HOMEWORK 4 SOLUTIONS
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a) The optimal solution is either P1 or P6. It depends if it’s a minimization or maximization problem
and if the objective function value at P1 is greater than the objective value at P6. In any case,
one of these two vertexes will be the optimal solution.

b) The correct answer is “no”, because P1 and P7 are not adjacent feasible solutions. To solve the
LP problem using Simplex one of the rules is improving the basic feasible solution by finding an
adjacent feasible solution. Graphically, every vertex (the intersection of two lines) of the feasible
region of this problem represents a basic solution which also implies only two constraints are
active (which means the inequality constraints hold with equality). At each step of Simplex, we
replace one basic variable by the new one, as a result, only one previous active constraint
becomes inactive and only one previous inactive constraint becomes active. That’s why we can
move only to adjacent basic feasible solutions. Note that graphically, all basic feasible solutions
are vertexes of the feasible region (you can verify this claim by investigating a specified example
if you feel it is hard to prove). And Simplex only explores the vertexes, i.e., basic feasible
solutions. So P1’s adjacent basic feasible solutions are P4 and P8. We will never reach P2 and P3
in Simplex since they are not basic solutions. Also we cannot discuss P3’s adjacent basic feasible
solutions in the context of Simplex since P3 is not a basic solution.
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Variables:

q:camamaiwumma—xzy)

x,:lofbmelso(aldcoil4ptmediul.nbechah

Constraints:
Xy < 100,000
X3 < 100,000
X3 s lm
Xy + x5S 200,000

0.6:;+0.$x¢+0.1:;4~04:.+0.4x,$l70.m
0.2t.+0.2:,+0.3x,+03:.+0.’lx,$ 85,000
0.!:;+0.2:,+0.3:,+0.2u+0.2:,s 85,000

02x5 < 20,000
X520, forallie=1,.. 5

Objective:

Max Z = 45(0.6x, +0.5x; + 0.3xy + 0.4x, + 04x9)
+30(0.2x; + 0.2x; + 0.3x, + 03x, + 0.1x)
+15(0.1x, +02x; + 0.3x + 0.2x + 0.2x9)
+60(0.2x5) - (15+5)x; - (1548)x; - (15+7.5)x,
(25+3)x¢ - (25+2.5)x;

= 14.5x; + 8.5x; + 4.5x; + 2x, + 8.5x,

Objective: hﬁnZ-&,+23.Sx,+22.$x,+28:.+27.5x,

Constraints:
x < lm.m
x; < 100,000
Xy < 100,000
X, + xg< 200,000

0.6:.4-0.5:,4-0.3:,-&0.4&-&0.4:,2170.@
0.2!,4»0.2:,4-0.3:,4-0.3::.4-0.1:,2 85,000
0.1:,4»0.2:,4-0.3:,4-0.2:.40.2:,2 85,000

0.2x5 2 20,000

20, foralliwel,.. 5
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Variables:

x, - No. of nurses reporting to work in period 1
&-No.ofmmpaﬁnngmkhpeﬁodz
x,-No.ofnunureponimwwaklnpude
&-No.ofmmanpadngtowutinpaiodd
x,-No.ofnursesmﬁngtowkhpuiodS
x.-No.ofnnnampordngtowakinpuiodG

Constraints:

x‘+x,z60
X|+13270
x,+x,260
x,-o-x‘ZSO
X, +x5220
x5 + xg 2 30
Xy, X3, Xy, Xgp X5 Xg 2 0

Objective function:

Min Z =X, + X + X3 + X+ X5 + Xg



5)

Let i=1, 2, 3 <=> months Jan, Feb and March respectively.
§; = Bushels sold in month i
B; = Bushels bought in month i
I; = Bushels not sold in month i

. M; = Bushels not used in month i

Constraints:

Jan: S|+’|. 1000 (m
285B, + M, =20000 (Cash balance)
B, +I, S S000 (Storage)
Feb: S;+lL=By+1;
3.0583+“3.M|‘.'3-“l
By+1 S 5000
Mar: S3+ly=By+1;
2.983#“3'“3*32552
By+ = 2000

Objective function:
Max Z-M,+2.95$;
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8)
a)
maxZ = 0x; + 45x, + 100x5
X1 + x5 +x3 < 10,000
x; —0.5x3 20
x1 = 500
x1: media tickets, x,: university tickets, x3: public tickets

The objective function maximizes ticket income. The first constraint limits sales to 10,000 tickets, the
second assures at least half as many go to universities as to the general public and the third sets aside at

least 500 tickets for the media.

b) Constraint 1: coefficients are number of seats per tickets
Constraint 2: coefficient of x3/coefficient of x2 is the negative of the minimum ratio between
university tickets and general public tickets. Coefficient of x1 is zero, indicating this constraint

does not involve x1
Constraint 3: coefficients of x2 and x3 are 0, indicating this constraint does not involve x2 and

x3.
9)

(a) The marginal cost is the optimal dual
vanable value on the media constraint v =
81.667. (b) Both wvalues are with the range
[500,00). Thus the additional revenue would
be the extensions of the optimal dual rate or
(15000 — 10000)81.667 = $408,335, and (20000 —
10000)81.667 = $816,670. (c) A reduction to
§50 is within the range [45,00). Thus the rev-
enue loss would be the extension of the pri-
mal rate or (100 — 50)6333.333 = $316,667. A
reduction to $30 is outside the range. With
objective function worsening hurting less and
less, the loss would be at least the optimal pri-
mal rate extended to the end of the range or
(100 — 45)6333.333 = $348,333, and at most the
extension to the new value or (100 —30)6333.333
= $443,333. (d) The new constraints would have
the fonn z; < 20=3 and = < .1083, respec-
tively. The first is satisfied by the current primal
solution, because (500) < .20(3166.667), so it
would hawve no effect. T"he second is violated, be-
cause (500) £ .10(3166.667), so it would change
the solution. (e) The new column would en-
ter if its implicit cost with respect to the opti-
mal dual solution is less than its revenue. With
B0(81.667) + 1(—36.667) = $28.666, the option
would enter at §35 per ticket. but not at $25.
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a/b) X1: undergrad hours used, X2 : graduate hours used, X3: professional hours used. The objective
function minimizes total cost. The first constraint assures at least 1,000 professional equivalent

hours will be purchased. The second constraint enforces the limit on Proof’s supervision time and
the last restricts graduate hours to 500.

c)

input 1: 0.2 hours Proof supervision, $4 cost; output 1: 0.2 professional-equivalent hours
programming;

input 2: 0.15 hours Proof supervision, 1 hour graduate maximum, $10 cost; output 2: 0.3
professional equivalent hours programming;

input 3: 0.15 hours Proof supervision, $25 cost; output 3: 1 professional equivalent hour
programming.

B 1, if a warehouse is located at site i =1,2,3,4
' |0, otherwise
4
minZ = »Kx,
i=1
St.

ForstoresR & R,: X +X, =1
ForstoresR, & R,: X +X =1
ForstoresR, & R;: X, +Xx,2>1
ForstoresR, & R,: X, +X, =1
ForstoreR.: X +X,+X;+X, =1

maxW =30y, + 20y,
S.t.

y,+2y,<1

2y, +y,<2

2y, +3y, <3

3y, +2y,<4

Y1 Y, 20



13) By inspection, x1 =4, x2 =x3 =0 is a feasible solution to the primal problem. For the dual problem:
Dual : maxW =4y, + 3y,
sit.
yi+y,<1
-y, <-1
-y, +2y,<1
Y1, ¥, 20
The dual constraints are inconsistent since adding them all will produce
2y, <1
But the second constraint implies
Y, 21
Hence, by Corollary 5 of the Weak Duality Theorem, the Primal problem is unbounded.
14)
a)
Dual : minW =2y, +v, +2y,
st
Yi+Y,+2y, 21
Yi=YotYs <2
Vit Y, +Y;=1
y, 20,y, isunrestricted in sign, y, <0
b)
By the Weak Duality Theorem,
max Z <Value of W corresponding to same

feasible solutions to Dual.
By inspection:y, =0,y, =1,y, =0 is feasible for dual with W =1.
Hence max Z <1.



15)
an-*lx,-h,
subo i+ p+x =1
-“X +x =]
-x] 4+ 2x, +x=1
3!--—"520

The basis (x3,x,,%,) is dual feasible since all 7 < 0, Applying the dual simplex meta
we get the following : g

C) - 0
Co [ Basis | x» x x x|lb
0 X3 1 1 1 0 0 1
0 xq o @ o 1 0 || -1 <
0 X5 -1 2 0 0 1 1
8 Row | 4 .3 0 0 0 || Z«0
Xy 1 1 1
-3 x 0 1 0 -1 0|1
0 & ICD & 0. 3 fRas-
4 Row |4 0 0 -3 0 ||Zz=3
Xy 0 1 1 |]-1<—-
-3 X - A SR -1 0|lo
-3 L 1 0 0 -2 -1 1
Row | 0 0 O -11 4| Z=3

Theminnﬁoulelaﬂsuthﬁsmﬂmduemnoupﬁndmuhkowlw
pivot. Hence, the given problem is infeasible.



16) a)

i)
min20y, +164y,
s.t.

yty, +9y, 244

y, : unrestricted ,y, 20,y, 20

Complementary Slackness conditions are trivially satisfied for the
equality constraints, so we write them below only for the
inequality constraints.

Primal:
Yo (=% +x,)=0

1 (164 = 9% +3x) —x} +x])=0
Dual:
xf yf+y,j+9y§—44)=0
x (% -y -3y7+3)=0
y +y,—15)=0
¥ =y, —56)=0



b)

ii)

Primal:

Dual:

max19y, =55y, +7y;,

s.t.

Yty =5

y,—4y,+6y, <1
-y

Y =8y, 20

y, : unrestricted,y, 20,y, 20

y§(55—4x;—8xj)=0
yj(?—xf—6x; +x§)=0

x; (1-y +4y, -6y])=0
X (4 =y +y;)=0
)

x; (¥ —8y)=0



i)
minl5x, —4x,
s.t.
Ilx, —x, 219
x +x,24
x +x,=0
5x,—x,=-8
x, : unrestricted ,x, 20,x, 20
ii)
Primal:
X, (—zf —Szf_f) =0
xs(—4+y1 -, +z2)=0
Dual:
yi (112 = x7 =19) =0
y;(xf +x; —4) =0
d)
i)
min80y,
s.t.
»n-5»20
»+2y,—-y,20
n+2y;—y, =10
»+2y, =10
y, : unrestricted ,y, 20,y, 20,y, 20
ii)
Primal:
yj(xf—in):O
y:(x:—2x;)=0
y:(x;'—ij)=0
Dual:

x (v -y)=0
x: (3 +2y1-y1) =0



