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In [1]: import numpy as np
import numpy.linalg as la
import matplotlib.pyplot as plt
%matplotlib inline 
 
import seaborn as sns
sns.set(font_scale=2)
sns.set_style("whitegrid")
np.seterr(divide='ignore');

One dimensional nonlinear equations

Example 1)

In this activity, we will find the root of nonlinear equations using three different iterative methods. For each one,
you should be thinking about cost and convergence rate.

The iterative methods below can be applied to more complex equations, but here we will use a simple nonlinear
equation of the form:

The exact root that satisfies  is . We can take a look at the function in the
interval .

𝑓(𝑥) = − 2𝑒𝑥

𝑓(𝑥) = 0 𝑥 = 𝑙𝑛(2) ≈ 0.693147

[−2, 2]
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In [2]: a0 = -2
b0 = 2 
 
x = np.linspace(a0, b0) 
 
def f(x): 
    return np.exp(x) - 2 
 
def df(x): 
    return np.exp(x) 
 
 
xtrue = np.log(2) 
 
plt.plot(x, f(x))
plt.plot(xtrue,0,'ro')

In [3]: # a0 = 0
# b0 = 4 
 
# x = np.linspace(a0, b0) 
 
# def f(x):
#     return 0.5*x**2 - 2 
 
# def df(x):
#     return x 
 
# xtrue = 2 
 
# plt.plot(x, f(x))
# plt.plot(xtrue,0,'ro')

Out[2]: [<matplotlib.lines.Line2D at 0x1a18f1a990>]
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a) Bisection Method

First we will run the iterative process for a few iterations:

In [4]: a = a0
b = b0
interval = np.abs(a - b)    
errors = [] 
 
fa = f(a) 
 
for i in range(12): 
    m = (a+b)/2 
    fm = f(m)    
    if  np.sign(fa) == np.sign(fm): 
        a = m  
        fa = fm # this line is not really needed,  
        # since we only need the sign of a, and sign of a is the same as 
sign of m 
    else: 
        b = m 
    interval = np.abs(a - b)     
    errors.append(interval)         
    print("%10g \t %10g \t %12g" % (a, b, interval)) 
     
print('exact root is = ', np.log(2))

Now we will add a stopping criteria.

Since we know the interval gets divided by two every iteration, how many iterations do we need to perform to
achieve the tolerance ?

Note that only one function evaluation is needed per iteration!

We can also verify the linear convergence, with C = 0.5

2−𝑘

         0            2              2 
         0            1              1 
       0.5            1            0.5 
       0.5         0.75           0.25 
     0.625         0.75          0.125 
    0.6875         0.75         0.0625 
    0.6875      0.71875        0.03125 
    0.6875     0.703125       0.015625 
    0.6875     0.695312      0.0078125 
  0.691406     0.695312     0.00390625 
  0.691406     0.693359     0.00195312 
  0.692383     0.693359    0.000976562 
exact root is =  0.6931471805599453 
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In [5]: a = a0
b = b0
interval = np.abs(a - b)    
errors = [interval] 
 
fa = f(a)
count = 0 
 
while count < 30 and interval > 2**(-4): 
    m = (a+b)/2 
    fm = f(m)    
    if  fa*fm > 0: 
        a = m  
    else: 
        b = m 
    interval = np.abs(a - b)     
    errors.append(interval)         
    print("%10g \t %10g \t %12g %12g" % (a, b, interval, interval/errors
[-2])) 
     
print('exact root is = ', np.log(2))

In [6]: plt.plot(errors)
plt.ylabel('Error (interval size)')
plt.xlabel('Iterations')

         0            2              2          0.5 
         0            1              1          0.5 
       0.5            1            0.5          0.5 
       0.5         0.75           0.25          0.5 
     0.625         0.75          0.125          0.5 
    0.6875         0.75         0.0625          0.5 
exact root is =  0.6931471805599453 

Out[6]: Text(0.5, 0, 'Iterations')
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What happens if you have multiple roots inside the interval? Bisection method will converge to one of the roots.
Try to run the code snippet above using the function

Change the interval, and observe what happens.

𝑓(𝑥) = 0.5 − 2𝑥2

b) Newton's Method

In [7]: x0 = 2
r = 2

In [8]: x = x0
count = 0
tol = 1e-6
err = 1
errors = [err] 
 
while count < 30 and err > tol: 
    x = x - f(x)/df(x) 
    err = abs(x-xtrue) 
    errors.append(err) 
    print('%10g \t%10g \t %.16e %.4g' % (x, f(x), err, errors[-1]/(error
s[-2]**r) ))

c) Secant Method

In [9]: x0 = 2
x1 = 8
r = 2
#r = 1.618

   1.27067     1.56324   5.7752338591328012e-01 0.5775 
  0.831957    0.297812   1.3881012318002328e-01 0.4162 
  0.702351   0.0184918   9.2034034572215928e-03 0.4776 
  0.693189  8.44452e-05   4.2221690566890402e-05 0.4985 
  0.693147  1.78265e-09   8.9132301539507353e-10 0.5 
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In [10]: # Need two initial guesses
xbefore = x0
x = x1
count = 0
tol = 1e-8
err = 1
errors = [err] 
 
while count < 30 and err > tol: 
 
    df_approx = (f(x)-f(xbefore))/(x-xbefore) 
    xbefore = x 
    x = x - f(x)/df_approx 
    err = abs(x-xtrue) 
    errors.append(err) 
    print('%10g \t%10g \t %.16e %.4g' % (x, f(x), err, errors[-1]/errors
[-2]**r ))

d) Using scipy functions for root finding:

In [11]: import scipy.optimize as opt

In [12]: opt.root_scalar(f,bracket=[-2, 3],method='bisect')

In [13]: opt.root_scalar(f,bracket=[-2, 3])

   1.98913     5.30914   1.2959789041737508e+00 1.296 
   1.97839     5.23112   1.2852471085772197e+00 0.7652 
   1.25885     1.52137   5.6570418067033190e-01 0.3425 
  0.963766    0.621549   2.7061833731723317e-01 0.8456 
  0.759937     0.13814   6.6789331877922575e-02 0.912 
   0.70169   0.0171582   8.5425082065405666e-03 1.915 
  0.693429  0.000563492   2.8170616606482124e-04 3.86 
  0.693148  2.40294e-06   1.2014692549744410e-06 15.14 
  0.693147  3.38445e-10   1.6922274692632300e-10 117.2 

Out[12]:       converged: True 
           flag: 'converged' 
 function_calls: 44 
     iterations: 42 
           root: 0.6931471805607998

Out[13]:       converged: True 
           flag: 'converged' 
 function_calls: 10 
     iterations: 9 
           root: 0.6931471805599405
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In [14]: opt.root_scalar(f,x0=3, fprime=df, method='newton')

In [15]: opt.root_scalar(f,x0=3,x1=4, method='secant')

Example 2)

a) Graphical convergence of Newton's Method

Let's take a look at this other function

And we plot it in the interval .

𝑓(𝑥) = − 𝑥 + 1𝑥3

[−4, 4]

Out[14]:       converged: True 
           flag: 'converged' 
 function_calls: 14 
     iterations: 7 
           root: 0.6931471805599454

Out[15]:       converged: True 
           flag: 'converged' 
 function_calls: 12 
     iterations: 11 
           root: 0.6931471805599454
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In [16]: def f(x): 
    return x**3 - x +1 
 
def df(x): 
    return 3*x**2 - 1 
 
xmesh = np.linspace(-4, 4, 100)
plt.ylim([-5, 10])
plt.plot(xmesh, f(xmesh)) 
 
xexact = -1.324717957244746

In [17]: guesses = [-.9]
guesses = [1.5]

Evaluate this cell many times in-place (using Ctrl-Enter)
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In [18]: x = guesses[-1] # grab last guess 
 
slope = df(x) 
 
# plot approximate function
plt.plot(xmesh, f(xmesh))
plt.plot(xmesh, f(x) + slope*(xmesh-x))
plt.plot(x, f(x), "o")
plt.xlim([-4, 4])
plt.ylim([-5, 10])
plt.axhline(0, color="black") 
 
# Compute approximate root
xnew = x - f(x) / slope
guesses.append(xnew)
print(xnew)

In [19]: f(xnew)

In [20]: print(guesses)

In [21]: error = abs(np.array(guesses)-xexact)

1.0 

Out[19]: 1.0

[1.5, 1.0] 
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In [22]: plt.semilogy(error)

b) Graphical convergence of Secant Method

In [23]: guesses = [2, 1.7]

Out[22]: [<matplotlib.lines.Line2D at 0x1a19964b50>]
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In [24]: # grab last two guesses
x = guesses[-1]
xbefore = guesses[-2] 
 
slope = (f(x)-f(xbefore))/(x-xbefore) 
 
# plot approximate function
plt.plot(xmesh, f(xmesh))
plt.plot(xmesh, f(x) + slope*(xmesh-x))
plt.plot(x, f(x), "o")
plt.plot(xbefore, f(xbefore), "o")
plt.ylim([-4, 4])
plt.ylim([-3, 10])
plt.axhline(0, color="black") 
 
# Compute approximate root
xnew = x - f(x) / slope
guesses.append(xnew)
print(xnew)

N-Dimensional Nonlinear Equations

1.2465016146393972 
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We will solve the following system of nonlinear equations:

We will define our vector valued function , which takes a vector as argument, with the components  and . We
are trying to find the numerical (approximated) solution that safisfies:

and the exact solution is 

We will also define the gradient of , , which we call the Jacobian.

𝑥 + 2𝑦 = 2

+ 4 = 4𝑥2 𝑦2

𝐟 𝑥 𝑦

𝐟 = [ ] = [ ] = [ ]𝑓1

𝑓2

𝑥 + 2𝑦 − 2

+ 4 − 4𝑥2 𝑦2

0

0

[0, 1]

𝐟 ∇𝐟

Newton's method

In [25]: def f(xvec): 
    x, y = xvec 
    return np.array([ 
        x + 2*y -2, 
        x**2 + 4*y**2 - 4 
        ]) 
 
def Jf(xvec): 
    x, y = xvec 
    return np.array([ 
        [1, 2], 
        [2*x, 8*y] 
        ])

Pick an initial guess.

In [26]: x = np.array([1, 2])

Now implement Newton's method.

In [27]: for i in range(10): 
    s = la.solve(Jf(x), -f(x)) 
    x = x + s
x

Check if that's really a solution:

Out[27]: array([1.50295992e-16, 1.00000000e+00])
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In [28]: f(x)

The cost is  per iteration, since the Jacobian changes every iteration. But how fast is the convergence?𝑂( )𝑛3

In [29]: r = 2 
 
xtrue = np.array([0, 1])
x = np.array([1, 2])
errors = [la.norm(x)] 
 
while errors[-1] > 1e-12: 
    A = Jf(x) 
    s = la.solve(A, f(x)) 
    x = x - s 
    err = la.norm(x-xtrue) 
    errors.append(err) 
    print(' %.16e \t %.4g' % (err, errors[-1]/errors[-2]**r ))

Combining Newton's method with Bisection
Newton's method features a quadratic convergence rate, but is not guaranteed to converge unless the
algorithm is started sufficiently close to the root of a function . For example, the function

,

where  is the hyperbolic tangent function, has a single root at , but Newton's method will quickly
diverge even at modest distances from the root.

𝑓

𝑓(𝑥) = tanh(20𝑥)

tanh 𝑥 = 0

Create functions that evaluate this function and it's derivative. Recall that:

tanh(𝑧) = 1 − (𝑧)
𝑑

𝑑𝑧
tanh2

Out[28]: array([0., 0.])

 9.3169499062491201e-01   0.1863 
 2.1174886150566186e-01   0.2439 
 1.6858985788667225e-02   0.376 
 1.2522123592245921e-04   0.4406 
 7.0116836915221782e-09   0.4472 
 1.5029599174076677e-16   3.057 
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In [30]: def f(x): 
    return np.tanh(20*x) 
 
def df(x): 
    return 20*(1 - f(x)**2) 
 
def df(x): 
    return 20*(1 - np.tanh(20*x)**2)

Plot the function and its derivative over the interval . Use two different plots for the function and its
derivative

[−2, 2]
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In [31]: a0 = -2
b0 = 2 
 
xmesh = np.linspace(a0, b0,200)
plt.plot(xmesh, f(xmesh))
plt.xlabel('$x$')
plt.ylabel('$y$')
plt.title('$f(x)$')
plt.show()
plt.plot(xmesh,df(xmesh))
plt.xlabel('$x$')
plt.ylabel('$y$')
plt.title('$f\'(x)$')
plt.show()
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You should notice that  for most values of the input . Newton's method, which is given by:

will divide by a very small number unless .

Even with a starting guess of , Newton's method will diverge.

(𝑥) ≈ 0𝑓 ′ 𝑥

= −𝑥𝑘+1 𝑥𝑘

𝑓( )𝑥𝑘

( )𝑓 ′ 𝑥𝑘

≈ 0𝑥𝑘

= 0.06𝑥0

In [32]: guesses = [0.06]

Evaluate the next cell many times in-place (using Ctrl-Enter)

The green dot is the current guess, and the orange line is the corresponding tangent line. The next iterate will be
where the tangent line intersects -axis.𝑥

In [33]: x = guesses[-1] # grab last guess
slope = df(x) 
 
# plot approximate function
plt.plot(xmesh, f(xmesh))
plt.plot(xmesh, f(x) + slope*(xmesh-x))
plt.plot(x, f(x), "o")
plt.xlim([-2, 2])
plt.ylim([-2, 2])
plt.axhline(0, color="black") 
 
# Compute approximate root
xnew = x - f(x) / slope
guesses.append(xnew) 
 
print('Next iterate will be: ', xnew)

Next iterate will be:  -0.07665573034190232 
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On the other hand, the bisection method will always find the root of this function, as long as the initial interval
endpoints are of opposite sign. It will not converge as fast as Newton's method, however. To get the best of
both worlds, we can combine the two as follows.

Algorithm

We start with an initial interval  such that  (so that the function values have opposite
signs). We set , i.e.

and try to begin a Newton iteration from there (Question: why do we select  in this way, why not the reversed
inequalities?).

If the Newton iteration takes us outside the open interval , then we are not getting any closer to the
desired root, and may even be diverging. In this case, we fall back to the bisection method.

I.e. we first try:

and if  or , we scrap this value of  and use the bisection method instead:

.

Using the same criteria as the standard bisection method, we then update either  or  to have the value . We
then repeat the process and choose the next value of . We can terminate whenever 

.

[𝑎, 𝑏] 𝑓(𝑎) ⋅ 𝑓(𝑏) < 0

𝑐 = |𝑓(𝑧)|argmin𝑧=𝑎,𝑏

𝑐 = 𝑎 if |𝑓(𝑎)| < |𝑓(𝑏)|

𝑐 = 𝑏 if |𝑓(𝑏)| < |𝑓(𝑎)|

𝑐

(𝑎, 𝑏)

𝑚 = 𝑐 − 𝑓(𝑐)

(𝑐)𝑓 ′

𝑚 ≥ 𝑏 𝑚 ≤ 𝑎 𝑚

𝑚 =
𝑎+𝑏

2

𝑎 𝑏 𝑚

𝑐 = |𝑓(𝑧)|argmin𝑧=𝑎,𝑏

|𝑓(𝑐)| < tol

Write a function that combines the two ideas. Your function should return the root, as well as a list of tuples that
stores  and what kind of step was taken:|𝑓(𝑐)|
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In [34]: # clear with hints
def bisection_Newton(a0,b0,tol,f,df): 
    steps = [] 
    a = a0 
    b = b0 
    fa = f(a) 
    fb = f(b) 
    if fa*fb > 0: 
        print('Root is not bracketed by interval...exiting') 
        return None 
    if abs(fa) < abs(fb): 
        c = a 
        fc = fa 
    else: 
        c = b 
        fc = fb 
    while abs(fc) > tol: 
        m = c - fc/df(c) 
        step_type = 'Newton' 
        if m < a or m > b: # new value has left interval 
            # bisection method 
            m = (a + b)/2. 
            step_type = 'Bisection' 
             
        fm = f(m) 
        if fa*fm > 0: 
            a = m 
            fa = fm 
        else: 
            b = m 
            fb = fm 
             
        if abs(fa) < abs(fb): 
            c = a 
            fc = fa 
        else: 
            c = b 
            fc = fb 
        steps.append((abs(fc),step_type)) 
             
    return c, steps

Test this method on  for the initial interval . Use a tolerance of .𝑓(𝑥) = tanh(20𝑥) [𝑎, 𝑏] = [−2, 5] 10−8

In [35]: a0 = -2
b0 = 5
tol = 1e-8
root, steps = bisection_Newton(a0,b0,tol,f,df)
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In [36]: steps

In [37]: root

GPS Application: N-D Newton's Method
Global Positioning System (GPS) uses 4 satellites to calculate the location of a GPS receiver on earth. We
construct a -coordinate system, with the origin located at the center of the Earth. Relative to this coordinate
system, each satellite  has position . In addition to this, each satellite keeps track of time relative to
some reference value, which is denoted .

𝑥𝑦𝑧

𝑖 ( , , )𝐴𝑖 𝐵𝑖 𝐶𝑖

𝑡𝑖

Here we define the values for 4 satellites using the rows of a numpy array. ,  and  are measured in
kilometers, and  is measured in seconds:

𝐴𝑖 𝐵𝑖 𝐶𝑖

𝑡𝑖

In [38]: Satellites = np.array([[15600, 7540, 20140, 0.07074], 
                      [18760, 2750, 18610, 0.07220], 
                      [17610, 14630, 13480, 0.07690], 
                      [19170, 610, 18390, 0.07242]])

In [39]: print(Satellites[0])

We can plot the satellites in 3D, along with a sphere of radius 6370 km (approximately the radius of the Earth).

In [40]: # import 3d plotting
from mpl_toolkits.mplot3d import Axes3D 
 
# data for sphere
u = np.linspace(0, 2 * np.pi, 100)
v = np.linspace(0, np.pi, 100) 
 
# multiply by 6370 km
x = 6370*np.outer(np.cos(u), np.sin(v))
y = 6370*np.outer(np.sin(u), np.sin(v))
z = 6370*np.outer(np.ones(np.size(u)), np.cos(v))

Out[36]: [(1.0, 'Bisection'), 
 (0.9999092042625951, 'Bisection'), 
 (0.9999092042625951, 'Bisection'), 
 (0.9988944427261528, 'Bisection'), 
 (0.5545997223493823, 'Bisection'), 
 (0.17416574680846925, 'Newton'), 
 (0.003654552196927575, 'Newton'), 
 (3.2540049472768056e-08, 'Newton'), 
 (2.0679515313825692e-23, 'Newton')]

Out[37]: -1.0339757656912846e-24

[1.560e+04 7.540e+03 2.014e+04 7.074e-02] 
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In [41]: fig = plt.figure(figsize=(12,12))
ax = fig.add_subplot(111,projection='3d') 
 
ax.scatter(Satellites[:,0],Satellites[:,1], Satellites[:,2],s = 200)
ax.plot_surface(x, y, z, color='b',alpha = 0.3,rstride = 1,cstride = 1,l
inewidth = 0.0,zorder = 10)
ax.set_xlabel('x')
ax.set_ylabel('y')
ax.set_zlabel('z')
ax.axes.xaxis.set_ticklabels([])
ax.axes.yaxis.set_ticklabels([])
ax.axes.zaxis.set_ticklabels([])
ax.view_init(0,90)
plt.show()
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The receiver on Earth has  coordinates of it's own, as well as a time delay  that measures the difference
between its clock and the reference time. In order to solve for the location of the receiver and measure it's delay,
four nonlinear equations must be solved:

Here,  is the speed of light, 299792.456 km/s. Then we want to solve the nonlinear system of equations

,

where  and .

Newton's Method
To solve the equations, we can start with an initial guess  and compute a sequence of approximate solutions
by Newton's method:

 is the Jacobian of  evaluated at  with entries given by .

For example, the partial derivative  is given by:

𝑥𝑦𝑧 𝑑

(𝐗) = (𝑥, 𝑦, 𝑧, 𝑑) = − 𝑐( − 𝑑), for 𝑖 = 1, 2, 3, 4𝐹𝑖 𝐹𝑖 (𝑥 − + (𝑦 − + (𝑧 −𝐴𝑖)
2 𝐵𝑖)

2 𝐶𝑖)
2‾ ‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾√ 𝑡𝑖

𝑐

𝐅(𝐗) = 0

𝐅(𝐗) = ( (𝐗), (𝐗), (𝐗), (𝐗)𝐹1 𝐹2 𝐹3 𝐹4 )𝑇 𝐗 = (𝑥, 𝑦, 𝑧, 𝑑)𝑇

𝐗0

𝐉(𝐗) = −𝐅(𝐗)𝐒𝑘

= +𝐗𝑘+1 𝐗𝑘 𝐒𝑘

𝐉(𝐗) 𝐅 𝐗 =𝐽𝑖𝑗
∂𝐹𝑖

∂𝑋𝑗

∂𝐹1

∂𝑋1

= =
∂𝐹1

∂𝑋1

∂𝐹1

∂𝑥
𝑥 − 𝐴1

(𝑥 − + (𝑦 − + (𝑧 −𝐴1)2 𝐵1)2 𝐶1)2‾ ‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾‾√

Write functions that compute both  and .𝐅 𝐉
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In [42]: c = 299792.458
# clear
def f(X): 
    x,y,z,d = X 
    A = Satellites[:,0] 
    B = Satellites[:,1] 
    C = Satellites[:,2] 
    t = Satellites[:,3] 
     
    return np.sqrt((x - A)**2 + (y-B)**2 + (z - C)**2) - c*(t - d) 
 
def J(X): 
    x,y,z,d = X 
    A = Satellites[:,0] 
    B = Satellites[:,1] 
    C = Satellites[:,2] 
    t = Satellites[:,3] 
     
    D = np.zeros((4,4)) 
    denom = np.sqrt((x - A)**2 + (y-B)**2 + (z - C)**2) 
    D[:,0] = (x - A)/denom 
    D[:,1] = (y - B)/denom 
    D[:,2] = (z - C)/denom 
    D[:,3] = c 
    return D

Let's use an initial guess of a receiver at the South Pole with no time delay: . Starting
from this guess, use Newton's method to locate the receiver on Earth. Store each updated guess in a list. You
can terminate when .

= (0, 0,−6370, 0𝐗0 )𝑇

‖𝐅(𝐗) <‖2 10−3

In [43]: X = np.array([6370,0,0,0])
X_hist = [X] 
 
# clear
for i in range(30): 
    A = J(X) 
    b = -f(X) 
    if np.linalg.norm(b) < 1e-3: 
        break 
    s = np.linalg.solve(A,b) 
    X = X + s 
    X_hist.append(X)



4/10/2020 14-nonlinear

localhost:8888/nbconvert/html/GitRepo/cs357-sp20/assets/demos/14-nonlinear.ipynb?download=false 23/25

In [44]: X_hist

You can run this next cell to plot how the guess changed for the first 3 steps:

Out[44]: [array([6370,    0,    0,    0]), 
 array([-8.42291082e+02, -1.00048881e+02,  6.15061223e+03,  7.38879433e
-04]), 
 array([-1.46849093e+01, -1.39153223e+01,  6.37640112e+03, -3.10903330e
-03]), 
 array([-4.17425451e+01, -1.67859485e+01,  6.37006538e+03, -3.20146369e
-03]), 
 array([-4.17727095e+01, -1.67891941e+01,  6.37005956e+03, -3.20156583e
-03])]
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In [45]: X0 = X_hist[0]
X1 = X_hist[1]
X2 = X_hist[2]
X3 = X_hist[3] 
 
x = 6370*np.outer(np.cos(u), np.sin(v))
y = 6370*np.outer(np.sin(u), np.sin(v))
z = 6370*np.outer(np.ones(np.size(u)), np.cos(v)) 
 
fig = plt.figure(figsize=(15,15))
ax = fig.add_subplot(111,projection='3d')
# Plot the surface
ax.scatter(Satellites[:,0],Satellites[:,1], Satellites[:,2],s = 200)
ax.plot_surface(x, y, z, color='b',alpha = 0.3,rstride = 1,cstride = 1,l
inewidth = 0.0,zorder = 10)
ax.set_xlabel('x')
ax.set_ylabel('y')
ax.set_zlabel('z')
ax.view_init(0,90)
ax.scatter(X0[0],X0[1], X0[2],s=40,color='r',alpha = 1,zorder = 0)
ax.scatter(X1[0],X1[1], X1[2],s=40,color='r',alpha = 1,zorder = 0)
ax.scatter(X2[0],X2[1], X2[2],s=40,color='r',alpha = 1,zorder = 0)
ax.scatter(X3[0],X3[1], X3[2],s=40,color='r',alpha = 1,zorder = 0)
ax.axes.xaxis.set_ticklabels([])
ax.axes.yaxis.set_ticklabels([])
ax.axes.zaxis.set_ticklabels([])
plt.show()
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