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Linear Transforms

A linear transform y = AX maps vector
space X onto vector space For

example: the matrix A = [O 2] maps
the vectors
0
15
to the vectors

Y1,Y2,¥Y3, Y4 = [(1)] ‘ g] ’ B] ’ [\})2]
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Linear Transforms

A
A linear transform y = AX maps vector
space X onto vector space For \
example: the matrix A = [O 5 maps -«

the vectors {- \/

1

X =
0

Y2
to the vectors <« >y,
y—[1 v2 1 0
0 V2 2 42
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Linear Transforms

A linear transform y = AX maps vector
space x onto vector space y. The
absolute value of the determinant of A
tells you how much the area of a unit
circle is changed under the
transformation. For example: if A =

é ;], then the unit circle in x (which

has an area of ) is mapped to an
ellipse with an area of m abs(|A|) =
2TT.
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Eigenvectors

* For a D-dimensional square matrix,
there may be up to D different /
directions X = v, such that, forsome

\ o

scalar A4,

AV = A0,

* For example:if A = [(1) 1], then the
eigenvectors and eigenvalues are

Y2
,11:1,12:2 <« u > V1

5= [1].%-

S-Sl



Eigenvectors

* An eigenvector is a direction, not just a
vector. That means that if you multiply an
eigenvector b¥ any scalar, you get the same
eigenvector: if Avy = A43V4, then it’s also
true that cAv,; = cA, v4

* For example: the following are all the same
mgenve_cio_r

- 1_
e W AR i B
/2. 2

* Since scale doesn’t matter, by convention,
we normalize so that ||v4][, = 1 and the
first nonzero element Is positive.
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Eigenvectors

* Notice that only square matrices can

have eigenvectors. For a non-square /
matrix, the equation Av,; = A4V, is

impossible --- the dimension of the
output is different from the
dimension of the input.

* Not all matrices have eigenvectors! A
For example, a rotation matrix

doesn’t have any real-valued /\
eigenvectors: < \
cosd —sinf \
R =
[sin 6 cosbB /
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Eigenvalues

Avg = Aqvq
(A—A;Dv =0
That means that when you use the linear
transform (A — A41) to transform the unit
circle, the result has zero area. Remember
that the area of the outputis m|A — A4I|. So

that means that, for any eigenvalue 1,4, the
determinant of the matrix difference is zero:

Example:

R R N
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Eigenvalues

Let’s talk about that equation, |A — A41| = 0. Remember how the

determinant is calculated, for example if

a b c]
A=
g h L a—A
0=|A—-Al|=| d
g

d e f], then|A— AI| = 0 means that

b c
e—A f
h I —A

(a—De—-D) -1 —bdli—-21)—gf)+c(dh—gle—2))

* We assume thata, b,c,d, e, f, g, h, i are all given in the problem statement.
Only A is unknown. So the equation |A — AI| = 0 is a D’th order

polynomial in one variable.

* The fundamental theorem of algebra says that a D’th order polynomial has
D roots (counting repeated roots and complex roots).



Eigenvalues

So a DxD matrix always has D eigenvalues (counting complex and
repeated eigenvalues). This is true even if the matrix has no
eigenvectors!! The eigenvalues are the D solutions of the polynomial
equation



Positive Definite Matrix

. A linear transform AX is called
“positive definite” %/wrltten A > 0) if, for

any vector X,
XTAX >0

* So, you can see that this means X7y >

* So this means that a matrix is positive
definite if and only if the output of the
transform, y, is never rotated away
from the mput x, by 90 degrees or
more! < (useful geometrlc intuition)

* For example, the matrix 4 = [O 2] is
positive-definite.
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Symmetric matrices

We’ve been working with “right eigenvectors:”

Avg = Aqvq
There may also be left eigenvectors, which are row vectors ﬁg, and
corresponding left eigenvalues g :

UgA = pigiig
If A is symmetric (A = A7), then the left and right eigenvectors and
eigenvalues are the same, because

AaVg = Aqv)" = (Av)" = V4AT = VA
But 1,7} = U)A means that lambda and v satisfy the definition of left
eigenvalue and eigenvector, as well as right.



positive definite matrices

you can do an interesting thing if you multiply the matrix by its
eigenvectors both before and after:

5£A5d = ﬁg(ﬂdﬁd) = /1d||77d||% = Aq

So if a matrix is positive definite, then all of its eigenvalues are positive
real numbers. It turns out that the opposite is also true:

A matrix is positive definite if and only if all of its eigenvalues are
positive.



Symmetric positive definite matrices

Symmetric positive definite matrices turn out to also have one more
unbelievably useful property: their eigenvectors are orthogonal.

ViU =0 ifi#j

If i = j then, by convention, we have
—)T—)
=7l =1

So suppose we create the matrix
V =[v,Vy,..., Up]
This is an orthonormal matrix:
Vv =1
It turns out that, also, VVT = 1.



Symmetric positive definite matrices

If A is symmetric (A = A7), then
ﬁgAﬁd — 55(%5}0 = /1d||77d||% = A4

1,i=]
->T > _ )
Vi Vj = {O,i £ j
That means we can write A asD

A= z A;0;0] = VAVT
=1

Because

->T D ->T = >T >
Ui AV = Xl AV Ui U5 = A

...but also...



Symmetric positive definite matrices

If A is symmetric and positive definite we can write

D
Z VAVT
=1

Equivalently

VTAV = VTVAVTV = IAI = A



Covariance matrices

Suppose we have a dataset containing N independent sample vectors,
X,. The true mean is approximately given by the sample mean,

Similarly, the true covariance matrix is approximately given by the
sample covarlance matrix,

EIG - DG - D] ~ Z<xn D) G — )T



Covariance matrices

Define the “sum-of-squares I(Inatrix” to be
S= ) Gn— D — D7
n=1

So that the sample covariance is ¥ = S/N. Suppose that we define the
centered data matrix to be the following DxN matrix:

X = [551 _ﬁifZ _ﬁ; '"ifN _.L_i]
Then the sum-of-squares matrix is
Gy —"
S=XXT=1[% —[,.., Xy — ji] l
Gty — i)'




Covariance matrices

Well, a sum-of-squares matrix is obviously symmetric. It’s also almost
always positive definite:
(3 —i)'x
XTSx = [x¥T(%y — [D), ., T (Xy — )] [ ]
Gy —iD)'x
That quantity is positive unless the new vector, X, is orthogonal to
(x,,—Mi) for every vector in the training database. Aslongas N > D,
that’s really, really unlikely.



Covariance matrices

So a sum-of-squares matrix can be written as

D
S — z Alﬁll})? — VAVT
=1

And the covariance can be writ
D

Z -V ()



Principal components

Suppose that
Ar 0 0
A=10 .. 0|, V=1[vqg,..,Up]
0 0 Ap

are the eigenvalue and eigenvector matrices of S, respectively. Define
the principal components of ¥,, to be y,,, = ¥} (%,, — ji), or

> T > >N\ |
. U1 (xn o ,ll)
VYo =V (X, — ) =

> T ,> -
Up (xn —,Ll)_



Principal components

Suppose that A and V are the eigenvalue and eigenvector m:%trlces of S,
respectively. Define the principal components to be y, = V1 (%, — (i).

Then the principal components y;, are not correlated with each other, and
the variance of each one |sl\g|ven %y the correspondlng eigenvalue of S.
1 Vin

Elyy"] ~ N VT NZ [Vins - Yonl
n=1 yDn

N
1 - - - -
= N Z VT(xn _ .u)(xn _ H)TV
n=1

4, 0 0
0 0 2




Mahalanobis Distance
Review




Mahalanobis form of the multivariate
Gaussian, dependent dimensions

If the dimensions are dependent, and jointly Gaussian, then we can still
write the multivariate Gaussian as

F-W'E7N(x-1)

ol

fr@) = NEAD) =1 e

We call this the Mahalanobis form because the exponent is the squared
Mahalanobis distance (with weight matrix ) between x and p:

ds(X, i) =X - D2 E - D)



Example

Suppose that x; and x, are linearly correlated Gaussians with means 1
and -1, respectively, and with variances 1 and 4, and covariance 1.

S 1
H= [_1]
Remember the definitions of variance and covariance:
0, = E[(x; —uy)?] =1
0% = E[(x; — pp)*] = 4
012 = 021 = E[(xq — ) (e —p2)] =1

1 1

Y =
1 4



Example

The contour lines of this Gaussian are the lines of constant
Mahalanobis distance between x and p. For example, to plot the
ds(x, 1) = 1 and dx(x, i) = 2 ellipses, we find the solutions of

1=di(X i) =F-DE1E& - @)
and
4=di(¥, i) =F-DETE - )



Example

Contour Lines, Gaussian with Non-Diagonal Covariance

10.0 -
7.5 1

5.0 T

2.5 - A

0.0 1

—2.5 7

—=5.0 T

_7_5 .

—10.0 -

-100 -75 =50 =25 0.0 2.5 5.0 7.5 10.0



PCA = Eigenvectors of the
Covariance Matrix




Symmetric positive definite matrices

If X is symmetric and positive semi-definite we can write

> = UAUT

and
UTsU = A

Where A is a diagonal matrix of the eigenvalues, and U is an
orthonormal matrix of the eigenvectors.



Inverse of a positive definite matrix

The inverse of a positive definite matrix is:

>l =pypA-1yT
Proof:
YY1 =UAUTUANWUT = UANTUT = 0UT =1
where 1 ; ;
A
1
Al=[0 —
Ay
0 1
! Ap.



Mahalanobis distance again

Remember that

d2(%, i) = (G — DT F - i)
But we can write this as
di (%, i) = (X — DTUATUT (X — )
=y A7
Where the vector y is defined to be the pr}ncipal components of x:
up (X —[)
y=U"(G—{)=

T,
Up (X —[).



Facts about ellipses

The formula
1 — )_I’TA—I:)_}
... or equivalently , )
Y1 Yp
1="0 4 i 4 —
Al /’lD

... is the formula for an ellipsoid. If A; = A, = --- A then the biggest main axis
of the ellipse is the direction in which y; # 0 and all of the other principal

components are y; = 0. This happens when (X — i) o< Uy, because in that
case:

ﬁf@‘ﬁ) *0
i - =0 j=#1



Example

Suppose that
1 1

=11 4
We get the eigenvalues from the determinant equation: |X — AI| =

(1—-2)(4—2A) —1=2A% — 51+ 3 which equals zero for 1 = Si\h_?’.
We get the eigenvectors by soIvmg AU = Xu, which gives

3+J§ [3—J§]

2 2
Where the constant of proportionality is whatever’s necessary to make
vectors unit-length; we don’t really care what it is.




Example

Contour Lines, Gaussian with Non-Diagonal Covariance

So the principal axes of the ellipse ]

are in the directioni 75 1
u, < |3 ++vV13], - /

2 0.0 A

1 —2.5:

U; X [3 —\/13]

2 —10.0 +

-100 -7.5 =50 =25 0.0 2.5 5.0 7.5 10.0



Example

In fact, another way to write this
ellipse is
1

(" - D)
A 5

(@& - i)
7

_I_

Contour Lines, Gaussian with Non-Diagonal Covariance
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Example

Contour Lines, Gaussian with Non-Diagonal Covariance

In fact, it’s useful to talk about X in 10.0 1
this way: 7.5
* The first principal component, y,, 5.0 - /
is the part of (X — [1) that’s in the _
U, direction. It has avarianceof ;. *° /\
* The second principal component, >0 L]
Yo, is the part of (X — ji) that’sin = -2s; /
the u, direction. It has avariance .
of A,.
_7'5 -
* The principal components are
uncorrelated with each other. ~10:07

T T T T T T T T T
-100 -7.5 =50 =25 0.0 2.5 5.0 7.5 10.0

* If X is Gaussian, then y; and y, are
independent Gaussian random
variables.



Summary

* Principal component directions are the eigenvectors of the covariance
matrix (or of the sum-of-squares matrix — same directions, because
they are just scaled by N)

* Principal components are the projections of each training example
onto the principal component directions

* Principal components are uncorrelated with each other: the
covariance is zero

* The variance of each principal component is the corresponding
eigenvalue of the covariance matrix



Implications

* The total energy in the signal, E[||X — [i||5], is equal to the sum of the
eigenvalues.

* If you want to keep only a small number of dimensions, but keep
most of the energy, you can do it by keeping the principal
components with the highest corresponding eigenvalues.



