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Probability of passing exam versus hours of studying
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Outline

* Linear regression: Review

* Logistic regression: Output is a probability
* Derivative of the sigmoid

 Derivative of the log sigmoid



Linear regression

Linear regression is used to
estimate a real-valued target
variable, y, using a linear function
of another variable, x:
f(x)=ax+b

... SO that ...

fx) =y
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Linear regression. Public
domain image, Seewaqu, 2010



MSE = Parabola

A good closed-form solution can be
achieved by minimizing the mean
squared error,

1 n
L= %;U(xl-) 0k

Since it’s a non-negative quadratic
functionof w = [a  b]7, it has a
unigue minimum, given by the
closed-form solution

/
1
L= iE=1(f(xi) - ¥i)?

w=(X"X)"xTy




Gradient descent and SGD

Often, closed-form solution is too computationally expensive. In those
situations, we choose a random initial guess for the value of w, and
then improve it using either gradient descent: ,
0L 0L 12;
WeW-—nN—, —_— = — €: X
Tow ow n & .
=
Or stochastic gradient descent:
dL; dL;

Wew—n— — = €:X;
77(3w’ ow F
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* Logistic regression: Output is a probability
* Derivative of the sigmoid
 Derivative of the log sigmoid



Logistic regression: Output is a probability

* Logistic regression was invented Probability of passing exam versus hours of studying
by psychologists in the early 20t I I O I I N
century

* They wanted to model binary
outcomes, like “Did student i pass
or fail the test?” In other words,
every output is eithery; = 1 or
yi =0

* Instead of modeling y; = xl-TW as a
real number, it makes more sense
to try to model P(y; = 1|x;) as I A I I R T N
some kind of function of x;. | " Howssiuding

Probability of passing exam



Logistic: g(b)=1/(1+e™)

The logistic sigmoid function 1s
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* To model P(y; = 1]x;) as some kind of function of x;, we need some kind of nonlinear
function that squashes the linear output x; w down to the range 0 < f(x;) < 1.

* Psychologists studied many possibilities, but the one most often used today is the logistic
sigmoid function:

1
) = Tw) =
f(x) =a(x;w) 1+ JRu

This function is called sigmoid because it is S-shaped.

1 Z — 00
0(z) =505 z=0

0 7 — —00



Logistic: g(b)=1/(1+e™)
1.5 '

Interpretation as a

probability .o //

* Since 0 < f(x) < 1, we can interpret f (x) as a probability
* Specifically, we interpretitas f(x) = P(Y = 1|X = x).

1
_ Ty —
fx)=0(x"w) = 1+ o—xTw
* The argument of the sigmoid, x”w, is called the “logit” Notice that there is a straightforward
relationship between the logit and the probability:

1 Z — 00
0(z) =41/2 z=0

0 7 — —00



Geometric interpretation

Suppose x is a 2d vector. Then:

1
e x"w =0,and os(xTw) ==, on
2

the line wherex L w
1 .
e x"w > 0,and c(x"w) > ~in
the w direction
1 .
e xTw < 0,and s (xTw) < ~in
the —w direction

a(xTw) > % in .

the w direction

wa

o(xTw) = % on
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Probability of passing exam

Example

.00~

0.00 -

Probability of passing exam versus hours of studying

Hours studying

For example, the blue line here
shows

P(Y =1|x) = 0(3x — 2.75)

1 X — 00
=41/2 x =275
0 X — —O00



Outline

* Derivative of the sigmoid
 Derivative of the log sigmoid



Probability of passing exam

How is logistic regression

trained?

Probability of passing exam versus hours of studying

.00~ LJ

Hours studying

The blue line is the trained classifier.

The training data are the black dots:
D = {(x1,¥1)s » (x20,¥20)}

¢ (0.5,0), (0.75,0), (1.0,0), (1.25,0),
(1.5,0), (1.75,0), (2.0,0), (2.5,0),
={ (3.0,0), (3.5,0), (1.75,1), (2.25,1),
(2.75,1), (3.25,1), (4.0,1), (4.25,1),
\ (4.5,1),(4.75,1), (5.0,1),5.5,1) J

~"

Given that training data, how did we learn
the model P(Y = 1|x) = (3x — 2.75)?



Probability of passing exam

First try: SGD

Probability of passing exam versus hours of studying
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Hours studying

Consider a method based on
stochastic gradient descent:

1.

Randomly choose a training
datum (xi, yl)
If y; = 1: adjust w to increase
o(x] w):
do(x; w)

ow

If y; = 0: adjust w to decrease
o(xi w):

Wew+




Logistic Derivative: g'(b)=g(b)(1-g(b))

Logistic: g(b)=1/(1+e™)

do(x] w y 7
OK, what's (x; )? .. s
aw D)-0.5* 1 0-0.5*
G(Z):1+e‘z
0~ ) - ) )
9z \ (14 e7%2)2 €7 1+e%2/\1+e %

00 (z)
0z

=0(z)(1 —0(2))



Logistic Derivative: g'(b)=g(b)(1-g(b))

Logistic: g(b)=1/(1+e™)

1.5 1.5
do(xfw) y .
OK, what's a‘ P e
W D)-0.5* 1 D)-0.5f
154 2 0 2 4 1'?4 2 0 2 4
b b

00 (z)
0z

=0(z)(1 = o(2))

do(z) 00(z) 0z
ow 0z 0w

=0(z)(1 - 0a(2)x;




Probability of passing exam

SGD using probabilities

Probability of passing exam versus hours of studying

Hours studying

4

Consider a method based on
stochastic gradient descent:

1. Randomly choose a training
datum (xi, yl)

2. If Vi = 1:
wew+no(z)(1—oa(2))x;
3. If Vi = 0:

wew—n0(z)(1—-0(2))x;
4. Repeat



Try the quiz!

* Go to PrairieLearn, try the quiz!



1. Randomly choose a training Training token x; of

datum (x;, y;) classy; =1
2. Ify; = 1:adjust wto increase x ‘
T . A /
o(x; w): . w+no(z)(1 —ad(z2))x; .
do(x;w) o

W< WwW-+n ow

=w+n0(z)(1 - 0(2))x;




Outline

 Derivative of the log sigmoid



Maximize probability of the training dataset?

* SGD with probabilities is not very systematic

* Here’s a systematic approach: Let’s try to maximize the probability of
the training dataset.

* The training datasetis D = {(x1,y1), ..., (X, V) }
* Let’s suppose all those examplerf, are chosen independently. Then

P@) = | [POr =yl
i=1



No! Maximize its log probability!

* Notice that whatever value of v% maximizes this:
P@) =] [POr =yl
i=1
... Will also maximize this:

n
log P(D) = ) logP(Y = yilx)

i=1
= z logo(x!w) + z log(1 — a(x{w))
yi=1 yi=0



d log a(x?w)?

OK, what'’s
ow
dlogo(xiw) 1  do(xjw)
ow  a(x]w) Oow

= (1 - a(xfw))x;



0 log(l—a(x?w))?

OK, what’s
ow
d0log(1—oa(x{w)) 1 —do(xIw)
ow - (1-—0o(xTw)) ow

) <1%>> (‘“(x"TW)O%” )

= (0 — a(x{w))x;



d log P(Z))
ow

OK, what's

dlog P(D) z d log o(x; w) z 0log(1 — a(x]w))
= +

ow ow ow
yi=1 yi=0

z (1—o(xfw))x; + z (0 — o (x]w))x;

Yi=



Cross-entropy

This loss function:
Li=—InPr(Y = y;|x;)

is called cross-entropy. The term
comes from physics, where
“entropy” is our degree of
uncertainty about whether or not
something will happen.

CC-SA 4.0,
https://en.wikipedia.org/wiki/File:Ultra_slow-

motion_video_of glass tea _cup_smashed on_concrete floor.
webm



. Training token x; of
Gradient descent class y; = 1

Suppose we have training tokens X &

(x;,v;), and we have some initial % ‘
weight vector w. Then we can .’
update it as ¢ 2

0L
W(_W_UEV 7

< I | \ \
..where... ®

L =—logP(D) A

n 7
0L /
P Z(G(x?W) —y) x; X// %€

i=1 //

/ v

Training token x; of class y; = 0



Conclusions

* Linear regression

oL 0L 1%
W<—W—na_vv, __ZEixi

aw nis
1=
* Logistic regression ;
[ =oGiw) =
 Derivative of the sigmoid
do(z) (a )
P ag(z) a(z)

 Derivative of the negative log sigmoid

L=— z logo(xfw) — z log(1 — o(x]w))

yi=1 yi=0



