ECE 588 Problem Set 4 — Solutions

Problem 1
The equivalent load is defined by,
L'=L -A (1)
B k=1 k
L' =L (2)
0
So to find the relation between £’ and £ will be necessary relate L' with L . We start from definition
k k
(2) and adding ¢ — ¢,
L'=L' -A +e—ck (3)
k k-1 k
=L +Z - (4)
k-1 k
=L -A +aa-aa+Z - (5)
k-2 k-1 k
=L +Z +Z -ck1- (6)
k=2 k=1 k
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Using the fact that L =L  + Z , the relation of L' to L is,
k k-1 k k

k

L' =L —C, (9)

So using the definition of £ we find,

Li(z)=P(L' >z)=1-P(L <x)=1-P(Ly <z+C)=P(Lg >z +Ci) = Lxlz + Ck) (10)
k k

[Lile) = Li(e + Ci) (11)
Now we will derive convolution formula. The distribution of {11. is,
fak(&':} = qd(x) + pid(x — i) (12)
Then convolution formula,
Fu @) = [Py @ o) lad(o) + mdty - o)l dy (13)
= q“ijL—l(I) + p;\-F;_,;_l(gr + ) (14)
Then,
1- F[_,;(:E) =1- quI"L_1(:r) _kai_,L_l(x+ck) (15)
= gk + Pk — QAAF{J;_I (x) - ey : (z + cx) (16)

= (1 - Fy I(;r:)) + pr (1 - Fy (z+ ck)) (17)
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So, finally,

Li(@) = qeli_y (@) + prlic_y (x — i) | (18)

Problem 2

Let’s evaluate first £.. We know from lecture notes that in terms of L (z),

En =pT /Ck Ly_q1(x)dx (19)
Cran
From problem (1) we also know that,
Li(z) = Ly(z + Ck) = L1 (x) = L} (x — Cr_1) (20)
Put (20) into (19) we obtain,
& = peT / “ Ly (x — Cror)da (21)
1

We make a change of varibles r — Cj._; = u — dr = du, and changing the limits of the integral, we
obtain,

& = }J;:Tf L_y(u)du (22)
0

In a similar way Uy in terms of L (x) is given by,
U = T/ Li(x)dzx (23)
Ch
From (20) we have that Li(z) = £} (z — C) so in (23) we obtain,
ol
Uy = T/ Li(x — Cy)dx (24)
Ck

Performing a change of variables  — C}, = u — dx = du, and changing the limits of the integral, we
obtain,

U = T/m L. (u)du (25)
0

Problem 3

We use the relation,
L 1(x) =paLr(x) + gaLlr(r — ;) (26)
in the expresion that we have to check,
=
£i(r) = — (Z(—h)"sj-,(w—uc,-)) F(=h)* (27)
o w=0

where (k — 1)¢; < < key.



Then in the RHS we get,

k-1
~ (Z( D) pali(z —ve)) + (=h) qulz — (v + l)c,-)) -+ {—h.)"' (28)

Put in a explicit way important terms v = 0 in the first part of summation and v = k—1 in the second
part,
k-1 k-2
Li(z)+ Z —h)Li(x - ve;) + Z hM—=h)’Li(x— (v+ 1)e;)+ (29)
w=0
(h.)(—h.)"'lﬁ;(:c — kei) + (=R)* (30)

Using the fact that £;(z — ke;) = 1 in the set (k — 1)e; < © < ke;, we can cancel the last two terms.
We perform a change of variable in the second summation v + 1 = ;1 we get,

k—1 k-1
(2) + D (=h)"Lilw — ve)) = D_(~h)*Lilx = per) = £1(x)] (31)
r=l] p=1

So we can see that the expresion is correct, because the summations cancels out (dummy indexes) so
the RHS is £;(x) like we expected.

Problem 4

From the relation L =1+ Z the expression to show has to be (where we supposed

i=
that the first block of unit « is 10<1ded in position i — 1):

_] I(L)“‘pnﬁf{ )+QH£1(I‘_(‘1) (32}

Let’s work in the RHS using ,

k-1
= (Z h) L,y (x - uq)) + (=h)* (33)

v
where (k — 1)e; < @ < key.

we obtain,

k-1 k-1
Z c Az —vei) + pal- h) Qc\ Z(_h')vﬁj—l(:r —(v+1)ei) + Qa(_h)k (34)
v=0 * u=0

Follow the same steps that problem (3), we expand explicitely some terms to see the cancelations,

k-2

E—1
L (x) +Z£J_](I— ve;) z —hPHLi (- (v + 1)ey) (35)
v=1

v=0

- (—h}kﬁj—l(z — ki) + (Pa + qa)(—h)* =

In this expresion we use po + go = 1, £i_1(x — kc¢;) = 1 in this set and the same change of variables
in summations used in problem (3), to obtain that the RHS is £;_,



Problem 5
From lecture notes the cost Cp as a function of the loaded capacity is,

) Cr_1+p
Ck{jt) = p;,.'f‘ (w;:((‘i.m")ﬁk_l [(?J;_]] + / -wL[:r - CL-_ 1]£.;,:_1d.'1.') (36)

Chy

T

where cp 2 p 2 ¢}

We also know that the expected energy in a range of energy Cr—1 < < Ch_ + p is given by,

Ch—_1+p

Eplp) = ;J;;.ch Ly (z)dx (37)

So if the marginal cost is constant and given by Ag then wi(x) = Ag when = > ¢/ and wi(z) = 0
when 0 < o < ¢"". Using this information about wi(z) in (36) we can write the integral that

f-’k—:ljl_ Cyy et

y , 50 the cost is giv '
Co oo , s0 the cost is given by,

Ci(i) = T (wr (™) Li-1[Cro1] + Ag[Ex(pe) — Enlei™)] (38)

Because in this case we have at least one block loaded, there is no constrain due to ¢j*""* because this
was considered in the charge of the first block, with this in mind is clear that the extra cost of aditional
blocks will be only the term Ag&i (). In other words the integral

[T
/ wifr — Cra )Ly da (39)
Oy . |

is split in two integrals, one for the first blocks and the additional,

Ce 14 Chom 1 Ffntackan Ci o1 Hadditional
!
/ wi[e=Cr_y]Lprde =] 'u.';,[:r:—C;.-_ﬂﬁk_1d:r.-|-f wi e —Cr_1|Cr-rdz
Cry Croy Ce i Htack s

(40)
the first integral gives an expresion like (38) evaluate in g = pupers1. Because in all the interval
Cro 1+ filocks1 < T < Cr—1 + Hadditiona the unitary cost is wi(x) = Ag we don’t have the term ¢}"™"
and the extra cost of this block will be Ag&y.

Problem 6

The three state unit will have the distribution function,

fa (x) = qid(x) + rid(x — d;) + s:6(x — ¢;) (41)

We use strategy similar to problem (1) of Problem Setl 1, we can find the convolution formula in this
case,

i-1
M=) A (42)
j=1 7
and
Y -4 (43)
, then
P{Z A <z} =Fypy(r) = / Fye(x — m) fy (m)dm (44)
i - oo ;

1=1



Py 4 <o} =P{M <2} +nP{M Sz~ d}+sP{M <o -c) (45)
i=1

Now we can do a similar analysis to two level unit, in the context of production costing. Let’s define
the variable Z = ¢, — A | this has the distribution given by,

1 i

fz = sid(x) +rid(x — (¢ ~ di)) + qid(x — ¢;) (16)

i

So to evaluate L =L 4+ Z we use convolution formula,
i i-1 i

P~ [P G-z )y (41)

Using (46) in the last expresion we obtain,

1 - Fp =1—-sFp () = riFp (z—(ci—di)) —qfL (z—c) (48)

—1 =1

—1 il

Li(x) =s; {l - F (a:)} + q; [1 -Fp (x- ci)} + 7y [FL_, (x— (c; — d,-)]} (49)

So the expression in this case becomes,

|£i($) =s;Lic(2) + qilioa (e — ) +rilioa(x — (¢ — di)) | (50)

For the energy, we take the relation given in lecture notes,
E=U_1 - U (51)
=) [sv]
= Tf Li_y(x)de — T/ Li(x)dr (52)
Cioa C.

Using relation (50) into (52) we obtain,

> o o0 oo o0
& = / Li_y(x)dx — s, ] Li_y(x)de —ry -/ Li(x— (e; — d;i))dx — r;;/ Lii(x —¢)de
T Je c c., c,

(53)
o oo =< o0
= (.‘J,‘ + i + (h)[ l:i_](.]’?)d.'[,‘ — & [ Cg_l(.’l’.‘)d.’t‘ - T‘,‘_/ ﬁ,‘ ](;L‘}d:E - q,;/ ﬁ,‘ |($J(f.’l'
[ S Cioie, C, 1 +d; Cioy
(54)
Where in the last line we made a change of variables in the integral. Simplifying a little bit we obtain,
£ o+, Cio1+o
= = r,-/ C,;;{:n)d:r%—si/ Li_1(z)dz (55)
T C, -1 - 1

And split the last integral we obtain the expresion,

< Coo1+d, Ci_1td, C.
- = :f',-f Ly (z)dr + sg-f Liy(x)dr + -‘igf Li_y(z)dx (56)
T c Cic Ciorid,




