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Let’s talk about plots...

* Power functions: y = ax?

logy = log(a x?) = log(a) + log( x?) = log(a) + b log(x)

y=a+bx
* Exponential functions: y =a b*
logy = log(a b*) =log(a) + log( b*) = log(a) + xlog(b)
y=a+bx
* Log functions: y = alog(b x)

y = alog(b) + alog(x)

y=b+ax

-
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Random numbers

¢ Pseudo-random numbers

O Numbers and sequences appear random, but they are in fact
reproducible

O Good for algorithm development and debugging
* Desired properties for a good random number generator

Random pattern
Long period
Efficiency
Repeatability
Portability

O O O O O
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Monte Carlo Methods

. Algorithms that compute approximations of desired quantities based

on repeated randomized sampling

* Typically used to model:
" Nondeterministic problems
" Complicated deterministic problems, specially in high

dimensions

. .. 1 :
*  Asymptotic behavior is O (\/_ﬁ) when N — 00 where N is the

\ 0(n>*)

number of samples




- Using Monte Carlo to approximate

integra IS We sample points uniformly inside the

domain D = [x,, x{|X[y,, V1]
Nc: number of points inside circle
Ns: number of points inside square = total

number of sample points = 1

\ 4l

1077 +
1077 +

* CONS: Slow convergence rate 1o |

E 107* 1
* PROS: Efficiency does not 10

degrade when increasing the e

3

]

dimension of the problem : : : : :
10° 10? 10% 103 104

\_ .
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Error in Numerical Methods

Absolute error: |x — x|

|x — X|
| x|

Relative error:

Accurate to n Significant digits means that you can trust a total of n

digits. Accurate digits is a measure of relative error.

|xexact _xapprox| < 10~"+1

Relative error: error =
|xexact|

N is the number of accurate significant digits

| _ 5 eror £ K)-z ([Z)/
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Rates of convergence or growth

* error = 0(n"%) or complexity = 0(n%)
Power tunction — straight line in a log-log plot

Algebraic convergence/ growth

o error = 0(e™*") or complexity = 0(e*")
Exponential function — straight line in a linear—log plot

Exponential convergence/ growth
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Taylor Series .
The Taylor Series approximation about point X,, is given by:
FGO) = Feo) + 1 () = 20) + 12 ey L2 e 4

(0
e )—Zf Fo) (¢ —

The Taylor Series approximation of degree 1, f (x), is given by:
o fruncated Funcrnon

. ¥ (x,) .

f(x)—z CE-x) T h= (=)

l'
=0

And the Taylor error of degree N due the truncation 1s 0 (hn+1)

= 56 - S - Z 5“)()‘0 <30 ™

\ L=+ X () )
(L)
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Normalized Floating-point numbers

Normalized floating point numbers are expressed as
where f is the fractional part of the significand, m is the exponent and b; € {0,1}.

* Exponent range: [L, U ]

* Precision:p=n+1

* Smallest positive normalized FP number: UFL = 2L

* Largest positive normalized FP number: OFL = U1 (1—-27P)

* Machine epsilon (€;y): is defined as the distance (gap) between 1 and the next largest
floating point number.

* Noticeable gap around zero, present in any floating system, due to normalization
v" The smallest possible significand is 1.00 ... 0
v" The smallest possible exponent is L

* Relax the requirement of normalization, and allow the leading digit to be zero, only

when the exponent is at its minimum (m = L)

* Computations with subnormal numbers are often slow.
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Rounding

The process of replacing X by a nearby machine number X is called rounding, and the
error involved is called roundoff error.

x= +1.bbybs by X 2T round f0 nearest
s )
ROY - gyt round Up
m number
Relabive ercot due o roundivg - TR

nle
pretision '~
Er =f“\ 2 - x| <Em / (0*;“,\.3;1‘2‘
| X1 \ igis )
i o 7, 5"

Nosolute ercof: precision (e“s 2 %X
decdiMm
eazlmx)-xlSGmlﬂ MK
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Loss of Significance

Results from floating point arithmetic used by computers, and the numbers of significant

digits is substantially reduced.

Consider the decimal representation for rr using 20 significant figures

a=3.1415926535897932385;

Consider the decimal representation for rr using 10 significant figures

b =3.141592654;

Now we perform the following calculations:

a- 3.1415926530000000000 (+ calculation gives 9 significant digits =)
- 5.89793239x10 *°

b- 3.141592653 (» calculation gives 1 significant digit «)
1.x10°7

2

X
= 2 — =
f(x)=+x*+1-1 =1 1

Using five—decimal—digit arithmetic:

f(1073) =/(103)2+1-1=0

(1073)2 _107°

-3y —
K f(107%) = (10-3)2+1-1 2
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Norms

What's a norm?

- A generalization of ‘absolute value’ to vectors.
- f(x) : R" — R, returns a ‘magnitude’ of the input vector
- In symbols: Often written ||x]||.

Define norm.

A function |Ix|| : R" — Ry is called a norm if and only if

1. ||x]| > 0 < x # 0.

2. [|vx|| = || ||x]| for all scalars .

3. Obeys triangle inequality ||x + y|| < [Ix|| + ||y|
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Properties of Matrix Norms

Matrix norms inherit the vector norm properties:

1. ||All >0< A#O0.
2. [|vAll = || ||A]| for all scalars ~.
3. Obeys triangle inequality ||A + B|| < ||A]| + ||B||

But also some more properties that stem from our definition:

T [JAx]] < [JA[] 1]
2. |AB|| < ||A]l ||B]| (easy consequence)

Both of these are called submultiplicativity of the matrix norm.

K Demo “Matrix Norms”/
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Liner System of Equokions
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Partial Pivoting e

Consider LU factorization on the following matrix:

5 3 29
4|10 2 15
0 3 3 3
1 2 1 2]

If partial pivoting is employed during elimination of the first column, what matrix value should be chosen as the
pivot?

Answer*




Let’s assume that when solving the system of equations K U = F, we observe the

following:

*  When K has dimensions (100,100), computing the LU factorization takes about 1

second and each solve (forward + backward substitution) takes about 0.01 seconds.

Estimate the total time it will take to find the solution U corresponding to 10 different
right-hand sides F when the matrix has dimensions (1000,1000)?

L0 facorizobion @ (100) — et x- L@..Q_)t 0 sconds
(\%)5 . X l(’ﬂ

One Dve Qoo) oo =e §- Qooo : oo tu
" i
totd hwe = 0° acouds + 0(is) = 1§ seconds
- J
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Condition number

Small condition numbers mean not a lot of error amplification. Small condition numbers are

good!

jax| bl _ b x| IE|
AL ]A AL )A

g = A g = cond D T T = A

When solving linear system of equations, the residual is 7 = b — A X, where X = (x + Ax)
1s the solution of the perturbed problem. For well-conditioned matrices, small relative
residual implies small relative error.

lax | _ Irl
Tl = A A

Gaussian elimination with partial pivoting (where ¢ 1s small) yields small relative residual
regardless of conditioning of the system

Il _
e

Rule of thumb: If the entries in A and b are accurate to S decimal digits, then a condition
number 10% reduces W digits in the accuracy of the computed solution (i.e., solution will
have (S — W) accurate digits.

/
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When solving a system of linear equations via LU with
partial pivoting, which of the following is guaranteed to
be small?

: : Il
Relative residual:
| A]l|]x]]

-

1Ax |
]|

B) Relative error:

C) Neither one of them

D) Both of them

™~




Changing the Right-Hand Side (RHS) ...

You performed an experiment using an expensive piece of scientific equipment, then used the
resulting b to solve the linear system AX = b. Later, you realized that due to a calibration mistake,

there may be some error associated with your calculated b.
Your lab is out of funding and can't afford to run another experiment. Worried about the accuracy of your

computed result (say X), you calculated:

HE?TIT:I =103 where Ab=b-b.

The condition number of your matrix (A), i.e. cond(A), is 100.
Calculate an upper bound on the relative error e in the true solution given by:

_ llAx|
IxI

where AX =X —X

(kéﬁﬂl.é'ummiuﬂ.lééﬁ.:xoo(mé)g 0.1
1! Lo\




Iclicker question

Matrix Conditioning: Accurate digits

Let's say we want to solve the following linear system:

1 point

Ax=b

Assuming you are working with IEEE double precision floating point numbers, how many digits of
accuracy will your answer have if k(A) = 10007?

A) 3 \ eCision —s | has 10
B)l0  EE e mm&ws
C) 13 rere 10" 6
D% 16 BeCrany s ducreased By W wonere

E) 32 Yo conditon WL

O(k\”[?hjc X <5 [1b- W) ooy &\-%S(( < 14
/
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Markov chain: only the most recent state matters to determine the probability of

the next state. X, = A X;;_q
Transition (Markov or stochastic) matrix: used to describe the transitions of
a Markov chain. Each of its entries is a non-negative real number representing a

. Fronm
probability. — — -

Lect | Web | HW | Text
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Working
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K) Transition matrix
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