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Errors and Complexity
1. What is the formula for relative error?

o= VX=X - o
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2. What is the formula for absolute error?
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3. Which is usually the better way to calculate error?
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4. If you have k accurate significant digits, what is the tightest bound on your relative error?

o 107N

5. Given a maximum relative error, what is the largest (or smallest) value you could have?
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6. How do you compute relative and absolute error for vectors?
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7. What is truncation error?
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8. What is rounding error?
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9. What does it mean for an algorithm to take O(n"3) time?
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10. Can you give an example of an operation that takes O(n"2) time?
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11. What does it mean for error to follow O(h"4)?

12. If you know an operation is O(n"4), can you predict its time/error on unseen inputs from
inputs that you already have?
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13. If you are given runtime or error data for an operation, can you find the best x such that
the operation is O(n*x)?
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Qg( 8 number? What is the relative error? /'* )
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4. How is the exponent of a machine number actually stored? i N ]
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5. What is machine epsilon? 13,

Floating point numbers

1. What are the differences between floating point and fixed point representation?
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2. Given a real number, what is the rounding error invo]ved in storing it as a machine
r O o

\ ( 3. Explain the different parts of a floating-point number: sign, significand, and exponent.
m
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6. What is underflow (UFL)? = 2
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8. Given a toy floating-point system, determine machine epsilon and UFL for that system.
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9. How can we bound the relative error of representing a real number as a normalized
machine number?
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10. How do you store zero as a machine number?
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\gp} ‘ZU& 1. What is cancellatlon? Why is it a problem?
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13. Given two different equations for evaluating the same value, can you identify which is
more accurate for certain x and why?
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Taylor series

1. What is the general form of a Taylor series?
N

T = 2 fff(f-’—)—(x-'o«)b
2 T

2. How do you use a Taylor series to approximate a function at a given point?

e He Anckioy £ ad He poink (o o MR GACoraly o 0

3. How can you approximate the derivative of a function using Taylor series?

i@m?ox, Y hvlaf senes Lo ek pod din Tice
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4. How can you approximate the integral of a function using Taylor series?
=
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5. Given a function and a center, can you write out the n-th degree Taylor polynomial?

e Y s question |

6. For an n-th degree Taylor polynomial, what is the bound on the error of your
approximation as a function of distance from the center?
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7. Can you determine how many terms are required for a Taylor series approximation to
have less than some given error?
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Vector and matrix norms

What is a vector norm? (What properties must hold for a function to be a vector norm?)

LI\ Yneral.zabran of lakg val ' by v e ks
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What is the definition of an induced matrix norm? What do they measure?
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What properties do induced matrix norms satisfy?
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For an induced matrix norm, given Ixland IAx| for a few vectors, can you determine a
lower bound on 1A1?
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For a given vector, compute the 1, 2 and o norm of the vector.
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For a given matrix, compute the 1, 2 and o norm of the matrix.
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Sparse matrices

1. What does it mean for a matrix to be sparse?

An nx 0 wdty i <pase
% Do O(n) nofizers yales.

2. Given a sparse matrix, put the matrix in CSR format.
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3. Given a sparse matrix, put the matrix in COO format. afa fomtd seen . ench
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4. For a given matrix, how many bytes total are required to store it in CSR format?
— 4o store data —> sizect(floatd ¥ # of dofa vals

- to store col/ —> sizect (int) * ot of data vals
— ¢¢ store rowptr — S ieecF(int) *(#O-F vews - \)
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For a given matrix, how many bytes total are required to store it in COO format?
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Linear System of Equations

Given a factorization PA=LU, how would you solve the system Ax=b?

fivst, solue for v ™ Ly = fo (foYwavd subshtuhon)
then, Solue for X N UX=-j (bacr  svoshtuhon)

1.

2. Recognize and understand Python code implementing forward substitution, back
substitution, and LU factorization. Write pseudo-codes here.

def forward-svolt,v)

Jef LU_solue (L, Vi) .
Yz forwarad-<vo (L, ) for i in van%u(smpe of L{oY):
kmp= bl o
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x(i}= 3. What happens if we try to solve a system Ax=b with a singular matrix A?
emp (V) £ s 2 singqulay matviX, feve 1§ 0

4. Why do we use pivoting when solving linear systems?
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5. How do we choose a pivot element?
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6. What is the cost of matrix-matrix multiplication? 0 £ on YN ot \3(

_gnhuﬂf\éned oy @ nyn manf\f{ oln?) N nxp mu\\ﬂpl\fd
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¢ cost of computing an LU or LUP factorization?

e N 1S T ON3) wmpue LY or LUP
f0choviTtho

8. What is the cost of forward or back substitution? -

™Me (st of Formard Substrudion \§ O (n®)

9. What is the cost of solving Ax=b for a general matrix?

0(n)

10. What is the cost of solving Ax=b for a triangular matrix? 0 ( Y\?’ )

11. What is the cost of solving Ax=bi with the same matrix A and several right-hand side
vectors bi? 3 \
3 T - Yeld
h N *@t rbdvifmﬂ\ S
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12. Given a process that takes time O(n"k), what happens to the runtime if we double the
input size (i.e. double n)? What if we triple the input size?
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Conditioning

1. What is the definition of a condition number? v’

E* ‘ T o ~ . |
wrd(A): Il WA, e tember mewurey

Sevdhive @ matv x D W chan
2. What is the condition number of solving Ax=b?

The Comchihy number V‘F _\(,\umj Ax :\o 1) 'Hn-e Sa
ay m Cl/htllh(/lf] VIUWILEr o\c A

g

3. Calculate the p-norm condition number of a matrix for a given p.

Al a7,

4. Do you want a small condition number or a large condition number?

Smo\n comiihvn number

5. If you have p accurate digits in a A and b, how many accurate digits do you have in the
solution of Ax=b if the condition number of A is 10%?

P

6. When solving a linear system Ax=b, does a small residual guarantee an accurate result?
A sl veyndudl wmplle)  « ymall velabive ewor

c/v\ly A D WQ“-LWL‘I\\"WC\ (Ccmcl(A) 3 qu\))

7. Consider solving a linear system Ax=b. When does Gaussian elimination with partial
pivoting produce a small residual?
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Craphs

1. Given a given graph (weighted or unweighted), determine the adjacency matrix

oY)
O11 0
O teo oo
Lot
O1 001

2. What is a transition matrix? Given a graph representing the transitions or a description of

the problem, determine the transition matrix. (Write the transition matrix for the graph
above)

o Ya vz U2 My
O Y4 Y13 o U
M = O 6 5 o
Vb W3 w2 u
8]

4 o0 o Wy

3. Given an initial state, how can you use a transition matrix to determine the state
(probability vector) after | timestep? After 27

Ko = My,
Xz MK\

)

4. ‘What properties must be true for a transition matrix?

-Sum of a colvmn = 1

-€agn €Ntry cepresents a probability (between O and 1)




Eigenvalues

1. What is the definition of an eigenvalue/eigenvector pair?

TF A an Nan meBl, 20 % on gader of A T POl astair 4 Sch Yrs

Az-AT e 2 ool on S

2. If v is an eigenvector of A, what can we say about cv for any nonzero scalar c?

cv % ako on e%m&b\of/%.

3. What is the relationship between the eigenvalues of A and the eigenvalues of

a. cA for some scalar c,

b. (A-cl) for some scalar o
c. A-1?

o h eer k=0 C A S (,A

e

v X for A —=> A~ o0 & [(A-0

e ———-—

—_— | -
c.,\wﬁ__s/,\wﬁr

4. What is the relationship between the eigenvectors of A and the eigenvectors of

d. cA for some scalar c,
e. (A-aol) for some scalar ¢
f. A-1?

| elgenveckors 00 w0t M adE
¢. 2lgenvechrors o Aot cwhindhie

£, elagnvectors 40 v+ gt

5. Be able to run a few steps of normalized power method.
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6. When can power method (or normalized power method) fail?
— A= - Ay, Aen methpd will noe (oAesge

> yisk of evenhyad ouaf/ufb{mﬂtw ~ hat ﬂb‘m&ill‘.jly"’ﬂ 1> ofone rA frnth‘u_
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7. How can we approximate an eigenvalue of A given an approximate eigenvector?
1f x 1€ s GOenvetior ofASuch Yhat  Ax:=Rx,

e xTAK
X

(Bateqn coelfoent)

8. What happens to the result of power method if the initial guess does not have any
components of the dominant eigenvector? Does this depend on whether we are using

finite or infinite precision?

o powen vtwhon W Genvtige 0 engenvetior U,
LSNG it petiion v

Finik PYecsz'orY\ —> (ovverses W,

9. How can we find eigenvalues of a matrix other than the dominant eigenvalue?
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10. Complete the table:

(Normalized)

Inverse lteration

Shifted inverse

Rayleigh

Power Iteration iteration Quotient iteration
Cogverges to closety +o ﬁ-'\f’.s @—1‘9 voul
which Largesd NNV closest @
| eigenvalue?
Cost
0(n*) o(n%) | 0(n®) | 0(n?)
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Singular value decomposition

1. For a matrix A with SVD decomposition A=UZVT , what are the columns of U and how
can we find them? What are the columns of V and how can we find them? What are the
entries of £ and how can we find them?

Z: G o~ ffma.«.ﬁ M:!lﬁ.k M'L‘-M(,’h""— a’r'a-;,,,() Came. TRt J/’b“ﬁ.f
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2. What are the shapes of U, X, and V in the full SVD of an mxn matrix?

U= mxn gthesend metax
Z“ mx A iwéwv\oi ot e Vonen e
3. What are the shapes of U, X, and V in the reduced SVD of an m*n matrix?
Up = mxk matnx V- axk pratrx
Z,. ~kxbk patex wrhe e k = raia {m, n)

4. What is the cost of computing the SVD?

O mat) M+ n’ [ ynore dotouled )

5. Given an already computed SVD of a matrix A, what is the cost of using the SVD to
solve a linear system Ax=b? How would you use the SVD to solve this system?

Fhe = : < gl
UZVTX = 1’3 vrbu e A= Ys T 23 v Evi

oV 3T0h SVix =UTh Wk gt VT @(n*) c

Z
0 k A\ j 6. Given an already computed SVD of a matrix A, what is the cost of using the SVD to
solve a least squares problem Ax=b? How do you solve a least squares problem using the

SVD?
Ax=b
3
U Alax=pTh B(n*)
U -
2) (U-q vaeT)TK%;—f V;S X = (V<£«V¢T)l }D
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7. How do you use the SVD to compute a low-rank approximation of a matrix?

@
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s Q UV,
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8. Given the SVD of a matrix A, what is the SVD of A+ (the pseudoinverse of A)?
T
%Tbib
AR
[\-\

9. Given the SVD of a matrix A, what is the 2-norm of the matrix? What is the 2-norm
condition number of the matrix?
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Linear Least-squares

I. What does the least-squares solution minimize?
the sctution MMM e Squared Euicivdean norm ek
veetor Y2 p-AXx
» minilb-A%Il}
2. For a given model and given data points, can you form the system Ax=b for a least
? RS :
f:u:l:(::’tfm;?:g - atirb wree Yietium]
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4. Given the SVD of a matrix A, how can we use the SVD to compute the least squares
solution? Consider also the case when A is rank deficient. Be able to do this for a small

problem. | N
so e¥s say R UEVT, Hen th \east Squares scluhidn 18 *
X _"_"_‘9_'?_.\;- a4 e (th colum
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5. Why would you use the SVD instead of normal equations to find the solution to Ax=b?
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6. Which costs less: solving a least squares problem via the normal equations or solving a
least squares problem using the SVD?

e et 4+

NDZHAL CRNS

-—-‘--_-—-_
-—

X = VZ:Q:é

-

a-ter Whis
Y (an Bt
d S O
formudin &5
abive




Nonlinear Equations

1. For a given nonlinear equation (1D), you should be able to run a couple steps of:
a. Bisection method

e el
”3
% S {nﬁ\‘ =t S"&‘h £ry
azm
e\se
47
b. Secant method | e
- P '\K‘g_) i {\ vg)
Xer = K | \
£ (xey < € (AW E(fw-
(\&f..w ‘{\»{,,\"

¢. Newton's method

xerr s Ke- %) /€104

2. How many function evaluations are required per iteration for bisection? et odiad )
. ., ) hur L TR
One new {Lunction evaluation (o pregieel = ‘&L
1t (/drl a

3. What is the convergence rate of bisection method? Will it always converge? bf‘h ’,8 /
Vinea (T condexsenel ¢

No . €y ard €lB) won't slway S haé a)o

4. Using the bisection method, given a specific initial interval [a,b] and a given ﬂ’a) N
tolerance tol, how many iterations would be required for the approximate root to be
accurate to the given tolerance? Remember that the error for the bisection method is
defined as the length of the interval.
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5. How many function evaluations are required per iteration for 1D Newton's method for
root-finding? Which functions must be evaluai;;d?
2 EuncYen  evaluaton

€y amd {19
6. What is the convergence rate of Newton's method for solving 1D nonlinear equations?

qu advg¥iC

7. How many function evaluations are required per iteration for secant method? .

one néw  Fuapevioy  ealugior ,Mr'wm’m

8. What is the convergence rate of secant énethod? Will it allwa?/s converge?
suPed 1neal ;) Yt 6lg (goden fatio

No, Safido g £S5 pwash bé neaf the et

9. For a given vector-valued function f(x), what is the Jacobian.
B, (R\ ; €
J(x)= | B% “n
T Bha
D Lnln =
RN ey

10. For a simple system of nonlinear equations, you should be able to run one step of N-
dimensional Newton's method.

Xeay s Ky ¢ S E
f h 5 6’9"(

11. What is the convergence rate of Newton's method for root-finding in N dimensions? Will
it always converge?

N
v l { Sosiifg s prest e
™, 0N\ ot mwefgemc V
12. What operations are required per iteration for Newton's method in N dimensions?
Lorpuy 4 JacohieN |
so\vicg fof whon Sve [




Optimization

1.
dimension?

e

Tor A Poa‘ni'

What are the necessary and sufficient conditions for a point to be a local minimum in one
X

£Ux) =0 and £"(x) > 0

}

2. What are the necessary and sufficient conditions for a point to be a local minimum

in N dimensions? - ™ omd ) |
ot K2 9F (8 He () |is
fostbbe AQWI% ka U mu.:»iuq
are r"tﬁdht/e
3. How do you classify extrema as minima, maxima, or saddle points (answer for 1D and
ND)?
v >
. def
fiex)=0 F(x)<O rmn e (x*) P"’Md_ V(X% =0 m
‘Ft(’d: o) _{_!‘(X) 70 X\ Hf (xl-) Mg de‘f' VFCX*) 0 max
"{31'9
"M*H —seddte H;(XJ md-tﬁm‘-! VF(x¥=0 saddle
4. Run one iteration ﬁf golden section search. 4
A } \ 71)-’41_ 1A £ 40
" a, b=l f 472
gz o~ A, L - ’2*03??.("'?) = -0 F 7F
T Ok-\'(\ T)‘M + O b\«a(ﬂk) - 0.472 rd -“7!7. —0.472
= -+ Tho _ 27. 465 v ==, o 04T
=4 " F F( " = 26 el
Y*O-b\q = F(’”z) = 431 o (- ) by
5. Calculate the gradient of a functlon (function has many inputs, one output). S 0 252 (1.47
Y5
€ (ng)= 1+ Sy + 1Y oy A, =~ -0957
.8
- N _;< 4 vF(L') Ca=2l
VU =\ ofpy) N5+ % / l,,w ol rher
6. Calculate the Hess1an of a function, O O‘TZJ

4
F/ax 7 () F/aﬂ'}.nn

—
-—

1

He

F Andn, |

J ./Jﬂl . ﬁ‘ [5)—-&(1&'
f 2 | ax?’% ““ % )

atf/a,n%m . a F/)?l’.i szfof}ﬁD”




7. Find the search direction in steepest/gradient descent.

Ev aluated us ng  ~ Zf (xw)

8. Why must you perform a line search each step of gradient descent?

To °.|¢’+ how far ajmﬂ +he gmpb{(\‘]’ $o Jﬂw'-{

9. Run one step of Newton's method in one dimension,
ex. f{x) = U +24% +Sxrdo |, intial quisy x,22

£(x)> R rUYES $42) = 12(4)+ U(2)4S =6 |
£h(x) 2ux+y £(2)=> 52
¥ %o -0} . a- &L = 09249
£4( o) 52

10. Run one step of Newton's method in N dimensions. .
flxy) = 3%*+ 2’9‘ ) with  Somé  gues Xo.:- [;‘:]

vf> ﬂ;] He = [ﬁ ;J X,z %X, = H;_I v [;:]

11. What operations do you need to perform each iteration of golden section search?

Only 4 of £fx)), £x2) —  perform  flxz) f we changed
flx) F we changed

12. What operations do you need to perform each iteration of Newton's method in one
dimension?

£0x) | $40x)

13. What operations do you need to perform each iteration of Newton's method
in N dimensions?

V£, Hp (desian),  Solve He () {Se) = - T F(x)

step

Y2



