Torsional oscillator
transient solution

16 +RO+KO =0 Equation of motion

O(t) = Ae™ cos(mt—¢) Transient solution*

a= R/ 21 Attenuation constant [1/s]

@, = \/m Natural (angular) frequency [rad/s]
D =+ w, —&’ Damped (angular) frequency [rad/s]

*Amplitude, A, and phase, ¢ , fixed by initial conditions



transient solution data

disc position vs time
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20 log decrement = 0.452

=0.011/s

data file 101003 L.xis Note exponential decay and oscillation



Torsional oscillator
steady state solution

10 +RO+ KO =K@, coswt  Equation of motion
0,(t)=B(w)cos(wt— (o))
10, >

Steady state solution

; (w) i} 2 2)° 2 2 - -
\/(a)o — W ) +w"y Amplitude function
@
tan ,B(a)) =— 4 > Phase function
W, — @
y = TR = 22_R| —2a Damping constant

Note link between damping in transient
and width of resonance curve



steady-state solution data

amplitude (rad)

amplitude vs frequency phase vs frequency
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W, = \/a)oz —(7//2)2 3.017rad /s
Q~w,/y =20

data directory 022402
Note @, = @,




(Two) Resonance Definitions

> Resonance when denominator of phase function goes to zero

resonance 0

tanﬂ(m)zg—no =

1 Resonance when
) 2\2 > 9 denominator of amplitude
(a)o - ) Ty function goes to minimum

B(@) =maximum — @, e = \/a)j —y2 /2

if ¥ <<@, resonance definitions give similar values



Q definition
from energy consideration in transient response, 1

. total stored energy
decrease in energy per period

Q=2

rowenersy (1) = KE (t)+ PE (t) =%I EIGH +%K [o(t)]

Potential energy P (t) = % K [Q(t)]z = % KIA\Ze_Zat [COS(a)lt — ¢)]2

[acos(mt—¢)] +

Kineticenergy K[ (t) — % | ,A\Ze_zat 4 :a)l sin (a)lt — ¢)]2 +

2am, sin(wt —g)cos(mt — @)

Vo

J



Q definition
from energy consideration in transient response, 2

~1 1 2 ~—2at
(PE(t))~ , %, KA'e

(KE(t)) = (PE(t))
(E(t)) =~ % KA?e
d

CE() =-2alE(1)

Q:27[d <E(t)> .y <E(t)> :27“(1:(01
<E(t)>><T1 28.<E(t)>><T1 2a 2a
dt

Equivalent expressions Q= Y and Q= “ since ¥y =24a

2a



Alternate Q definition
from energy consideration in transient response

——= Number of cycles for energy to decay by —
27 €

E(t zﬁiKAze‘zat
EM)~

Q:ﬁ S2a=2
2a
1 2n-art/Q
<Eu»z§KAe%

t,=Q Jo, =27T,Q

Q :tl/e
2r T,




Alternate Q definition
from amplitude consideration in transient response

1

— = Number of cycles for amplitude to decay by —
T e

O(t)=Ae ™ cos(wt—¢)
@, @

Q:2——> a=__

a 20
O(t)=Ae™"*? cos(wt—¢)
t]/e — ZQ/G)l = ﬂ-TlQ

Q I
z

_ e
Tl



Alternate Q definition
from consideration of resonance curve,1

neglect difference between natural (angular) frequency and
damped (angular) frequency

Q:ﬁ wlz\/wf—72/4z0)o(1_72/8a’§)

/4
If ¥y <o, Q= @
Y
find amplitude function at resonance
6 6()2 G o
B(a)): O 0O B(C()O): o Yo

\/(a)f—a)z)era)z e 4



Alternate Q definition
from consideration of resonance curve, 2

find (angular) frequencies at 1 at w,.=w,—y/2
which amplitude function B (a)) ——B (a)o )
smaller by a factor of 0.717 J2 and @y = @, +7/2

. B amplitude vs frequency
Define A® =0 p — O p
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Relate Q to energy input at resonance

Energy into system jfdrive (t)d@  where 74, (t)=AK8, coswt

change of variables j Tdrive (t) d 9 = j Tdrive (t) 98 (t) dt

6, (t)=B(w)cos(wt—f(w))

Integrate energy input over one cycle
T . T
[ Zane (1) 6, (1) dt = 2K O, 0B (@)sin plo)

0



Relate Q to energy input at resonance

_ At resonance
energy input over one cycle

T
jfdrive (t) 6’3 (t) dt = ;LK@OCUO /1(90a)0 27
’ Y 20,

= 12KO.22Q

kinetic plus potential
PHSP Stored energy at resonance

E :ZX%K[B(Q)O)]Z =%K/12902Q2

stored energy - Q
energy input per cycle 2z
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