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Learning Objectives

Review adJacency matr|>4 graph implementation
— g
Explore possible implementation tradeoffs

—_— L)

Introduce adjacency list graph implementation

%

Discuss graph traversal algorithms
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Graph Implementation: Edge List |1V|= n, |E|=m

/CLD& O(M)*  Migorte '
& b o~ d O insertVertex(K key):
=~ insertEdge(Vertex v1, Vertex v2, K key):
o UF’ 8-9’5 50 \
Mfgfy_}{:{um W’ _________ C om) S
ml .. removeVertex(Vertex v):

, o | removeEdge(Vertex v1, Vertex v2, K key):
v v vl incidentEdges(Vertex v):
i ’ areAdjacent(Vertex v1, Vertex v2):
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Graph Implementation: Adjacency Matrix

VI= n,|El= m gk tox  OUF
Vertex Storage: e
@ . \/6/1& ,th\ "9\\' >
/ x A hash table of vertices /
b d molicit it ind
© ™ © mplicitly or explicitly store index e

ulo -n-nn Edge Storage:

¢ d st e
0 A V| x |V| matrix of edgea U dasonl b ey
b 0 Welght is stored at position (u, v)
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Graph Implementation: Adjacency Matrix
|IV|=n, |E|= m

getEdges(Vertex v):
/GDY Look up row (or column) in matrix
b d —
© W @ O(n) for both directed / undirected
Pt

n areAdjacent(Vertex v1, Vertex v2):

>
o Lookuprow (and column) in matrix

o o(1)
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Graph Implementation: Adjacency Matrix @
|IV|=n, |E|= m

insertEdge(Vertex v1, Vertex v2, K key):

Look up row and column

Change value
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O(1)

removeEdge(Vertex v1, Vertex v2, K key):

Look up row and column

Change value
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O(1)




Graph Implementation: Adjacency Matrix
|IV|=n, |E|= m

insertVertex(K key): e ));c?
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Graph Implementation: Adjacency Matrix fﬁ]ﬁ
insertVertex(K key): I O J6in Code: 225
Add a new item to each old row / column
C)\n) lo 2
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|V|= n’|E|= m *?Soubf-k_x.‘u)mﬁ
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Graph Implementation: Adjacency Matrix
|IV|=n, |E|= m

removeVertex(Vertex v):

ng 00>
Remove v from vertex mapping Ol
Remove an entire row / entire column
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Graph Implementation: Adjacency Matrix
|IV|=n, |E|= m

removeVertex(Vertex v):
Swap target vertex w/ last vertex )

Swap matrix values w/ last verte

Now mutual remov\e%I;?/k() —
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Graph Implementation: Adjacency Matrix

IVI= n,|E]=m removeVertex(Vertexv): | C’«L&L,‘,
7®x Swaptarget vertex w/ last vertex V7ig
b d :
Gf @ o Swap matrix values w/ last vertex

This 35 Te =y kb, Now mutual removeBack()
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Amortized Removal with Tombstoning fe-rid e

Remove an item by replacing its value or flipping a flag indicating ‘deletion
Tarkdee ¥ F‘Tu-\; (_Wleb’))
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Turns an O(nA2) cost into an O(1) cost... by not actually deleting anything.
s, S— . . . .
(It's actually more like O(n) cost with proper amortization)
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Amortized Removal with Tombstoning

Remove an item by replacing its value or flipping a flag indicating ‘deletion’

2 7 5 9 7 14 1 0 3 3

u | o -n-nn Adjacency Matrix:

m _removeVertex() by tombstoning |V| values

b 0 Resize when needed or by request &
d — " ~—




Graph Implementation: Adjacency Matrix @
IVI=n, |E|=m om

(w insertEdge(Vertex v1, Vertex v2, K key):

/ b\ d removeEdge(Vertex v1, Vertex v2, K key):
O W @ areAdjacent(Vertex v1, Vertex v2):

e

O(n)
getEdges(Vertex v):

S O(nZ) B
insertVertex(K key):
removeVertex(Vertex v):
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Graph Implementation Brainstorming

We want something...

W
Faster than an edge list / b\ d
O W) @

. ) l l
Less space than an adjacency matrix

Particularly good at@g adjacent e@
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Graph Implementation: Edge List + ?
|V|= n, |E|=m
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Naive Adjacency List — om Vakd (5 3 verter]
|VI= n, |[E|= m 'J/ < ?ﬁ/b/ D\CL\}”/"# e)y;
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Naive Adjacency List
|IV|= n, |[E|=m

getEdges(Vertex v):
@ —— J_
/ & (? \A/A(I ”\ 0‘09 I:/- kp) , ‘\S (4/ \./
& b ® d e S (ebun, Al L \/a\MPj
V| a | €&—P w |  c w 2
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Naive Adjacency List degiee (v) £ 0~ %ﬁuﬁ?
|V|= n, |E|= m af:

getEdges(Vertex v): Join Code: 225
. nked i d e ()
/ & Lookup linked list for v <«
b d

O W © Walk down list! Every edge is incident.
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Naive Adjacency List

|V|=n, |E|=m

© removeVertex(Vertex v):
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Naive Adjacency List
|IV|= n, |[E|=m

Q) removeVertex(Vertex v):
/ b& ; Look up V in our list and remove all entries.
AN . |
© b @ ... And then look for V in every other list
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Naive Adjacency List @

Vi=n, |E|=m :
V] r | E What’s wrong with our implementation?
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Adjacency List a c
@/b\@ d o

|V|=n, |E|=m
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|V|=n, |E|=m

v a P> C
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u a ¢ b
v b € C
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Adjacency List /b\ |

Adj List Node: . -
*Prev | *Edge | *Next gzzi
a:-v *a 4P| *b
| =2 S —\
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Edge List: ]
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Adjacency List

®
G/b\@ "

Vertex Storage:

Vertices stored in map w/ linked list values
A bidirectional linked list with size variable
Each node is a pointer to edge in edge list

Edge Storage:




Adjacency List getEdges(Vertex v):
Look up vertex list (and walk across it)

Q.
7 b& d [Each edge is a pointer lookup away]
© W @




Adjacency List areAdjacent(Vertex v1, Vertex v2):

@ Look up min-degree vertex list
N\
b d
O W) @

Search for other vertex across list




Adjacency List insertEdge(Vertex v1, Vertex v2, K key):




Adjacency List insertEdge(Vertex v1, Vertex v2, K key):

@ Add edge to edge list
7 b& d Add node to each vertex list
O (w) @ Connect all three with pointers

[=]

L% =, Em

Join Code: 225

What are my Big Os?



Adjace Nncy List removeEdge(Vertex v1, Vertex v2):




Adjace Nncy List removeEdge(Vertex v1, Vertex v2):

© Search min-degree vertex list
7 b& | Remove mirrored entry using pointers
(o)
O ot @ Remove edge from edge list
A/\ Remove entry from vertex list
o SRR
w | b
Lol | - E5E
| | : z | d |} En

JoinCode: 225 What are my Big Os?



Adjacency List insertVertex(K key):




Adjacency st insertVertex(K key):
©® Add new empty list to vertex list.




Adj acen Cy L| St removeVertex(Vertex v):




AdJ aCency List removeVertex(Vertex v):
© Look up vertex in vertex list

7 b& ] Walk across list

Remove mirrored entry using pointers

A/\ Remove edge from edge list
o

. Remove entry from vertex list

B9

JoinCode: 225 What are my Big Os?




|IV|=n, |E|=m

Edge List Adjacency Matrix Adjacency List
Expressed as O(f)
n+m n2 n+m

Space

insertVertex(v) 1* n* 1*
removeVertex(v) n+m n* / n2 deg(v)
insertEdge(u, v) 1 1 1*

min( deg(u),
removeEdge(u, v m 1
H deg(v)
incidentEdges(v) m n deg(v)

min( deg(u),

areAdjacent(u, v m 1
jacent{u, v) deg(v) )




Graph Traversals

There is no clear order in a graph (even less than a tree!)

How can we systematically go through a complex graph in the fewest steps?

Tree traversals won't work — lets compare:
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O
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 Rooted .
« Acyclic .




Traversal: BFS




Traversal: BFS o P | e

v

A BCD
B ACE
C ABDEF
D ACFH
E BCG
F CDG
G

H

EFH

DG




