
Damped / Driven Linear Oscillators!
EOM : x + 2β x +ω0

2x = f (t)    where

Frestore = −k x = −mω0

2 x ,         

Fdamp = −b v = −m(2β) v ,       


Fdrive = m f (t)

Damping Cases : Critical damping : β =ω0 ≡
k
m

,     Underdamping: β <ω0 ,     Overdamping: β >ω0

Resonance: 

Quality factor Q =
ωpeak

ΔωFWHM

               where A2 ωpeak ±
ΔωFWHM
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A2 (ωpeak )  and A ≡  amplitude of x(t)

Q = 2π Estored

Edissipated / cycle

    where Estored = T +U  for mechanical oscillator

For weak damping β ω0  :         ωpeak ≈ω0 Apeak ≈
f0

2βω0

Q ≈
ω0

2β

Coupled Linear Oscillators! M q = −K q T =
1
2
Mij qi qj U =

1
2
Kijqiqj

Mij =
∂2T

∂ qi∂ qj q=0
Kij =

∂2U
∂qi∂qj q=0

Transverse oscillations of taut string: kT =
tension
length equilib

Fourier Series as an Inner Product Space

• Space : f ≡  τ-periodic functions f(t) that are periodic over t = [−τ / 2→τ / 2] , with ω = 2π / τ

• Basis #1 : n ≡
sin(nωt) n = 1,...,∞

1/ 2 n = 0
cos(nωt) n = –1,...,−∞
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• Basis #2 : n = einωt

• Inner Product #1 : g f ≡
2
τ

g(t) f (t)dt
−τ /2

τ /2

∫

• Inner Product #2 : g f ≡ 1
τ

g*(t) f (t)dt
−τ /2

τ /2

∫

➔ Basis is Orthonormal : n m = δnm         ➔ Completeness : any f = n n f
n=−∞

+∞

∑

Variational Calc / Mech * Gen. coord qi must be indep

S ≡ dt L(qi , qi ,t)
t1 ,
q1

t1 ,
q1

∫ δS = 0 → ∂L
∂qi

=
d
dt

∂L
∂ qi

⎛
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⎞
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 for each qi

H ≡ qi (∂L / ∂ qi ) − L conserved when ∂L / dt = 0

Principle of Least Action :
L = T −U   →   δS = 0 @ true {qi (t)}

Gen. force Qi ≡
∂L
∂qi

, momentum pi ≡
∂L
∂ qi

H ≡ pi qi − L  equals T+U when ra =
ra (qi )

3D Math Miscellanea d

l = ds ŝ + sdφφ̂ + dz ẑ d


l = dr r̂ + r dθθ̂ + r sinθ dφφ̂

a = ŝ s − s φ 2⎡⎣ ⎤⎦ + φ̂ sφ + 2 s φ⎡⎣ ⎤⎦ + ẑ z[ ]
a = r̂ r − r θ 2 − r φ 2 sin2θ⎡⎣ ⎤⎦ + θ̂ rθ + 2 r θ − r φ 2 sinθ cosθ⎡⎣ ⎤⎦ + φ̂ sinθ (rφ + 2 r φ) + cosθ (2r θ φ)⎡⎣ ⎤⎦




