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Proof: Letw be an arbitrary string.

Assume, for every string x such that |x| < |w/|, that x is perfectly cromulent
There are two cases to consider.

« Supposew = ¢.

Therefore, w is perfectly cromulent.

« Suppose w = ax for some symbol a and string x.

The induction hypothesis implies that x is perfectly cromulent.

Therefore, w is perfectly cromulent.

In both cases, we conclude that w is perfectly cromulent.
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Lemma 2.1. The following identities hold for all languages A, B, and C:

(a) AUB =BUA.
(b) (AUB)UC =AU (BUC).

(c) DeA=A*D=02.

(d) {e}*A=A°{c} =A.

(e) (A*B)*C=A*(B*C).

() A*(BUC)=(A*B)U(A* ).
(g) (AUB)*C=(A*C)U(B-C).

Lemma 2.2. The following identities hold for every language L:

@) IF={E ULy SIFerr=(EUie)r=(L\{ephr={e} U LU LY)
() L¥=LeLl*=L*sL=LteL*=L*L*=LU(L* *L").
(c) L™ =L*ifand only if¢ € L.

Lemma 2.3 (Arden’s Rule). For any languages A, B, and L such that L =A * L UB, we have
A* * B C L. Moreover, if A does not contain the empty string, then L = A * L UB if and only if
L=A*+*B.
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- Aregular expression tree for 2*0 +0*1(10*1 + 01*0)*10*

Proof: LetR be an arbitrary regular expression.
Assume that every regular expression smaller than R is perfectly cromulent.
There are five cases to consider.

» SupposeR = .

Therefore, R is perfectly cromulent.

+ Suppose R is a single string.

Therefore, R is perfectly cromulent.

+ Suppose R =S + T for some regular expressions S and T.
The induction hypothesis implies that S and T are perfectly cromulent.

Therefore, R is perfectly cromulent.

» SupposeR =S * T for some regular expressions S and T.
The induction hypothesis implies that S and T are perfectly cromulent.

Therefore, R is perfectly cromulent.

+ Suppose R = S* for some regular expression. S.
The induction hypothesis implies that S is perfectly cromulent.

Therefore, R is perfectly cromulent.

In all cases, we conclude that w is perfectly cromulent.




