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MIMO: Multiple Input Multiple Output

So far: single input single output

J 4

This lecture: multiple input multiple output
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Increase capacity of channel using multiple transmit
and receive antennas.



MIMO: Multiple TX-RX streams

x| Y M L L y1=hiix + hox;
21
X9 hiy
- > L L yy = hoyyxy + hgox,
22
-J’1- -h11 h12- -x1- -n1-
_ n m) y=Hx+n
Y2 hyq hy,| X2 n;

How to recover x; and x,?

Estimate H, compute H™! and invert the channel!

f=Hly=H'Hx+H !n=x+H!n

Transmit 2 packets at the same time!



MIMO: Multiple TX-RX streams

xp | Y f L L y1=hiix + hox;
21
X9 hiy
- > A Vo = hp1x1 + hyoxy
22
Vi -h11 h12- x| [
— + m) y=Hx+n
Y2 hyq hoy| |2 n;

For N antennas, H is
How to recover x; and x,? NxN matrix > O(N?)

Estimate H, and invert the channel!
$=Hly=HHx+H ln=x @

Noise amplification




MIMOQO: Vector Representation

x| Y M L L y1=hiix + hox;
21
X9 hiy
- > L L yy = hoyyxy + hgox,
22
-J’1- -h11 h12- -x1- -n1-
_ n m) y=Hx+n
Y2 hyq hy,| X2 n;

How to recover x; and x,?
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xl + xZ — h1x1 ~+ thz




MIMQO: Antenna Space

_ — Ant. 2:
y = hyx; + hyx, A V2




MIMQO: Antenna Space

. — Ant. 2:
y = hyx; + hyx, A y2

To decode x4, project on a 5 .
1 —s Ay
vector h, orthogonalto h, :

—>J__) —l —1 o
h, y=h, hjx; +h 2X2
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MIMQO: Antenna Space

Ant. 2: y,

y = h_1)x1 +h_2>x2

To decode x,, project on a
1

vector h; orthogonal to h;

—>J._) —l— —l
h; y =h; hix; +h; hyx,
—s1l
=h; h;x,
. ot eesasessessseeseeees e ey >
hys hys Ant. 1: y,
y = X1 + X9 L
_hzz _hzz_ B h, y =hy1hy1xy —hy hyxg

+ hy1hyX5 — hyihyox

hy = hy1 —hig = (hp1h12 — hi1hy;) x5




MIMQO: Antenna Space

What about MIMO with more antennas?

y —_ h1X1 + hzxz +h3X3 A yz
To decode x4, project on a _

— 1 i—
vector h,; orthogonal to the ghzxz

plane formed by h_z) and h_3>

— 1 > >
h23 — hz X h3




MIMQO: Antenna Space

What about MIMO with more antennas?

y — h1X1 + hzxz + h3X3 A yz
To decode x4, project on a _
— 1 i—
vector h,; orthogonal to the ghzxz
plane formed by h, and h; '
—l 5 5 .
h23 — hz X h3 h3x3 N

N antenna MIMO, receives signals in N dimensional space
— Can decode N parallel signals

Decoding complexity scales O(N#) operations with the
number of antennas




MIMO Channel

Xy | Y L L y1=hiix + hox;

X9 hiy
- X | Y2 = hp1xy + hyox,

How to estimate the channels: hy4, h{;, hy1, hy,?

TX 1; X1
TX2; X2




MIMO Channel

x| Y M L L y1=hiix + hox;

X9 hiy
X | Y2 = hp1xy + hyox,

How to estimate the channels: hy4, h{;, hy1, hy,?

Y Preamble

TX2; Xy




MIMOQO Gains

Multiplexing Gain:
* Send multiple packets at the same time
« NXN MIMO = N X more packets

Diversity Gain:
* Send/Receive the same packet on
multiple antennas

* Increase SNR of the received packets
— transmit at higher data rates



Recelver Diversity

X . y hy X -y1=h1x+n1

'yz =h2x+n2

How to best decode x?
Option 1: Add the received signals
yi+y, =hx+n;+h,x +n,

= (hl + hz)x +n1 +n2
—_—

Channels can sum up destructively! hy + h, = 0



Recelver Diversity

x | Y m L Ly =hix+ny

'yz =h2x+n2

How to best decode x?
Option 1: Add the received signals
Option 2: Decode independently

Sub-optimal!



Recelver Diversity

X y hy X -y1=h1x+n1

'yz =h2x+n2

How to best decode x?
Option 1: Add the received signals

Option 2: Decode independently

Optimal Solution: Maximum Ratio Combining (MRC)



Maximum Ratio Combining

X Y hy X -y1=h1x+n1

'yz =h2x+n2

a1y1+ ayy, = hiy, + h3y, = hihyx + hin; + hyh,x + hyn,

:.[(|h1|2 + |h2|2)x‘+ hin, + hyn,

Let P = E[|x|*] and 0% = E[|n,|*] = E[|n;|?]
Signal Power = E[|(|h{|? + |hy|?)x]|?]
= (|h1]* + [h21)* E[|x]?]

= ([h]? + |ho|?)* P



Maximum Ratio Combining

X Y hy X -y1=h1x+n1

'yz =h2x+n2

a1y1+ ayy, = hiy, + h3y, = hihyx + hin; + hyh,x + hyn,

= (Jhq]* + |hy|?)x +1h§n1 + h3n,

=%

Let P = E[|x|?] and 0 = E[|n,]?] = E[In,|°]

Signal Power = (Jh{|? + |h,|?)? P
Noise Power = E[|hin, + hin,|?]= E]|

= | |*E[|n.|?] + |2 |°E

hini|?] + E[|h3n,|*]

n,12] = (|he|? + |hy|?)0?



Maximum Ratio Combining

X Y hy X -y1=h1x+n1

'yz =h2x+n2

a1y1+ ayy, = hiy, + h3y, = hihyx + hin; + hyh,x + hyn,

= (Jhq]|* + |hy|?)x + hin, + h3n,

Let P = E[|x|*] and 0% = E[|ny|*] = E[|n,|?]
Signal Power = (|h{|? + |h,|?)? P
Noise Power = (|hq|? + |h,|?)0?

(|h1|2+|h2|2)zP 5 o P
SNR = (|, |2 + |h,|2)02 = (|h¢]* + |hy| )p




Maximum Ratio Combining

X y hy X -y1=h1x+n1

-y, = hy,x +n,

a1y1+ ayy, = hiy, + h3y, = hihyx + hin; + hyh,x + hyn,

= (|he|? + |h;|®)x + hiny + h3n,

P
With Receiver Diversity: SNR = (|hq|* + |hz|2)F

p
Single Receiver: SNR = |hy|* —
o



Recelver Diversity Gain

X y hy X -y1=h1x+n1

-y, = hy,x +n,
. . . 2 2 P
With Receiver Diversity: SNR = (|h{|* + |h,] )p

Single Receiver: SNR = |h1|2£2
o

* |hy|? = |h,|> - Can double SNR!



Recelver Diversity Gain

Do we care about doubling the SNR?

Capacity «< log(SNR)

> SNR



Recelver Diversity Gain

.X'q m -y1=h1x+n1
M{

P
With Receiver Diversity: SNRypx = (|hq|* + Ihzlz)ﬁ

'yz =h2x+n2

: : P
Single Receiver: SNR. ., = |hl|2F
e |h{|? = |h,|? - Can double SNR! |

o4 2 o It is unlikely that both
e |h{V¥ < |hy|* = Huge Gainin SNR — antennas experience

channel fading.

e |he|? > |hy]* > Little Gain in SNR



Transmitter Diversity

X1 = Y h1 ;Z _y=h1x1+h2x2+n
Xy - Y%Z'

What should we transmit on each antenna?

Option 1: transmit the same thing x on both antennas
y=(h;+hy)x+n
Channels can sum up destructively! hy + h, = 0

Total transmit power = 2P—-> Doubled TX power
- Why not use 1 TX with 2P



Transmitter Diversity

x14 VM Y Ly=hx +hx,+n
Xy - 3%2'

What should we transmit on each antenna?

Option 1: transmit the same thing x on both antennas

* Must ensure signals sum up constructively.

e Must ensure total TX power = E[|x{|%] + E[|x,|?]
= E[|x|*] =P




Transmitter Diversity

X1 VM Y | y=hyx;+hx, +n
Xy - Y%ZV

What should we transmit on each antenna?

Option 2: Maximum Ratio Combining (MRC)

x1 — C(lx ]
— vy = (a1h;y + axhy)x +n
xZ — az X

—

Set:aqy = hi,a, = h, >y = (hih; + h5h,)x +n

= (|he|? + |hz|®)x + n




Transmitter Diversity

X1 VM Y | y=hyx;+hx, +n
Xy - 3%2'

What should we transmit on each antenna?

Option 2: Maximum Ratio Combining (MRC)

h h,
X1 = X Xy = X
\/|h1|2+ |hy | \/|h1|2+ |hy |
Total TX Power = E[|x{|%] + E[|x4]|?]
h |2 h,|?
|hy] Py |h,| p—p

B |hq|? + |hy|? |hq|? + |hy|?



Transmitter Diversity

X1 VM Y | y=hyx;+hx, +n
Xy - 3%2'

What should we transmit on each antenna?

Option 2: Maximum Ratio Combining (MRC)

hy h;
Xy = X Xy = X
\/|h1|2 + |h,|? \/|h1|2 + |h,|?
h,h; h-h
y 1M 217 ¥+ 7

= X +
JIRZ 4 hy12 g% + |hy?



Transmitter Diversity

X1 VM Y | y=hyx;+hx, +n
Xy - 3%2'

What should we transmit on each antenna?

Option 2: Maximum Ratio Combining (MRC)

hy h;

Xy = X Xy = X
\/|h1|2+ |hy | \/|h1|2+ |hy |
|hi|? + |hy)?

Y = X+n = \/|h1|2‘|‘|hz|2 X+n

\/|h1|2 + [y |? ( )



Transmitter Diversity

X1 = Y h ;Z _y=h1x1+h2x2+n
Xy - Y%Z'

What should we transmit on each antenna?

Option 2: Maximum Ratio Combining (MRC)

y = (VI +ho[?) x + 1

P
SNR = (|h{]* + |h2|2)—2 - Similar SNR Gain to RX Diversity
o

Caveat: MRC at TX Requires Feedback from the Receiver!




Transmitter Diversity

X4 VM U Ly=hx; +hux,+n
Xy - Y%ZV

What should we transmit on each antenna?

Solution: Use Space-Time Codes

MRC codes across space only (Requires Channel Feedback):

4 h*
XL xq | x[1]  aqx[2] a; = 1
VIR |? + [hy|?
TXZXZ azX[l] az.X[Z] h;
> C{Z —
t=1 t =2 \/|h1|2+|h2|2



Transmitter Diversity

X104 T Mm Y | y=hx +hx, +n
Xy - Y%Z'

What should we transmit on each antenna?

Solution: Use Space-Time Codes

Alamouti Codes:

TX1:x1 | x[1]  —x*[2] y[1] = hyx[1] + h,x[2]

TX2: x5 | x|[2] x*|1] y[2] = —hyx*[2] + hyx™[1]




Transmitter Diversity

X1 = y h1 ;Y _y=h1x1+h2x2+n
Xy - 3%2'

What should we transmit on each antenna?

Solution: Use Space-Time Codes

L
Alamouti Codes: Y’l’[ﬂ - __\:\ U’_ﬂ +\y X Cﬂ
y[1] = hyx[1] + hpx[2]  yl[2] = —hyx"[2] + hpx™[1]

hiy[1] + hoy*[2] = hihyx[1] +hihsx[2]

~hghixt2] + hahsx[1]

= (Ih1]? + lha|*)x[1]



Transmitter Diversity

X1 = y h1 ;Y _y=h1X1+h2x2+n
Xy - Y%Z'

What should we transmit on each antenna?

Solution: Use Space-Time Codes
Alamouti Codes:

y[1] = hix[1] + hpx[2]  yl2] = —hyx™[2] + hpx™[1]

hoy[1] — hyy*[2] = h3hy + hhyx|[2]
+hihix|2] — hihsx(1]
= (|hq]* + |hz|*)x[2]



Transmitter Diversity

X1 = Y h1 ;Y _y=h1x1+h2x2+n
Xy - 3%2'

What should we transmit on each antenna?

Solution: Use Space-Time Codes

Alamouti Codes: . .
hiyl1] + hyy*[2]

TX1: x4 %"Ll] —_ﬁZ] = (|h{|? + |h,|?)x[1]
> e

. b2

TX2: x5 x|2] x7[1 hyy|1] — hyy*[2] “
_ _ = (|h{|? + |hy|?)x][2

f21 o = (al? + hal)a[2]

2-




MIMOQO Gains

Multiplexing Gain:
* Send multiple packets at the same time
« NXN MIMO > XN more packets
e Data Rate: ocﬂlog(SNR[]_V)

Diversity Gain:
* Increase SNR of the received packets
« NXN MIMO = X log N data rate
e Data Rate « log(SNR xl\i)



MIMO

] ly_fu X L yi=hyxy +hox
21
h12
i My A V2 = hz1X1 + hyXx;
y =Hx+n

x=H ly=H 'Hx+H 'n=x+H'n



I\/Iulti-User MIMO

= hy1x1 + hix;

><YD‘ Y2 = ha1X1 + hazx;

$=Hly=H'Hx+H n=x+H1n

Does not work. Receivers do not have access to

each other’s signals




Precoding

h
X1 tl:l- Y1 = hy1x1 + hyoxs

Send: ¥ = H 1x

Receive:y = HX+n=HH x+n=x+n

Also known as Beamforming or Zero-Forcing
¢ Chonne) Feed®od \
P @‘\\7 D@qu\ L\nk \Th(ﬁc-




What about distributed transmitters?
X1 - X hy Z - V1 = hy1x1 + hyax;
X9 hiy
- . M Y2 = hoyxy + hoox,

Send: X = H™1x
Receive:y = HX+n=HH x+n=x+n

Does not work. Transmitters do not have access

to each other’s signals

False: what if transmitters are APs connected
over Ethernet?



Clock Synchronization in MIMO

X it XL Y1
21
) hiy N4
) h g " Y2
22

Y1 = hyyxe /2t 4 by, x, e 22t

Yo = h21x16_12”Af21t + hszze_]znAfzzt

Y1 hi1 hia|[x1 ny

y2 h21 hzz xz nz



Clock Synchronization in MIMO

h11
% 4 X NARRREA
21
X2 h1z N
) h\ g " Y2
yl hll e_]znAfllt hlze_]znAflzt xl nl
= " " +
yZ h21e_]27TAf21t hzze_]znAfZZt Xz le

e—]ZTcAft +




Clock Synchronization in MIMO
xl - Y hll :t Fyl
21
X5 hi
' ha L
-yl- -I/l]_]_ e—jZTL'Afllt hlze—jZTL'Aszt- -xl- -n]_-
= +
Y2 hy, e J2mAfait  p . e=i2mAfot | X, n,

I
+




Clock Synchronization in MIMO
X1 Y hll l =~ V1
X hiy
Rl il

-3’1- -h11 e~J2mAt h123_j27mf12t- -xl- -n1-

I
+

yZ h21e_j27TAf21t hzze_jznAfZZt Xz le




Clock Synchronization in MIMO

N Y

Vil |ha e~J2mbA(0 hype ~J2mARD| [y n

I
+

Vo| | hy e J2mARD  p e~ /2T X[ [N

DiStribUted M“VIO Afll == Aflz * Af21 == Afzz

Next Lecture!



