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CS/ECE 374, Fall 2020

18.6
DFA to Regular Expression
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Back to Regular Languages

We saw the following two theorems previously.

Theorem 18.1.

For every NFA N over a finite alphabet * there is DFA M such that L(M) = L(N).
Theorem 18.2.

For every regular expression r over finite alphabet ¥ there is a NFA N such that
L(N) = L(r).

’
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Back to Regular Languages

We saw the following two theorems previously.

Theorem 18.1.
For every NFA N over a finite alphabet * there is DFA M such that L(M) = L(N).

’

Theorem 18.2.

For every regular expression r over finite alphabet ¥ there is a NFA N such that
L(N) = L(r).

v

We claimed the following theorem which would prove equivalence of NFAs, DFAs and
regular expressions.

Theorem 18.3.

For every DFA M over a finite alphabet ¥ there is a regular expression r such that
L(M) = L(r).
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DFA to Regular Expression

Given DFA M = (Q, %, 9, g1, F) want to construct an equivalent regular expression r.

Idea:
@ Number states of DFA: Q = {q1,...,qn} where |Q| = n.
@ Define L;j = {w | 6(q;, w) = q;}. Note L; is regular. Why?
o L(M) = Ugerly,.
@ Obtain regular expression r;j for L; ;.

© Then r =} g n, is regular expression for L(M) — here the summation is the
or operator.

Note: Using gy for start state is intentional to help in the notation for the recursion.
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A recursive expression for L;;

Define LkJ be set of strings w in L;; such that the highest index state visited by M on
walk from g; to g; (not counting end points i and j) on input w is at most k.

Claim: L, ={aex|da,a)=aq}
L?J = L?,i{a €X|d(gia)= qj}L?,j ifi#j
Ly = Lyt o (L Lt 1Y) i#i

P k—1 k=1 k=1 ,k—1\%
L;; = (Li,i U Li,k : Lk,k ) Lk,i )
Lij= L;',j.
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A recursive expression for L;;

Claim: L?’,. ={aecX|d(qg,a)=q}"
Ly, = L) {a € X |5(q,a) = q}L), if i 7
- —1 k=1 k-1 .
L:‘(,j:l'l'('luo-fk 'L:k'Lk'> i#]j

L{(,':<Ll'( ! Lfkl L:kl L:,1>

Proof: by picture

86 /95



A recursive expression for L;;

Claim:

The desired language is

L), ={acx|d(a,a)=q}"

L?,j = L?,i{a €X|d(qga)= qf}"?,j

K k—1 k—1 pk—1 gk—1

Lij="Lij o (Li,k Lk - L )
P k—1 k=1 k=1 ,k=1\%

L;; = (Li,i U Li,k : Lk,k ) Lk,i )

__qn
Lij=Lr.

L(M) = Ugerly,i = Uq,-eFL'f,i

if i #j
i 7]
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A regular expression for L(M)

0 _ E
’},i = a

acx:d(q;,a)=q;

0 _ 0 0 s

ri= ri’,.< E a) rij ifi #j
a€x:4(qi,a)=q;

k k—1 | k—1 _k—1 k—1 .

i7]

fij ="t T rlik Tk Ty

*
k (. k=1 k=1 k=1 _k—1
lii = (ri,i trie Nk T >

n
riJ—riJ'

: . : B o n
The desired regular expression is: reg-expression(M) = > r; =) cp M,

88/95



Example

0 _ .0 _ p=* 0 _ .0 _ px* *
”1,1—’2,2—” ’1,2—’2,1—[7 ab
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Example

0 _ .0 _ p=* 0 _ .0 _ px* *
”1,1—’2,2—” ’1,2—’2,1—b ab

1 _ (0 0 0 0 \* _ px
ni,= (’1,1 + ’1,1"1,1’1,1) =b
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Example

_ _ p* 0o _ 0 _ p=x *
hy="hy= b ho="hy= b*ab
1 _ (0 0 0 0 \* _ px
ni,= (’1,1 + ’1,1"1,1’1,1) =b

s = (r%z + rg,lrﬁlr{),z)* = (b* + b*ab*b*b*ab*)* = (b* + ab*a)*
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Example

— I 0 _ .0 _ p=* *
hy="hy= b ho="hy= b*ab
1 _ (0 0 0 0 \* _ px
ni,= (’1,1 + ’1,1"1,1’1,1) =b
) 0 0o 0 0 \* __ * * * ok gk *\k * * o\ %
2= (Ra+ninit,) = (b" + b ab*b*b*ab*)” = (b* + aba)

1 _ 0 0 .0 .0 _ g% * * ok * ok *
No=rHotifihs= b*ab* + b*b*ab* = b*ab™.
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Example

0 0 _ g
np=rh,=>b

0

0 0)*

0 0
(ma+rararis

(l’g’2 + rg,lr{),lr{),z)* — (b* + b*ab*b*b*ab*)* — (b* + ab*a)*
= "{),2 + ”{1,1’{),1’3,2 = b*ab* + b*b*ab* = b*ab*.
0,0

0 0
Ha+ hih

1y =

_ 0 p* *
ho,="r,=>b"ab

:b*

b*ab*
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Example

0 _ .0 _ p=* 0 _ .0 _ px* *
r1,1—’2,2—b fl,z—rm—b ab

_(,0 0 0 L0 \* _ px*
ra= (gt =b

Py = (r%, + 12,/ %) = (b* + b*ab*b*b*ab*)* = (b* + ab*a)*
r11,2 = "{),2 + "{),1"{),1rf,2 = b*ab* + b*b*ab* = b*ab*.

r21,1 = ’{),2 + ’3,1"{],1"{),1 = b*ab”

r12,1 = (rll,l + r11,2’21,2r21,1)* =

89 /95



Example

0 _ .0 _ p=* 0 _ .0 _ px* *
r1,1—’2,2—b fl,z—rm—b ab

1 _ (0 0 0 0 \% _ px*
ra= (gt =b

Py = (r%, + 12,/ %) = (b* + b*ab*b*b*ab*)* = (b* + ab*a)*
r11,2 = "{),2 + "{),1"{),1rf,2 = b*ab* + b*b*ab* = b*ab*.

r21,1 = ’{),2 + ’3,1"{],1"{),1 = b*ab”

r12,1 = (rll,l + r11,2’21,2r21,1)* =

SN
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Correctness

Similar to that of Floyd-Warshall algorithms for shortest paths via induction.

The length of the regular expression can be exponential in the size of the original DFA.
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THE END

(for now)



