Discussion Session 4
PHYS 100 Projectile Motion Week 05

The Plan

This week your group will practice analyzing projectile motion situations. Why do we spend a
whole session on this topic? The answer is that projectile motion incorporates nearly all the
ideas and techniques we’ve been learning so far:

» Projectile motion has nonzero acceleration, changing velocities, and changing
displacements. We can therefore use all the basic kinematic definitions and graphs from
week one.

* Projectile motion occurs under constant acceleration (at least neglecting air drag). We
can therefore use the relationships embodied in the three kinematic equations we
learned in week two.

» Projectile motion occurs in two dimensions, so all the ideas about vectors, components,
and analyzing motion in different directions all apply.
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DQ1) Two cannon balls, each with mass 20 kg, are fired from ground level over a flat plateau.
Ball A is fired with an initial speed of 250 m/s at an angle of 30 degrees from the horizontal,
and Ball B is fired from the same spot with an initial speed of 200 m/s at an angle of 45 degrees
from the horizontal.

a. Which ball spends more time in the air? Check with your group members to see
if you all agree and how many ways there are to figure out the answer to this
question.

The time in the air is determined by the y component of the motion. Since each ball has
the same acceleration (9g=9.81 m/s2 downward), the ball with the largest upward velocity
will spend the most time in the air. You could also make this conclusion from the velocity-
time kinematic equation:
v, =v,+tat

VTV 0-v, Yy
ttop - - -

ay  (-g) ¢

Since these cannon balls land at the same height they were launched from, the total time
for these trajectories is twice the time to the maximum height.

The upshot of all of this is that the cannon ball with the largest upward velocity spends the
most time in the air. Consequently, all we have to calculate is the y-component of the
launch velocities.

Ball A Ball B
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Since B has the largest upward velocity component, Ball B spends the most time in the air.

Ball B
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b. Which ball has the greatest horizontal speed when it lands?

The horizontal speed is unchanged because there is no x-acceleration. Since the final
horizontal speed equals the initial, we can just compare the initial x-components of their
velocities. The ball with the largest initial x-component of velocity will have the largest final
horizontal speed.

Ball A Ball B
5 \>
(ﬁ\\ 7\ & |
25 4
~300_ 450 >:
Va0 x=(250 m/s) cos(30°)=217 m/s Veo x=(250 m/s) cos(45°)=141m/s

Since Ball A has the largest initial x-component of velocity, Ball A lands with the largest
horizontal speed.

Ball A

c. Which ball has the greatest vertical speed when it lands?

From the symmetry of the problem (i.e. landing at the same height they were launched at), the
vertical component of the final velocity will be the opposite of the vertical component of the
initial velocity. Using the calculations from part a), we see that the two vertical velocities will be
Vaf =-Vao = -125 m/s

VBf = -Vpo = -141m/s

Ball B therefore has the greatest vertical speed when it lands. Ball B
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d. Which ball travels farther horizontally through the air?

Assuming you didn’t calculate the flight time in part a), we need to calculate the flight time for
each ball from the vertical motion. Then we can insert that time into the position-time equation

for the horizontal motion.

Start by analyzing the motion in the y-
dimension to determine the flight time.
The ball starts and lands at height zero and
has acceleration (-g) (assuming up is

y-dimension
Y=Y tVot+1at’
(0)=(0)+(v,sin8)t +1(-g)*’

ositive).
P ) O:f(vosine—g—fj
2
vsing-2L —
The t=0 solution represents the starting 2 '
situation. We're interested in the later time 4o 2V, siné
when the ball hits the ground. g
We can plug this time into the displacement x-dimension

vs. time for the x-direction to find how far
each ball went.

The x-component of the acceleration is

X = XO +VOX +%axf2
x =(0)+(v,cos8)t +1(0)#°
x =(v,cos6)t

zero. .
2
x = (v, cos G)KMJ
g
- e 2(w) .
Here we plug in the flight time found from X =————sinfdcosb
analyzing the y-direction. %
Now we can plug in the numbers for each Ball A
ball. 2(2502)
A= oo Sin307cos30° =5517 m
9.811
Ball B
2(2009)° oo
X :WSIHL‘-S cos45 =4077 m
Ball A ltravels the farthest horizontal s
distance.

Reflection: Could you have solved part d by only considering the horizontal
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components of the ball’s motion? Talk this over with your group and write down
your explanation.

No, the longer air time for ball B is compensated for by a slower x-component of velocity. We
don’t know ahead of time which factor wins, longer time or larger x-velocity. We actually have
to calculate the range.
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DQ2) A ball is launched from a cliff with velocity 100 m/s at an angle of 15 degrees above the
horizontal. If the cliff is known to be 30 meters high, how far away from the cliff base
will the ball land?

a) Draw a picture of what this motion looks like.

30 m \

b) Talk with your group and come up with a plan to solve this problem. When you
have filled out the single sheet for your table, call the TA to come over
Jor a checkout.
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DQ3) Consider two projectiles that are fired at the same time. Projectile 1 is fired from ground
level with velocity v; at an angle 6,, while projectile 2 is fired at velocity v. from a height h
above the ground, as shown in the diagram below.

—

a. Which parameters (v, 01, v, h) do you need to know to be able to determine
which projectile lands first?

The time in the air is determined entirely by the vertical motion, namely the initial
height and the initial y-velocity. We'll therefore need the height 4 of the second
projectile. We already know its vertical velocity component (zero) because it's
fired horizontally. We know the initial height of the first projectile (zero). To find
its vertical velocity component, we’ll need the magnitude of its initial velocity v
and the firing angle ;. We therefore need to know:

/‘I’, Vi, and Oy
b. Find the equation for v, in terms of the variables above and other constants (g, ...)
in the situation where the two balls spend the same amount of time in the air.

We know that the two projectiles spend the same amount of time in the air. We
therefore need to express this time in terms of the parameters stated in part a.
We can use the kinematic equations with the known gravitational acceleration (g
downward) to do this. We know the initial and final positions of each of the
objects, their initial velocities, and their accelerations. Since we’re looking for the
time from distance information, the distance-time kinematic equation is a good
place to start.

)/1 = }/10 + |/Iy7" +%ayf2
The first projectile is launched from zero (0)=(0)+ (v sin@)t, +1(-g)t’
height with speed v;at an angle of 6,. gt
0=t (v, sin@—T'j

We of course get two solutions for the flight

time. The t=0 solutions corresponds to our +-0 OR (v sing _9_7‘1) ~0
launch time, when the first projectile also has ‘ ‘ 2
a height of zero. v, sin6

f
g

YVo=)ut szfz +%ayf22
The second projectile is launched from 5
0)=(A)+(0)t, +1(-g)t
height A4 with speed v, horizontally (i.e. with (0)=(A) +(O)1, +3(-9)*,
Voy = 0) 1, = %
g
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DQ4) An artillery cannon is aimed at an elevation of 60 degrees above the horizontal.

a) With what speed must it launch a shell to hit a target 1 km away and 500 m above
the cannon’s altitude?

/gOO 500 m
1000 m

b)
We can find the time to impact (in terms of the launch speed) from the horizontal
motion of the shell. We can then substitute this time into the equation describing the
y-motion and solve for the launch speed.

X direction
X =Xy +Vo, I +1at’
Write the position vs. time for the x- x =(0)+ (v, cos8)t ++(0)#
direction and solve for the flight time in x =(v0cos @)t
terms of the initial velocity. X
F=
V,cos 8

Y =Yo+Vot+1at’

Y =Yo+(Vsind)t+i(-g)t

2
. X 1 X
Write the position vs. time for the y- 4 :(0)+sz,‘sm9)[ cosej_ag[v cosH]
direction and insert the expression for 0
the flight time.

gx
VO = )
2(xtané - y)cos* 6

\/ (9.812)(1000 m)’

vV, =
® 1 2((1000 m) tan60° — (500 m))(cos60°)’
Insert the numerical parameters from —
the problem statement. _ O8Ix107%
2((1000 m)(1.732) - (500 m))(0.5)’

=(126%

S




PHYS 100

Projectile Motion

direction) will the shell strike the target?

Week 05
b) At this launch speed (also known as muzzle speed), with what velocity (speed and

We know the initial velocity, so we can find

X

Now that we know the initial launch velocity of the cannonball, we can find the time of flight

from the motion in the x-direction. We know the x-velocity remains constant. We can find the
y-velocity at impact from the velocity-time equation in the y-direction.

the time of flight from the motion in the x-
direction (see the first box of part a)

- Vo, cos @
1000 m

(126™) cos 60°

v, =V, ta.t

=15.87s

The x-velocity remains constant, but the y-
velocity changes due to the acceleration due
to gravity.

The final velocity magnitude is the vector

=v,cos6+(0)*

=(1262)cos 60" = 632
v, =V, +at

=v,sin6+(-g)t

= (1262)sin60" - (9.812)(15.87 s)
= —46.62

sum of the x- and y-component of the final
velocity.

We can use the Pythagorean Theorem to
find the final speed from the two
components.

7840

We can use trigonometry to find the
direction of the final velocity

6 = tan™' (0.740)

=36.5" below the horizontal|
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Formula Sheet

Definitions
Position X
Velocity V=2
: _av _d°
Acceleration a =% =<%

Constant Acceleration
vV =v, +at
X =X, +Vt+Lat’
v = Vo2 + 20(X _Xo)
Relative Motion
Vie =Vae +Ves
‘75,.9 = _‘73,5
Constants and Conversions
9=9812=324
1 mile =1.609 km

Quadratic Formula

—-b+ b’ —4dac

2a

If ax*+bx+c=0 +then x=




