
Least-Action Sandbox
! System! = mass in uniform gravity, 1D vertical motion 
! Endpoints != (y,t) from (0,–τ) → (0,+τ)
! ∴ Lagrangian  L(y, y,t)

2
m = y2 − 2gy

Path Class #1 : constant speed going up & coming down →  vary H = max height 

⚫ paths! y(t) = H 1− t
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! define b ≡
H
gτ 2

 and vary that  ...  true path has H = gτ
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! L(t) 2
m gτ( )2 ≡ L(t) = b2 − 2b 1− t
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    … vary b  and see what happens !

plot b^2-2b(1-Abs[t]) for b={0.1,0.25,0.5,0.75,1} from t=-1 to 1 

⚫ Action! S = L dt
−τ

+τ

∫ = 2τ b(b −1)  

plot b(b-1) from b=0 to 1.5

⚫ Least Action! 1
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dS
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= 2b −1   → minimum action at b = btrue =
1
2
!   ☺ 

Path Class #2 : constant acceleration →  vary a = acceleration 

⚫ paths! y(t) = v0 (t +τ )−
1
2
a(t +τ )2  and y(±τ ) = 0  ∴ v0 = aτ  → y(t) = a
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⚫ Lagrangian! L(t) 2
m = a2t 2 + ga t 2 −τ 2( )  → L(t) 2
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! define b ≡
a
g

 and vary that  ...  true path has  btrue = 1  of course!

! L(t) 2
m gτ( )2 ≡ L(t) = b t 2

τ 2
b +1( )−1⎡

⎣
⎢

⎤

⎦
⎥     … vary b  and see what happens !

plot b(t^2(b+1)-1) for b={0.4,0.7,1,1.3,1.6} from t=-1 to 1 

⚫ Action! S = L dt
−τ

+τ

∫ = 2τ b
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b − 2( )    ….  plot b(b-2)

⚫ Least Action! 3
2τ

dS
db

= 2b − 2   → minimum action at b = btrue = 1   ☺ 


