignment / edit transcript

At each step, ask: which neighbor (x, < or ") gave the minimum?

e C A AT
@1 2|3 |4 MIMM

C-AT

CAAT

—1 > O O
N




Edit Distance

Traceback corresponds to an optimal alignment / edit transcript

At each step, ask: which neighbor (x, < or ") gave the minimum?

e C A A T

—1 > O O

1

2

3

4

1Yo

1

2

MIMM

MMIM

2

N | W

Ty >

=

C-AT

CAAT

CA-T

CAAT



C[12]11]we] o[8[ 7]6[s[a]4a]3]3] 294 Q Howdidlgethere?

OYZ[So]|a|w|o|~|o|n]<]|m
O[S |||~ |~|o|nn]|<t]|m |
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< o|o|~N|O|lO||n|F]|M|N]mM]|m
oo~ m|aN|aN]|oN o
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D[10, 111=3+1
D[10, 10]=2+4+0
D[11, 10]=3+1

Q: How did | get here?
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e G CTATGCCACGLC
G|3|2|1]|1|2]3]|3[4]|5]6[7]8]9

Edit Distance
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clelols|7]els|a]3]2]3] 2942+ A:From here
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Edit Distance

Dynamic Programming fills our table with optimal distances

Traceback identifies the optimal edit string to convert Xto Y

What is our efficiency? ([X|=m, |Y|=n)

e GCTATGCCACGEC
3145|6789 ]10(11|12 o e C:IlI:

e S EAPRER R AR A ETIEE Table filling: Filling (m + 1)

Cl2l1/yf1]2]3)als]6]7|8]0]0 (n + 1) cells, each requiring

G|l3]2 1123|3456 7[8]9

Tla|3]2 2(2(3]als|e|7]s8]9 constant WOrk, SO O(mn)

AlS5|4|3]|2 21341556718

Tlée[5]14]3]2 2134 |15]|6|7]8

cl7lel5 2312 SREEE Traceback: Each step goes ~, < or

C|8|7|6|5]4]|3]|2]1 31456

Alole[7]els]4]3]2]2Nz]4]5 . Worst case: traceback never

clie|o9(8|7|6[|5]4]|3]2 314 . .. ,

Gl11|ie|o|8|7|6]|5|a]3 3 Moves dlagonally, requiring m/H\S

Cl|12|11(1e( 9 (8|7 |6 |54

and n <’s, so O(m + n)



string buildEditString(X, Y) @

Input: gt ring X:lnputstring X (edits with respect to X)
string Y:InputstringY (edits turn XintoY)

Output: string: An optimal edit string produced by the matrix

e C A A T : L. :
On tie: prioritize diagonal,
€ 1|2 |3]|4] thenvertical, then horizontal MIMM
cl1 2 | 3 p———
SEBENE ﬁ 1
131211111 CAAT




Approximate Pattern Matching

“Seed and extend” works for edit distance too!

P
Pigeonhole Po p p: ps P«
Exact
match
T

_____
- -
_______
_______
''''''

-
-

Use DP in vicinity of
hits to find full P
alignments

Distance Matrix




