
CS 357 – Numerical Methods 1
Review



Numerical methods

Real life 
problems

Mathematical 
formulationModels

Numerical Experiments

+

Simulation of physical reality

Method = Math + Complexity + Accuracy
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Let’s talk about plots…
• Power functions: ! = # $%

log ! = log # $% = log # + log $% = log # + b log $
+! = +# + , $̅

• Exponential functions: ! = # ,.

log ! = log # ,. = log # + log ,. = log # + x log ,
+! = +# + +, $

• Log functions: ! = # log , $

! = # log , + # log $
! = +, + # $̅



Random numbers
• Pseudo-random numbers

o Numbers and sequences appear random, but they are in fact 
reproducible

o Good for algorithm development and debugging

• Desired properties for a good random number generator

o Random pattern
o Long period
o Efficiency
o Repeatability
o Portability



Monte Carlo Methods

• Algorithms that compute approximations of desired quantities based 
on repeated randomized sampling

• Typically used to model:
§ Nondeterministic problems
§ Complicated deterministic problems, specially in high 

dimensions

• Asymptotic behavior is ! "
# when $ → ∞, where $ is the 

number of samples \ Ofnosy



Using Monte Carlo to approximate 
integrals

! =
1

We sample points uniformly inside the 
domain $ = %&, %( × *&, *(

Nc: number of points inside circle
Ns: number of points inside square = total 

number of sample points = +

,!!-! = . 1
+

,!!-! = . 1
+

• CONS: Slow convergence rate

• PROS: Efficiency does not 
degrade when increasing the 
dimension of the problem

/0 = /1 20
+



Error in Numerical Methods

Absolute error: ! − ̅!

Relative error: 
$ % &$
$

Accurate to n significant digits means that you can trust a total of n
digits. Accurate digits is a measure of relative error.

Relative error:    '(()( = $+,-./ %$-0012,
$+,-./

≤ 10%678

9 is the number of accurate significant digits

3 Sig. figures - error f lost
'

→ error s 02 ( 1% )



Rates of convergence or growth
• !""#" = % &'( or )#*+,!-./0 = % &(

Power function – straight line in a log-log plot
Algebraic convergence/growth

• !""#" = % !'(1 or )#*+,!-./0 = % !(1
Exponential function – straight line in a linear-log plot
Exponential convergence/growth



Taylor Series

! " = ! "$ + !& "$ (" − "$) +
!&& "$
2! (" − "$),+

!&&& 0
3! (" − "$)/+⋯

The Taylor Series approximation about point "$ is given by:

! " =1
234

5 ! 2 ("$)
6! (" − "$)2

The Taylor Series approximation of degree 7, 8! " , is given by:

8! " =1
234

9 ! 2 ("$)
6! (" − "$)2

And the Taylor error of degree 7 due the truncation is: :(ℎ9<=)

ℎ = (" − "$)

.

/
> truncated function

R =fat -ftx) = .¥nµt"!YD.h- { fwt "

(g) hint
' '

It



Taylor series for e× about X.  
=O is

exa as + I + ¥ + ¥,

t . - -

1) Approximate ex at ×= 0.2 using Taylor expansion ofdegree
2

1t0jt.t@zs.I = 1.22

2) Approximate ddglex ) at x= 0.1 using Taylor expansion of degree 3

It 2¥
+ 334.2 = 1+0.1 + (021 = 1.105

3) If we want to use the first 4 terms of the expansion ,

what is the order of the error of the Taylor approximation ?

error a 0 (hut
'

) @ 2 @ 3

h=X - *

@DO 5 EO 6



Normalized Floating-point numbers
Normalized floating point numbers are expressed as 

! = ± $ × 2'= ± 1. *+*,*- …*/× 2' = ± 1. 0 × 2'

where 0 is the fractional part of the significand, 1 is the exponent and *2 ∈ 0,1 .

• Exponent range: 6, 7
• Precision: 8 = 9 + 1
• Smallest positive normalized FP number:  UFL = 2;
• Largest positive normalized FP number: OFL = 2<=+(1 − 2@A)
• Machine epsilon (C'): is defined as the distance (gap) between 1 and the next largest 

floating point number.
• Noticeable gap around zero, present in any floating system, due to normalization

ü The smallest possible significand is 1.00…0
ü The smallest possible exponent is 6

• Relax the requirement of normalization, and allow the leading digit to be zero, only 
when the exponent is at its minimum (1 = 6)

• Computations with subnormal numbers are often slow.



× = II.b. bz×2m MEE - 4,4 ] biE{ 0,1 } ONLY Finite

REPRESENTATION

precision ⇒ p=nH=3
,

subnormal of NUMBERS!

numbers

-28 -0.0625 0.0625 1 ITEM 28
• Ap I d d •

- OFL
- UFL 0 UFL w + OFL

EmUFL=(1.001×54--54=0.0625 - number

OFL - (
1.111×24=28 ↳

numbers that eanno .

. be represented

Machine epsilon : gap
between Land next largest 'fp number

Em= 1.00×20 -
1.01×20 =

0.01×20=0.25

Subnormal numbers → let the leading digit 1. bibzbezero # m=L

reduce the UFL

Gaatfownd 0.015625 0.03125 0.046875 0.0625

O zero 0.01×2
' "

0.10×54 0.11×2-4 1.00×2-4
• p

. p 1 •



What is machine epsilon double precision ?

@1. bibzbs - - .  . ban ×2@
- 11 bits

1 -

Lbit
52 bits in the fraction

1. 000 .  . .  .

0×20 = 1

1.000 -
. .  .

1×20 =
next fp number after I

ztln

→ km.ITEm = 0.000 .  - .
-1×20

-



round to nearest

1 / lfllx )
flk ) "

exact
"

roundup
round number

down

Relative error due to rounding :

/ sptemdleion

er.si?nw7er=/flk
) -×| { Gm ( 7 decimal

- accurate
1×1 digits )\

double

precision
erf2⇒aw

's

Absolute error ,

( 16 decimal

ea= lfltx ) - × I { Em 1×1 accurate

digits )



Loss of Significance
Results from floating point arithmetic used by computers, and the numbers of significant 

digits is substantially reduced.

! " = "$ + 1 − 1 = "$
"$ + 1 − 1

Using five-decimal-digit arithmetic: 

! 10)* = (10)*)$ + 1 − 1 = 0

! 10)* = (-./0)1
(-./0)12-)- =

-./3
$



Norms



Properties of Matrix Norms

Demo “Matrix Norms”



Vectrsnoyjj114
"p= ( µ,1P+1vzP+ . . . +lvnln )

"

ps.sn

Note that Hills- 141+1021 + . . . + lvnl

wetakethl

Hall
,

..Jvt+vE--.tvn=
absolute value of

the
components ! HeH•=(µ,p+|vzP+ . . . + lvnpjtlmaxlvil

matrices ! : HAH .

,
.tn#.nIHorHAH=mYtYfxYF

rate
HAH

, -
maxcohemnsum

get
aftp.#IthaaiE.mhaIYYnrsTarraweB=ts

' ⇒
HAH ,

- HBH ,

6
HAH ,=6 kAH*=7 Halla # Bha



Linearsystemoftquations

- Solve t.AE = b-

- Factorize tt :
LU factorization → the⇐=L Q ( Ocnss )

w×=b → LY = b Ux =y

J # [yfilb] [THEY ]
Forward substitution backward substitution

O(n4 Ocn
'

)

- solve ItIi = b-i

for different RHS ( it ,
...

,
k ) -→ cost E 0 ( n 't 2kW ) and NE

0 ( Kn3 )

- Partial Pivoting : avoids division by zero

Find largest entry in the column (absolute value ) andswap
it with top row





Let’s assume that when solving the system of equations ! " = $, we observe the 
following:

• When ! has dimensions (100,100), computing the LU factorization takes about 1 
second and each solve (forward + backward substitution) takes about 0.01 seconds. 

Estimate the total time it will take to find the solution " corresponding to 10 different 
right-hand sides $ when the matrix has dimensions (1000,1000)?

term
googol;=by → x. foggy ' 03 seconds

One solve : (loot -
o.O see

-

(10005 - y
→ Y = (1*20.01--1040.01)=1 see

total time =
103 seconds + Alisa ) a

D3 seconds



Condition number
Small condition numbers mean not a lot of error amplification. Small condition numbers are 
good!
Δ"
" ≤ $%& $ Δ'

' = )*+, $ Δ'
'

Δ"
" ≤ $%& $ -

$

When solving linear system of equations, the residual is . = ' − $ 0", where 0" = " + Δ"
is the solution of the perturbed problem. For well-conditioned matrices, small relative 
residual implies small relative error.

Δ"
" ≤ )*+,($) .

$ "

Gaussian elimination with partial pivoting (where ) is small) yields small relative residual 
regardless of conditioning of the system

.
$ 0" ≤ ) 45

Rule of thumb: If the entries in $ and ' are accurate to S decimal digits, then a condition 
number 678 reduces 9 digits in the accuracy of the computed solution (i.e., solution will 
have (S −9) accurate digits.



When solving a system of linear equations via LU with 
partial pivoting, which of the following is guaranteed to 
be small?

A) Relative residual: !
" #

B) Relative error: $##

C) Neither one of them

D) Both of them

O



KYLIE card CA) HBb1 = 100 1103 ) = 0 .
l

Meet
" "



Iclicker question

A) 3
B) 10
C) 13
D) 16
E) 32

IEEE double precision → input has 16

accurate digits

Accuracy is decreased by W
,

where low is

the condition number

output x →
116 - w ) accurate digits = 13



Lect Web HW Text

Lec

Web

HW

Text

Markov chain: only the most recent state matters to determine the probability of 
the next state. !" = $ !"%&
Transition (Markov or stochastic) matrix: used to describe the transitions of 
a Markov chain. Each of its entries is a non-negative real number representing a 
probability.

Transition matrix

E-

0.6 0.4 0.2 0.3① To

{ 0.2 0.5 O . I 0.2

0.15 0.1 0.7 O.O00O O 0.05 o.O O.O 0.500
,00 O

O



sparsestoragec

I 2

0 0 1.3 0

a

if:O::L :
0 0 0 3

0 0.3 3 4

C0OFormat= row - [ 0 1 I 2 ¢ a ] nnz integers

aol.es [ 2 0 1 0 1 2 ] nnz integers

data [ 1.3 -1.5 0.2 5 0.3 3 ] nnz doubles

CSRFormat_rowptr.IO1 3 44i%%j%YnrowH) integersCol
=[2 0 1 o szgglnnztinkgers

data

=[
4.3 - 1.5 0.2 5 0.3 3 ( nnz ) doubles

indices Itij 2 'It YI �4� 5

- -

wt
-

row 0 rowl

rOw2row3
row 4
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EigenvalueproblemsoAtis nxn matrix
,

Ito is eigenvector of It ,
a is eigenvalue of €

AsI = × ±

° A
,

is diagonalizable if it has @linearly independent eigenvectors .

A. eat ¥ fdg
'

ya .  -

'

yd ¥f" "
i. xD



• Power iteration : → finds the largest

eigenvaluela

)

mm

Hehe
×r=xi[a .u+aH÷fez+ . . . tanfgnfiun]

~
-

Usually normalize
ek 1×11>1×2131×313 . . . Zlxnl

In . AE's Linguaxyrpe= ay , → In converges
to a

Htxmll multiple of the first

eigenvector Yi !

Once algorithm converges
to eigenvector ± then

the eigenvalue is evaluated usingRAMAGE
:

t.x.tn#| Ex Note that ...

- Convergence :
-

Convergence is faster when

eyelid
→ linear convergence X÷

,

is small or

en

1171
-

Cost per iteration : Ochi ) → matrix .vn#+,.py sygzis large



• Inverse Power Iteration - finds the smallest

eigenvaluelxnl
Mum

IKH-AIIK → xo =
initial guess

Solve AtIn ,
= In for Irti

Factorize PA=W → Ill.×k+i==P×k
-

done

only once ! solve by - BIN|• cost per iteration

solve U=In+i =L Olni )

• Convergence :

er±=

#
→ linear convergence

en

IXNI
convergence is faster when

this ratio is small



• shifted . Inverse Power Iteration → finds eigenvalue close to T
- mum

IKH - IA - TI ) "y.
→ ×o= initial guess

= =

solve #- TE) x.ru = Ire B.= .tt-TI

Factorize PB= W → II.Ikti = =P.×k
-

done only
once ! solve by - BIN } . cost per iteration

solve IInn =L Olni )

Xc , → eigenvalue
closest to T

Xu →
next eigenvahee

closest to T

Convergence :€r±= ftp.#l,

→ linear convergence

en
.

convergence
is faster when

this rate is small



• Rayleigh Quotient Iteration → finds eigenvalue close to T

=
IKH - (A - TI )"x* → ×o= initial guess

= =

.

B.
¥

It- 9.I

FactorizePB,e=w} Owe )

save by . Fee } Ow )

solve ¥Inh = ¥

Update Tk =
Xkti A ×k+i

Ht
cost per

iteration :

At least quadratic convergence
°W3 )

Compare cost of all methods .



singular Value Decomposition
mm

A  = U [ Vt

mxf mfm 1mm
\ nxn

→ complexity .
. Ochs )

a ftp..ie, ... #
a a;fE¥Et a ?!I*

•
Columns of ✓ are eigenvectors

of ATA ( right singular vectors )

• Columns of U are eigenvectors
of AAT ( left singular vectors )

• To
'

are eigenvalues
of ATA ( singular values )

Note : ATA → positive definite → positive eigenuahees (singular values are

always positive ! )



mm m

"xRmedwed%Im×n
nxn

"

Y±HHHHt¥N#Reduced :
mxn

nxn
nxn

|K=mIn¢m,n)→(m#k×K)(K×n=
n.mil?Y*iIItFiInotpmF#



Lowtankapproximations

A = Ty, fitTzUIVI + - - . + tnunInt ( m > n )

= n singular values

/
1 \

mxn mxl lxn

Best rank - K Approximation
for mxn matrix It is solution of :

mainH A--t.tkHp
st .

rank ( An ) { K

when using p=2 ,
the best rank . k approximation is :

Ask = T.u.attailcoat + . - .
+ true.VE



"

Epistles.ms#5og..dt::E:aEta
right

singular
values

kffsingularredors
Siker

values

�1� What is HAIK =
Max Ti = 5.465

�2� What is condz ( A) = HAIKHA
.

'll = Tynan = 50.4365=14.9

�3� Best rank .
1 approximation

A. ,
= Tiuioi - 5465

ftp.gyjffo.404
-0.94 ]

error all # - ttilk = K



Linear Least - squaresmm

Givenm=
datapoints : lt , , y ,

)
,

ttz , ye) ,
- .  .

,
Ctm , ym )

tendthe n=coefficients (# ) of the function ftt )

that best fits the data

Eg . ftt )=×o
.

+ at + ×2E tions than

unknowns !

fI¥¥n .ae#EtHgHesaeE.oFIE**
.

If solution is

MinNEE -blk
'

→ unique if

rank CA ) = n

Etax. = Aib ( Normal equations) → Cost , are ) is conditioning
�1� issues

�2� Use sub : x. = ¥Etytb where EI {
'

lot;FIT →cost : ON )

( but more expensive )



@ Etax. = Aib ( Normal equations) Amxn →
ATA

mm
m >

n→ Cost of factorization : OCN )

→ Cost of solving :

01N
)

→ matrix can be very
ill . conditioned

→ solution exists if rank (A) = n

�2� Use sub : x. = v.Etytb where EI { " fitFIT
Z  =

mn )
-@Yh¥m×,→

0 ( mn )

→ Cost of factorization : Oln3 )

→ Cost of solving: 01
y=Etz → o Cn )

vy → Out )

→ solution always
exist

• Unique if rank CA ) on → × =
VE

" Utb

•  rank CA ) < n - x = VE tutb



Interpolation
Given m datapoints : lt , ,y ,

)
, Hay . ) ,

. .  .

, Ctmiym )

iIFdt[ function At ) - interplant - such that

flti ) = yi ,
i= 0

,
.

. .

,
m - i

flt ) = gfonjds.tt) dj : basis functions ( n linearly
independent basis

Generalized Vanderimonde matrix :

functions )

fee.fmEHII.EYE's
→ a:#a

bit
.io#.i....&am..slf&xm/=H&m/m=nTnYriftEt

NX 1 MX I
mxn



Interpolationwithmonomialspn
. ,

A) =§dxjtt → polynomial of degree @- I )

in matrix form ,
this yields the Vander Monde Matrix

If the points to are equally spaced on an interval

of length
h

,
and the

"

true function
"

we are

trying to interpolate is sufficiently smooth ,
then

the error of the interplant of degree.tn
- i ) is :

error = 0 ( h
"

) =
O ( h

degree + I

)



Nonlinear Equation C b )

.we FCX) =o for f : 112→ R ( Root Finding )

1) Bisection method :

{
no need for derivatives

one function evaluation per iteration

linear convergence
( hk*  

=
0.5 hk

2) Newton 's method i { ×r+ ,
= ×r + £l×rYf' Cxn)

|
need to evaluate one function value and one

derivative for each iteration

(quadratic convergence

3) secant method igngeueda,t.gfyxltfaf.T.EE?ILjasdaepriruoaxtme
XRH = Xk - fCXr)/f ' CXK )

no need for derivatives

.

One function evaluation per iteration|
Super linear convergence



system Nonlinear Equations
mm

Solve f- (d) = -0 for f : R
"

→ Rn

D Newton 's Method
g

Io : initial guess
Solve ICxrd §e = - FCXK )

IKH = IK
t

§k

|

,

typically quadratic convergence
local convergence

[IKR)]y.

= ¥5 ( main cost : computing Iced and solve

2) Secant method (eg . Brogden )

jan )=f8¥'
8¥ "  ' 8¥n

→ use a approximation
for the

Jacobian that satisfies
=

-

oofjt 8¥
.

- -  - 8¥n
jaw, .¥ ) = fleet - EE' "

HE :# '  '  "

oo÷t

appointee.FI?anear:eaYn::sas:#ntiiYI
gfy÷

= filxthkl.fi#&=fMiglfjth component



Optimization

{
min fcx ) - objective ( cost ) function solution ×* is the

sE
. gcx )=o - equalityconstraint minimizer .

hcxko → inequality
constraint

Unconstrained optimization
- → if f 'Cx* ) = 0 → x* is critical

point
First order necessary

condition : f 'C×)=o

condition : if f "(x* ) > 0 → x* is

a minimizerSecond order sufficient

1)

Gddensection

2)Newton'sMeth=

Search
• ×n+ ,

= Xk - f '(×D/f" Cxr )
• guaranteed to converge to

global minimum for unimodal functions
• typically quadratic convergence

methylene.IE?EgiinYYraeIon/:bneaed!meYaeuenaEefexaanaf" an

for each iteration

• hky = 0.618 hk
. may fail to converge ( or converge to

a Max or saddle
,

since it does not cheek
• linear convergence sign of f "C×) )



Optimization
Unconstrained Optimization ; minFCI ) f : R

"

→ R

Pta ) = -0→
if Ifk* ) =D →I* is critical

point
First order necessary

condition :

second order sufficient condition : Hslx )=P2flx )

if HfK*) positive
definite → minimum

HfCx*) negative
definite → maximum

t¥K* ) indefinite →
saddle

Dsteepestdescent 2)

Newtonsmethodxo
: initial guess

Io : initial guess
solve tf£Kk)§k = - If(Ik )FEEaignytfxi't #taste" |

.ffgpIa±EIEYrati convergence
¥k+,

=Ik + ×k*§k
• need Hessian IO

• linear convergence
• local convergence
. high computational cost


