Principal Component Analysis
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How can we focus in just a few of the variables?

We want to reduce the dimension of the feature space,
Let’s try to reduce to one dimension:
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pcl: Principal component 1 - linear combination of the other 17 variables
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pcl = x1 Alcoholic Drinks + x2 Beverages + x3 Carcase meat + ...+ x17 Sugars

Influence of original variables(food) upon pc1
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influence of original variables(food) upon pc1
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How can we focus in just a few of the variables?

What about reducing to two dimensions?
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influence of original variables(food) upon pc1

England N Ireland Scotland Wales
0.25 |A|coho\icdrinks 375 135 458 475 |
I Beverages 57 47 53 73
0.00 _--- - e Carcase meat 245 267 242 227
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The three variables, Fresh potatoes,
Alcoholic drinks and Fresh fruit, there is
a noticeable difference between the
values for England, Wales and Scotland,
which are roughly similar, and Northern

Ireland, which is usually significantly
higher or lower.
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Example: Reduce the feature space by including only

the features regarding the mean

A — Fl F30

A* — Fl FlO

PROS: simple and maintain interpretation
of the feature variables

CONS: lose information from the variables
that were dropped
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Get a new data set, resulting from a linear combination of the original dataset
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Principal component analysis

PCA will combine the feature variables in a specific way, creating “new variables”.

* We can now drop the “least important” new variables while still retaining the most
valuable parts of all of the feature variables!

* As an added benefit, each of the “new variables” after PCA are all independent of
one another (important requirement for linear models).

e Cons: the new variables don’t have the same meaning as the feature variables (loss
of interpretability)
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Let’s start with a subset of 6 patients, and take a look at only two of the features:

smoothness and radius
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Determine the “center” of the dataset —the mean value of each feature
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We will shift the dataset such that the “center” of the dataset (mean value) is at the origin
(0,0) — the new dataset has zero mean value.
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We want to find a straight line that fits the dataset.
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/Let’s propose the red line below. To quantify how good the fit is, PCA projects the data onto\
the line. The best fit minimizes the distances from the points to the line (indicated in green
below)...
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Or maximizes the distances from the projected points to the origin (indicated in orange)
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Why are they the same?

Take a look at what happens to the vectors below when we change the fit curve.
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Let’s talk about the variance of the dataset
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Covariance matrix: —— AT A

(n—1)
smoothness (zero mean) radius (zero mean)
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/ smoothness (zero mean) radius (zero mean) \

1

272 /5311833 6.508 Covariance matrix: ATA

273 -1.805167 -5.500 (n=1) smoothness (zero mean) radius (zero mean)
274 A _ -0.790167 2.688 smoothness (zero mean) 7.539518 8.868854
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$272 matrix:
6
ATA = XDXT
4
— X: eigenvectors of ATA
c
g 2 D: eigenvalues of ATA
=
O
S
S0 FromSVD: A = UXVT
2
© . .
= -2 Maximum variance:
largest singular value of X
-4
Direction of maximum variance:
P Corresponding column of V

-4 -2 0 2 4 6 8

K smoothness (zero mean) /




radius (zero mean)

0=. 2 4
smoothness (zero mean)

pCZ

Malignant/Benign
e M
e B

g1 = 11.7

(1)) =42




smoothness (zero mean)

Transformed dataset:
A* = AV = UX
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Samples
(instances, observations)

Petal

Sepal Sepal Petal Petal Class
length width length  width label
Setosa
2 4.9 3.0 14 0.2 Setosa
50 |64 35 4.5 1.2 Versicolor
150 | 5.9 3.0 5.0 1.8 Virginica

/

Features

(attributes, measurements, dimensions)

Let’s add more features! Flower classification

Sepal

Class labels
(targets)

http://sebastianraschka.com/Articles/2015_pca_in_3_steps.html
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Principal component analysis

How can we reduce the dimension of a dataset without missing

important information?

Detect correlation between variables, it a strong correlation exists,

then reducing the dimension of the dataset makes sense.

Overall idea: Find the directions of maximum variance in high—

dimensional dataset (n dimension) and project it onto a subspace

with smaller dimension (k dimension, with k < n), while retaining

most of the information.

What is the adequate value for k?

Demo “Features and the SVD

»

/




1) Shift the dataset to zero mean: A = A — A.mean()

2) Compute SVD: A = UZVT

3) Principal components: variances = singular values squared
4) Principal directions: columns of IV

5) New dataset: A* = AV

Note how the variances of the new dataset correspond to the singular
values squared of the original dataset:

ANTA=vTATAV =vT(WwzvDHTuzyTy = T3
6) In general: A* = A V

j nxn
mXxn mXn

7) But since we want to reduce the dimension of the dataset, we only use
the first k columns of V = AV

/1\

K m X mxn n Xk
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Iris dataset e s
sepal_length sepal_width petal_length petal_width species
0 5.1 3.5 1.4 0.2 setosa
1 4.9 3.0 1.4 0.2 setosa
2 4.7 3.2 1.3 0.2 setosa
3 4.6 3.1 1.5 0.2 setosa
4 5.0 3.6 1.4 0.2 setosa

1) Shift the dataset to zero mean:

X = iris.iloc[:,:4] - iris.iloc[:,:4].mean()

Optional (modeling choice!): decide whether or not to standardize. If you want to
standardize, divide each observation in a column by that column’s standard deviation.

Z = X / iris.iloc[:,:4].std()

In this new dataset Z each feature has mean zero and standard deviation 1.

This decision depends on the problem you are solving. If some variables have a large
variance and some small, since PCA maximizes the variance, it will weight more the
features with large variance. If you want your PCA to be independent of the variance,
standardizing the features will do that.

-




4 | | 2
Explained variance

2) Compute SVD: 4 = UzVT
3) Principal components: variances = singular values squared

U, S, Vt = np.linalg.svd(Z, full matrices=False)
variances = S#**2
print(variances)

[ 434.85617466 136.19054025 21.86677446 3.08651063]

_ , variance;
Explained variance: expvar; = ,
sum(variance)
ie)
© 100 e —— cumulative explained variance
Q individual explained variance
e 75 —
©
—
g 50 .
- What is the adequate value for k?
@
£ 25
c_g_ Note that the first two principal components
ﬁj 0 0 1 2 3 account for about 96% of the variance. It makes

Principal components sense here to make k = 2

e
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5) New REDUCED dataset:

1 Zstar = Z@V[:,:2]
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Weight (importance) of each feature in the

principal components

plt.figure()

plt.bar(headers[:4],V[:,0])
plt.xticks(rotation=90)

plt.title('influence of original features in p0')
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1 plt.figure()

2 plt.bar(headers[:4],V[:,1])

3 plt.xticks(rotation=90)

4 plt.title('influence of original features in pl')
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Let’s go back to a dataset with many features!

100

—— cumulative explained variance
BN individual explained variance

~
an

Explained variance ratio
x 3

enmeter rngan
genrne(ef tderr
penmeter (worst

F3ctal Simension (Sisen

-10.0

-12.5

Malignant/Benign

M
B

™




-1

0
0
-5
5
0

5

&

0

0
p3

A

5 Malignant/Benign
e M

;:‘...B

5

°
5




™

e

influence of original features in p0
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