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Semantics of
Bayesian Networks

Remember the graph semantics of a Bayesian network: Edges denote
dependence. This graph means:

T
P(Yy, X1, .., Y7, X7) = l_[P(Ytlyt—l)P(thyt)
t=1



Belief Propagation
and Viterbi
Algorithm

So far, we’ve discussed two types of inference.

* Belief propagation computes P(Yquery, X1, ...,XT) by repeating the
following two steps for every t:
* MUItlply P("_"Yt—l - i,Xt_l, Yt :j,Xt) — P(""Yt—l = ilXt—l)P(Yt :jlyt—l =
DP(Xe|Y: =)
¢ Ift - 1 *+ query, then Add P(,Yt :j,Xt) — Zip(""Yt—l — i,Xt_l, Yt :j,Xt)

* The Viterbi algorithm finds the most probable sequence Yy, ..., Y given
X4, ..., X7 by repeating the following two steps for every t:
* Multiply: P(...,Y;—1 =, X¢—1,Y: = j, X¢) = Ui,t—1P(Yt = j|Yi—1 = DP(X¢|Y: =)
* Take the maximum: v;, = max P(..., Yy = i, X;—1,Y: = j, X¢)
l



The 3 types of
parameters

Both Belief Propagation and Viterbi depend on three index variables:
* jis the index of Y;. We’re trying to compute P(...,Y; = j, X;)

* [ isthe index of Y;_;. We know that Y; depends on Y;_; by way of
P(Y; = jlYioq =1)
e k is the index of X;. X; and Y; are related by P(X; = k|Y; = j)



Writing them as
vectors and
matrices

Let’s write these as vectors and matrices:

[
ht= : 'hj,t=P("'lYt=j1Xt)
hy ¢

U111 © UgN
U=\ : ’ ];uj,i=P(Yt=j|Yt—1=i)
Uy1 *+ UNN
Wi1 0 Wiy+1
W=[ ' ' ' ];Wj,k=P(Xt=k|Yt=j)
Wn1 " Wny+1



Log Belief
Propagation

Now, if we write out the whole logarithm of belief propagation:
InP(...,Y; =j:Xt) = lnz P(...,Ym1 =0, X;—1)P(Y; =JjlYe-1 = i) +InP(X; = k|Y; =)
i

... we discover that we can write it as:
h; = exp(InUh;_; + InW%,)

X1t
}_C) _ . X _ 1 Xt = k
t X kit 0 otherwise
V41t

...where we’ve defined:



Recurrent neural
network

We have turned a Bayesian network
with this dependency structure:

P(---;Yt‘—l;Xt—lr Yt;Xt)
= P(---»Yt—1»Xt—1)P(Yt|Yt—1)P(Xt|Yt)

Into a neural network with this
flowgraph:

IT)lt - eXp(ln Ui_)lt_l + In W.’_C)t)
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Recurrent neural
network (RNN)

A recurrent neural network (RNN) is a network in which the hidden nodes at time t
depend on the input at time t, and on the hidden nodes at time t-1:

Et = g(UEt—lf Wft)

...where U and W are weight matrices, and g() is some kind of scalar nonlinearity.



Recurrent neural
network (RNN)

For example, suppose that we have the sentence

“John hit the ball”

... and we want to find each word’s part of speech.



Recurrent neural
network (RNN)

Let’s define

"1if X, = ball "
.| 1ifx, = nit
*t = 11ifX, = John

| 1if X; = the |

...s0 the observation sequence is...

0 0 0 1
- - 1 - -
0 0 1 0



Recurrent neural
network (RNN)

P(Y; = Det|Xq, ..., X¢)
he = g(Uhe_y + WZ,) = [P(Y, = Noun|Xy, ..., X;)

P(Y; = Verb|Xy, ..., X;)

The approximation is not too bad if we use the following nonlinearity:

Let’s define

‘softmax; (§ — 1) £-1

> - > J
9(8) = |softmax,(§ — 1) |, softmax; (§ = 1) =y
 softmaxy (5 — 1) =




Recurrent neural
network (RNN)

Using the HMM logic, reasonable weight matrices might be:

[ P(% = Detlxy, .., X,) (118

ht =~ P(Yt - Noun|X1, ""Xt) ,u]"i - P(Yt :jlyt—l - l), U :TO [8 1 1]
_P(Yt - Verlel, ""Xt) 1 8 1
- 1if X, = ball] 11 o

xt — 1 let — ]ohn ,Wj'k — P(Xt — let —_]), W —W) 419 917 4‘19 1 ]
B 1 let - the i




Recurrent neural
network (RNN)

Plugging it all together, we get

S S 0 1
0

1 1 1 97 8 0.01 0.28
19 1 49 1(|9)=g (Io.49l> = Io.44l
197 1 1l 0.01 0.28

) . (U1 o828 g1 11 97)[M]\ oz
hy =g(Uh + W) =g| 5|8 1 1f|044|+7:[49 1 49 15H)=1020
1 8 1/loz2s! 197 1 1l]y]) loeol
. . (1 o8jozop g1 97[R]\  jos3;
hs = g(Uha + Wi5) =g 5|8 1 1][020[+p5[49 L 49 1][g]|=]018
1 8 1llo.o! 1 97 1 1lf}]) loasl
) . (U1 o8joe3p q 1 11 97\ 024
hy=g(Uhs +Wis) =g 5|8 1 1][0a8[+5[49 1 49 1][g||=][053
1 g 1llois 1 97 1 1l[,]/ lo2a4l



Recurrent neural
network (RNN)

If we interpret h;; = P(Y; = j|Xy, ..., X;), then we have that
P(Y; = Noun|X; = John) = 0.44,
P(Y, = Verb|X; = John, X, = hit) = 0.60,
P(Y; = Det|X; = John, X, = hit, X3 = the) = 0.63,
P(Y, = Noun|X; = John, X, = hit, X; = the, X, = ball) = 0.53.

These probabilities are not very confident --- the RNN is only calculating approximate
probabilities, not exact probabilities, so it loses some confidence. But in each case, it got

the right answer!
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Training an RNN

0L
u] i < u] i — 1N
au]"l
0L
Wik < Wik —1
aWj,k

..where & is the loss function, and 7 is a step size.



Training an RNN: How can we solve this?

The big difference is that now the

loss function depends on U and W in

many different ways:

* The loss function depends on each
of the state vectors h;

* Each of the state vectors depends
onUand W

* Each of the state vectors ALSO
depends on the previous state

vector, hy_q ...

* ... which ALSO depends on U and
W,andon hs_, ...

* AUGH!



Back-propagation through time

The solution is something called
back-propagation through time:

dg _ 08 d2 Ol
dh;; Oh;y dhjryq Ohyy

* The first term measures losses
caused directly by h; ¢, for
example, if h; ; is wrong.

 The second term measures losses
caused indirectly, for example,
because h; ; caused h; ;.4 to be
wrong.



Back-propagation through time

Once we’ve back-propagated
through time, then we add up all the
different ways in which the weight
matrix affects the output:

de  ~o de oh;,

duj,i = dhi,t auj,i




Back-propagation through time

Notice that this is just like training a
very deep network!

* Back-propagation through time:
back-propagate from time step t +
1totimestept

* Back-propagation in a very deep
network: back-propagate from
layer [ + 1 to layer [

Toolkits like PyTorch use the same
code in both cases.
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Exponential
forgetting

N
Regular RNNs have a problem: they forget
N
2 what they know!
N For example, suppose that the feedback
4
. 1 - 1\ 7
g matrix is U = (E)' sothat h; = (E) hi_q.
+ + - 1 t
0 Tip 2Ly 3Ty 4Ty STipl Then the state vector decays as (E) !

Exponential-decay.png. CC-SA-4.0, Svjo, 2017



Long-Short Term Memory (LSTM)

A Long-Short Term Memory network (LSTM) solves

the exponential forgetting problem using something
called a gate.

\r =
/)  CCSA-4.0,
Remember that a normal RNN computes Tt MingxianLin,
> > 2018
ht - g(Uht—l + Wft) LSTM

(Long-Short Term Memory)
R t
..s0if U = G), and if g(+) is linear, then h; = (—;) :



Long-Short Term Memory (LSTM)

An LSTM computes

Ct = ftCeq + it Xy

This is just like a regular RNN, except that now, f;
and i; are not constant. They are adjusted,
depending on what the LSTM sees in the input.

Crq a R ¢
—H
tanh
hyq ICIIIICIJIIaI" | O]
—+
N ) 7 ccsaa,
| MingxianLin,

LSTM 2018

(Long-Short Term Memory)



Long-Short Term Memory (LSTM)

An LSTM computes
Cr = ftEt—l + i Xy
f+ and i; are called the “forget gate” and the “input
gate,” respectively. They are computed as
ft = O-(Ufﬁt—l + Wfft)
i = o(Uhe_y + WiZ,)

...where g (+) is the logistic sigmoid function. Remember
that 0 < o(+) < 1. So:

 If the LSTM wants to remember what it knows, then it
will choose f; = 1.

* If the LSTM wants to forget what it knows, then it will
choose f; = 0.

Cpy ( N\ ¢
) a— B>
tanh h
hyq ICIIIICIJIIaIHIICJJI t
—+

N ) 7 ccsaa,

| MingxianLin,

LSTM 2018

(Long-Short Term Memory)



Long-Short Term Memory (LSTM)

fi = G(Ufﬁt_l + Wriy)

i, = G(Uiﬁt_l + W;%,)
In order to decide whether to remember what it
knows, the LSTM compares Ufl_{t_l to Wfp?t.
Before it does that, it decides whether it needs to

make such a comparison: Et_l is equal to the
previous time step’s memory cell, multiplied by an
“output gate” o0;_q:

]_{t = 0C¢

Ot - O-(Uoﬁt—l + Woft)

al

Lo ] [o] [tanh] [0 | hi

hi—1 [ ]

—>
N ) 7 ccsaa,
| MingxianLin,
2018
LSTM

(Long-Short Term Memory)



Long-Short Term Memory (LSTM)

An LSTM replaces the one equation of a normal
RNN:

Ht - g(UEt—l + Wft)

...with these five equations:

Forget Gate: f; = G(Ufﬁt—1 + Wf’?t)

Input Gate: i; = G(Uiﬁt_l + Wift)

Output Gate: 0, = G(Uoﬁtq + Woft)

Ce": C_')t — ftEt—l + itft

Outgut: ]_{t — OtEt

|

Lo ] [o] [tanh] [0 | hi

il T T 1 7

—>
N ) 7 ccsaa,
| MingxianLin,
2018
LSTM

(Long-Short Term Memory)



LSTM: Remember when you want to
remember, forget when you want to forget

he
Remember that an
RNN tends to forget
exponentially, like

this:

An LSTM forgets
more like this:

Exponential-
decay.png.
CC-SA-4.0,
Svjo, 2017
¥
0 Tip 2Np 3Tye 4Ty 5T r
A | J
| |

ft ® 1during these time steps  f, ~ 0 during these time steps
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hy = g(Uht—p Wft)

* Training a recurrent neural network
d{ 0L dg ahj,m

= +
dhiy Ohyr  dhjeyq Ohyy

* Long short-term memory (LSTM)
Ct = feCr—1 + It X;




