
Eigenvalues and Eigenvectors



Few concepts to remember from 
linear algebra
Let 𝑨 be an 𝑛 ൈ 𝑚 matrix and the linear transformation 𝒚 ൌ 𝑨𝒙

• Rank: maximum number of linearly independent columns or rows of 𝑨

• Range 𝑨 ൌ 𝒚 ൌ 𝑨𝒙 ∀𝒙ሽ

• Null 𝑨 ൌ 𝒙 𝑨𝒙 ൌ 𝟎ሽ

𝒙 ∈ ℛ𝒎՜
𝑨
𝒚 ∈ ℛ𝒏



Eigenvalue problem
Let 𝑨 be an 𝑛 ൈ 𝑛 matrix:

𝒙 ് 𝟎 is an eigenvector of 𝑨 if there exists a scalar 𝜆 such that

𝑨 𝒙 ൌ 𝜆 𝒙

where 𝜆 is called an eigenvalue.

If 𝒙 is an eigenvector, then α𝒙 is also an eigenvector.  Therefore, we will 
usually seek for normalized eigenvectors, so that

𝒙 ൌ 1

Note: When using Python, numpy.linalg.eig will normalize using p=2 norm.



How do we find eigenvalues?
Linear algebra approach:

𝑨 𝒙 ൌ 𝜆 𝒙
𝑨 െ 𝜆 𝑰 𝒙 ൌ 𝟎

Therefore the matrix 𝑨 െ 𝜆 𝑰 is singular ฺ 𝑑𝑒𝑡 𝑨 െ 𝜆 𝑰 ൌ 0

𝑝 𝜆 ൌ 𝑑𝑒𝑡 𝑨 െ 𝜆 𝑰 is the characteristic polynomial of degree 𝑛.

In most cases, there is no analytical formula for the eigenvalues of a 
matrix (Abel proved in 1824 that there can be no formula for the roots 
of a polynomial of degree 5 or higher) ฺ Approximate the 
eigenvalues numerically!



Example
𝑨 ൌ 2 1

4 2 𝑑𝑒𝑡 2 െ 𝜆 1
4 2 െ 𝜆 ൌ 0



Diagonalizable Matrices
A 𝑛 ൈ 𝑛 matrix 𝑨 with 𝑛 linearly independent eigenvectors 𝒖 is said to be 
diagonalizable.

𝑨 𝒖𝟏 ൌ 𝜆ଵ 𝒖𝟏,
𝑨 𝒖𝟐 ൌ 𝜆ଶ 𝒖𝟐,
«
𝑨 𝒖𝒏 ൌ 𝜆௡ 𝒖𝒏,

U
- '

exists
,
since A has n linearly independent
eigenvectors .



Example 𝑨 ൌ 2 1
4 2

𝑑𝑒𝑡 2 െ 𝜆 1
4 2 െ 𝜆 ൌ 0

Solution of characteristic polynomial gives: 𝜆ଵ ൌ 4, 𝜆ଶ ൌ 0

To get the eigenvectors, we solve: 𝑨 𝒙 ൌ 𝜆 𝒙

2 െ ሺ4ሻ 1
4 2 െ ሺ4ሻ

𝑥ଵ
𝑥ଶ ൌ 0

0
𝒙 ൌ 1

2

2 െ ሺ0ሻ 1
4 2 െ ሺ0ሻ

𝑥ଵ
𝑥ଶ ൌ 0

0
𝒙 ൌ െ1

2



Example 𝑨 ൌ 2 1
4 2

𝑑𝑒𝑡 2 െ 𝜆 1
4 2 െ 𝜆 ൌ 0

Solution of characteristic polynomial gives: 𝜆ଵ ൌ 4, 𝜆ଶ ൌ 0

To get the eigenvectors, we solve: 𝑨 𝒙 ൌ 𝜆 𝒙

2 െ ሺ4ሻ 1
4 2 െ ሺ4ሻ

𝑥ଵ
𝑥ଶ ൌ 0

0
𝒙 ൌ 1

2

2 െ ሺ0ሻ 1
4 2 െ ሺ0ሻ

𝑥ଵ
𝑥ଶ ൌ 0

0
𝒙 ൌ െ1

2

𝑨 ൌ 𝑼𝑫𝑼ିଵ 𝑼 ൌ 0.447
0.894

െ0.447
0.894

or normalized 
eigenvector 

(𝑝 ൌ 2 norm)

𝒙 ൌ 0.447
0.894

𝒙 ൌ െ0.447
0.894

𝑫 ൌ 4
0

0
0

Notes:
The matrix 𝑨 is singular (det(A)=0), and rank(𝑨)=1
Since 𝑨 has two linearly independent eigenvectors, the matrix 𝑼 is full 
rank, and hence, the matrix 𝑨 is diagonalizable.



Example
The eigenvalues of the matrix:

𝑨 ൌ 3 െ18
2 െ9

are 𝜆ଵ ൌ 𝜆ଶ ൌ െ3.

Select the incorrect statement:

A) Matrix 𝑨 is diagonalizable
B) The matrix 𝑨 has only one eigenvalue with multiplicity 2
C) Matrix 𝑨 has only one linearly independent eigenvector
D) Matrix 𝑨 is not singular

Fahd
Trae
are the
tree A is not

diagonalizabk



Let·s look back at diagonalization«
1) If a 𝑛 ൈ 𝑛 matrix 𝑨 has 𝑛 linearly independent eigenvectors 𝒙 then 𝑨 is 

diagonalizable, i.e.,

𝑨 ൌ 𝑼𝑫𝑼ି𝟏

where the columns of 𝑼 are the linearly independent normalized 
eigenvectors 𝒙 of 𝑨 (which guarantees that 𝑼ି𝟏 exists) and 𝑫 is a diagonal 
matrix with the eigenvalues of 𝑨.    

2) If a 𝑛 ൈ 𝑛 matrix 𝑨 has less then 𝑛 linearly independent eigenvectors, 
the matrix is called defective (and therefore not diagonalizable).

3) If a 𝑛 ൈ 𝑛 symmetric matrix 𝑨 has 𝑛 distinct eigenvalues then 𝑨 is 
diagonalizable.



A 𝒏 ൈ 𝒏 symmetric matrix 𝑨 with 𝒏 distinct eigenvalues is 
diagonalizable.

Suppose 𝜆,𝒖 and 𝜇, 𝒗 are eigenpairs of 𝑨

𝜆 𝒖 ൌ 𝑨𝒖
𝜇 𝒗 ൌ 𝑨𝒗

Xu = All

V. XU = V. All

a v. a = Atv. U

X o. U =AI. u (because
A is symmetric)

no

idea) --HEE) A is
diagonaliz

able!

G -MILE . 17=0
since (X -µ) fo ( distinct eigenvalues)
then I.e - o ⇒ theyare orthogonal → attendieneanryden.tl/



Some things to remember about eigenvalues:

• Eigenvalues can have zero value
• Eigenvalues can be negative
• Eigenvalues can be real or complex numbers
• A 𝑛 ൈ 𝑛 real matrix can have complex eigenvalues
• The eigenvalues of a 𝑛 ൈ 𝑛 matrix are not necessarily unique. In fact, 

we can define the multiplicity of an eigenvalue.
• If a 𝑛 ൈ 𝑛 matrix has 𝑛 linearly independent eigenvectors, then the 

matrix is diagonalizable



How can we get eigenvalues numerically?
Assume that 𝑨 is diagonalizable (i.e., it has 𝑛 linearly independent eigenvectors 
𝒖). We can propose a vector 𝒙 which is a linear combination of these 
eigenvectors:

𝒙 ൌ 𝛼ଵ𝒖ଵ ൅ 𝛼ଶ𝒖ଶ ൅⋯൅ 𝛼௡𝒖௡

A X = a, AU,
t da Alk t . . . t An A-Un

but A-Ui -- X, Ui , . . .

,
AUn = In Un

here we assume
that

I X ,
I > I Xz I s Ias

l - -
-

S l an 1

A X = di X , U, t da XzUat .
.

.
t An Xn Un



Power Iteration
Our goal is to find an eigenvector 𝒖௜ of 𝑨. We will use an iterative process, 
where we start with an initial vector, where here we assume that it can be 
written as a linear combination of the eigenvectors of 𝑨.

𝒙଴ ൌ 𝛼ଵ𝒖ଵ ൅ 𝛼ଶ𝒖ଶ ൅⋯൅ 𝛼௡𝒖௡
from previous page :

X, =
AXo = di Xiu, theXzUz t

- -- t An XnUn

Xz = AX, = a, If u, the
XEuz t - - -

tan XF un

+3 = AXz =4, XPU, t k XE Uz
t - . .

tAnXP Up

¥e = It In, = 4 Xiu, t da XE Ye t . . . t an
link ya

of In = Xi [akit aC¥jyet - - - t an rig



Power Iteration

𝒙௞ ൌ 𝜆ଵ ௞ 𝛼ଵ𝒖ଵ ൅ 𝛼ଶ
𝜆ଶ
𝜆ଵ

௞

𝒖ଶ ൅ ⋯൅ 𝛼௡
𝜆௡
𝜆ଵ

௞

𝒖௡

Assume that 𝛼ଵ ് 0, the term 𝛼ଵ𝒖ଵ dominates the others when 𝑘 is 
very large.

Since |𝜆ଵ ൐ |𝜆ଶ , we have 
ఒమ
ఒభ

௞
≪ 1 when 𝑘 is large  

Hence, as 𝑘 increases, 𝒙௞ converges to a multiple of the first 
eigenvector 𝒖ଵ, i.e., 



How can we now get the eigenvalues?

If 𝒙 is an eigenvector of 𝑨 such that

𝑨 𝒙 ൌ 𝜆 𝒙

then how can we evaluate the corresponding eigenvalue 𝜆? 

Take inner product i

× . A X = A X . X

X = x. AX or
also written as

¥ p=Ef¥#
Rayleigh'a'ent



Normalized Power Iteration

𝒙𝟎 ൌ arbitrary nonzero vector
𝒙𝟎 ൌ

𝒙𝟎
𝒙𝟎

for  𝑘 ൌ 1,2,…
𝒚௞ ൌ 𝑨 𝒙௞ିଵ
𝒙௞ ൌ

𝒚ೖ
𝒚ೖ

𝒙௞ ൌ 𝜆ଵ ௞ 𝛼ଵ𝒖ଵ ൅ 𝛼ଶ
𝜆ଶ
𝜆ଵ

௞

𝒖ଶ ൅ ⋯൅ 𝛼௡
𝜆௡
𝜆ଵ

௞

𝒖௡



Normalized Power Iteration

DePR ́ PRZeU IWeUaWiRQ

𝒙௞ ൌ 𝜆ଵ ௞ 𝛼ଵ𝒖ଵ ൅ 𝛼ଶ
𝜆ଶ
𝜆ଵ

௞

𝒖ଶ ൅ ⋯൅ 𝛼௡
𝜆௡
𝜆ଵ

௞

𝒖௡

What if the starting vector 𝒙𝟎 have no component in the dominant eigenvector 𝒖ଵ (𝛼ଵ ൌ 0)?  

• in theory ( infinite precision) ,

- Xr → Lz X! Ik (method would converge
~ to a multiple of the

eigenvector Ez ,correspondingto eigenvalue Ted

• in practice :

Ir→ a, Xiu, (
since rounding off errors
would introduce the

component a )



Normalized Power Iteration

DePR ́ PRZeU IWeUaWiRQ

𝒙௞ ൌ 𝜆ଵ ௞ 𝛼ଵ𝒖ଵ ൅ 𝛼ଶ
𝜆ଶ
𝜆ଵ

௞

𝒖ଶ ൅ ⋯൅ 𝛼௡
𝜆௡
𝜆ଵ

௞

𝒖௡

What if the first two largest eigenvalues (in magnitude) are the same, |𝜆ଵ ൌ |𝜆ଶ ? 



Potential pitfalls
1. Starting vector 𝒙𝟎 may have no component in the dominant eigenvector 𝒖ଵ ሺ𝛼ଵ ൌ

0ሻ. This is usually unlikely to happen if 𝒙𝟎 is chosen randomly, and in practice not a 
problem because rounding will usually introduce such component.

2. Risk of eventual overflow (or underflow): in practice the approximated eigenvector is 
normalized at each iteration (Normalized Power Iteration)

3. First two largest eigenvalues (in magnitude) may be the same: |𝜆ଵ| ൌ |𝜆ଶ|. In this 
case, power iteration will give a vector that is a linear combination of the 
corresponding eigenvectors:
• If signs are the same, the method will converge to correct magnitude of the 

eigenvalue. If the signs are different, the method will not converge.
• ThiV iV a ́ UeaOµ SURbOeP WhaW caQQRW be diVcRXQWed iQ SUacWice.



Error

𝒙௞ ൌ 𝜆ଵ ௞ 𝛼ଵ𝒖ଵ ൅ 𝛼ଶ
𝜆ଶ
𝜆ଵ

௞

𝒖ଶ ൅⋯൅ 𝛼௡
𝜆௡
𝜆ଵ

௞

𝒖௡



Convergence and error



A) 0.1536
B) 0.192
C) 0.09
D) 0.027

Iclicker question



Iclicker question

Suppose we want to use the normalized power iteration, starting from 
𝑥଴ ൌ ሺെ0.5,0ሻ. Select the correct statement
A) Normalized power iteration will not converge
B) Normalized power iteration will converge to the eigenvector 

corresponding to the eigenvalue 2.
C) Normalized power iteration will converge to the eigenvector 

corresponding to the eigenvalue 4.

𝒖ଵ𝒖ଶThe matrix 𝑨 ൌ 3 1
1 3 has 

eigenvalues (4,2) and corresponding 
eigenvectors 𝒖ଵ ൌ ሺ1,1ሻ and 
𝒖ଶ ൌ ሺെ1,1ሻ. 𝒙଴



Iclicker question

Suppose 𝒙 is an eigenvector of 𝑨 such that

𝑨 𝒙 ൌ 𝜆 𝒙

What is an eigenvalue of 𝑨ିଵ?

A) 𝜆
B) െ𝜆
C) 1/𝜆
D) െଵ

ఒ
E) CaQ·W WeOO ZiWhRXW kQRZiQg 𝜆



Inverse Power Method
Previously we learned that we can use the Power Method to obtain the 
largest eigenvalue and corresponding eigenvector, by using the update

𝒙௞ାଵ ൌ 𝑨 𝒙௞
Suppose there is a single smallest eigenvalue of 𝑨. With the previous 
ordering

|𝜆ଵ| ൐ |𝜆ଶ| ൒ |𝜆ଷ| ൒ ⋯ ൐ |𝜆௡|



Iclicker question
Which code snippet is the best option to compute the smallest eigenvalue of 
the matrix 𝑨?

A) B)

D)

E)  I have no idea! 

C)



Inverse Power Method



Cost of computing eigenvalues using 
inverse power iteration



Iclicker question
What is the approximated cost of computing the largest eigenvalue using 
Power Method? 

A) 𝑘 𝑛
B) 𝑛ଶ ൅ 𝑘 𝑛
C) 𝑘 𝑛ଶ
D) 𝑛ଷ ൅ 𝑘 𝑛ଶ
E) 𝑁𝑂𝑇𝐴



Iclicker question

Suppose 𝒙 is an eigenvector of 𝑨 such that 𝑨 𝒙 ൌ 𝜆𝟏 𝒙 and also 𝒙 is an 
eigenvector of 𝑩 such that 𝑩 𝒙 ൌ 𝜆𝟐 𝒙. What is an eigenvalue of  

What is an eigenvalue of ሺ𝑨 ൅ 𝟏
𝟐
𝑩ሻିଵ?

A) ఒ𝟏
ଶఒ𝟏ାఒ𝟐

B) ఒ𝟐
ଶఒ𝟏ାఒ𝟐

C) ଶ
ଶఒ𝟏ାఒ𝟐

D) ఒ𝟏
ଶఒ𝟐ାఒ𝟏

E) ఒ𝟐
ଶఒ𝟐ାఒ𝟏



Iclicker question
Suppose 𝒙 is an eigenvector of 𝑨 such that 𝑨 𝒙 ൌ 𝜆 𝒙 , but 𝜆 is not the 
largest or smallest eigenvalue. We want to compute the eigenvalue 𝜆 that 
is close to a given number 𝜎. Which of the following modified matrices 
will give such eigenvalue?

A) ሺ𝑨 െ 𝜎𝑰ሻ
B) ሺ𝑨 െ 𝜎𝑰ሻ ିଵ
C) ሺ1 െ 𝜎ሻ 𝑨
D) ଵ

ఙ
𝑨

E) I still have no clue how to answer to these iclicker
questions…



Eigenvalues of a Shifted Inverse Matrix
Suppose the eigenpairs 𝒙, 𝜆 satisfy 𝑨𝒙 ൌ 𝜆 𝒙.



Eigenvalues of a Shifted Inverse Matrix


