UIUC Physics 406 Acoustical Physics of Music

Complex Sound Fields

What is a Complex Quantity?

In any situation involving wave phenomena, if interference effects are manifest, e.g. two (or more)
waves {n.b. diffraction — a scattering process — is also a type of wave interference — wave self-
interference}, then a well-defined phase relation between waves associated with such phenomena
exists, which in general is time-dependent, but could also be stationary in time in certain situations.

There are also {many} situations in which a periodic/harmonic (i.e. single frequency) input
stimulus — i.e. a harmonic reference signal S, () =S, coset is input to a system { = a “black

box’} which in turn outputs a {linear} response signal which, in general may have a non-trivial
(e.g. frequency-dependent) amplitude .and. phase relation relative to the input reference signal

R, (1)=R., (w)cos(at+g¢(w)), which we show schematically in the figure below:
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Mathematically, we can use complex variables as a convenient way to describe the underlying
physics associated with such phenomena. We don’t kave to use complex variables/complex
notation to do this, but it turns out that in many situations it is very convenient/handy to do so!

In acoustics, since we have already talked about/discussed various situations exhibiting wave
interference, we’re thus already familiar with many examples of complex sounds — we simply haven’t
discussed them using complex variables/complex notation. One simple acoustics example is the
situation where a sine-wave generator at frequency f* is used to drive an identical pair of loudspeakers
situated a lateral distance d away from each other — destructive/constructive interference effects
between the sine-wave sounds coming from the two loudspeakers can clearly be heard e.g. walking on
a line parallel to the line joining the two loudspeakers, as shown in the figure below:
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We don’t need to use complex variables/complex notation to realize that whenever the path
length difference Ar=r,—r, =nl,where n =0, £1, 2, 3, +4, ... and A =v/f where v = speed
of sound in air (~ 343 m/s @ NTP), constructive interference will occur — the two individual
sound waves are precisely in-phase with each other at the observation point P, thus sound
intensity maxima will be heard at such locations, whereas whenever the path length difference
Ar=r,—r,=n'2/2,where n’ =1, £3, +5, +7, ... destructive interference will occur — the two
individual sound waves are precisely 180° out-of-phase with each other at the observation point
P — thus intensity minima will be heard at such locations.

Acoustical Interference Phenomena

Whenever two (or more) periodic sine-wave type signals are linearly superposed (i.e. added
together), the resultant/overall waveform depends on the amplitude, frequency .and. phase
associated with the individual signals. Mathematically, this is often most easily and transparently
described using complex notation.

Basics of / A Primer on Complex Variables and Complex Notation:

We can use complex variables/complex notation to describe physics situations whenever
relative phase information is important. A complex quantity, denoted as Z consists of two
components: Z = X +iY . X is the known as the “real” part of Z , denoted X = Re{Z} and Y is

the known as the “imaginary” part of Z , denoted ¥ = Im {Z } . If a reference signal is present, the
real component X = Re{Z} of complex Z is in-phase (180° out-of phase) with the reference
signal if X is +ve (—ve), respectively. The imaginary component Y =Im {Z} of complex Z is +90°
(—90°) out-of-phase with the reference signal if Y is +ve (—ve), respectively.

The number i =~/—1. The magnitude of the complex variable Z is denoted as ‘Z‘ =~\ZZ" or

‘Zr =77 where Z" is the so-called complex conjugate of Z , which changes i — —i, such that
i-i" =-1-—J=1=+1 (note that i> =—1= (i*)z and i-i" =i -i=+1), thus we see that:

VA :(Z) =(X +iY) =X —iY . Hence we see that:

12| =VZZ" = (X +i7) (X =iY) = X* +i X~ XL +¥? =7[X?+¥? . Thus, we realize that

the magnitude of Z, ‘Z‘ is analogous to the hypotenuse, ¢ of a right triangle (c? = a? + b?) and/or

e.g. the radius of a circle, r centered at the origin (* = x*+ 7).

Because complex variables Z = X +iY consist of two components, Z can be graphically
depicted as a 2-component “vector” (aka “phasor”) Z = (X ,Y) lying in the so-called 2-D

complex plane, as shown in the figure below.
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The in-phase, so-called “real” component of Z, X = Re{Z} by convention is drawn along
the x, or horizontal axis (i.e. the abscissa), as shown in the figure below.

The 90° out-of-phase/quadrature, so-called “imaginary” component of Z, Y = { } by
convention is drawn along the y, or vertical axis (i.e. the ordinate), as shown in the figure below.

Imaginary Axis:

:Im{Z}

A

7Z=X+iY

Real Axis:
> x-= Re{Z}

It can be readily seen from the above diagram that the endpoint of the complex “vector”
(aka “phasor™), Z = X +iY lies at a point on the circumference of a circle, centered at

(X, ) = (0, 0), with “radius” (i.e. magnitude) ‘Z‘ =+ X?+Y? and phase angle, ¢ =tan™ (Y/.X)
(n.b. defined relative to the X-axis), (or equivalently: ¢' = tan‘l(X/Y) , n.b. defined relative to
the Y-axis).

Instead of using Cartesian coordinates, we can alternatively/equivalently express the complex
variable, Z in polar coordinate form: Z = ‘Z‘(COS¢)+iSin @), since from the above diagram,

we see that X :‘Z‘COSgo and Y:‘Z‘Singp. Recall the trigonometric identity: cos® ¢ +sin®¢p =1

which is used in obtaining the magnitude of Z, ‘Z‘from Z itself:

‘Z‘ NA ‘Z‘\/COS(D—i-lSIn(o)(COS(p—lSIngo)

:‘Z‘\/cos ¢+iW—iW+sin @
—|Z]eos psinp - |2
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We can (always) redefine the phase variable ¢ such that e.g. ¢ = (@t +¢), it can then be seen that:
Z(t)=|Z(t)(cos(et +p)+isin(at +p))

with real component: X(t)= Re{Z(t)} = ‘Z(z)‘ cos(at +¢)

and imaginary component: Y (¢)= Im{Z(t)} = ‘Z(t)‘sin(a)tﬂo).

Note that at the zero of time ¢ = 0, these relations are identical to the above.

If (for simplicity’s sake) we take the phase angle ¢ =0, then: Z(¢) = ‘Z(z)‘(cos(wt)ﬂsin(wt)).
Attime ¢ = 0, it can be seen that the complex variable Z(¢=0)= X (1=0)= ‘Z(r = O)‘ isa
purely real quantity, lying entirely along the x-axis, since Z (¢ =0)= ‘Z‘coso = ‘Z(t = O)‘ .

As time ¢ progresses, it can be seen that the complex variable Z ()= ‘Z(t)‘(cos(wt)ﬂsin(a)t))

rotates in a counter-clockwise direction in the complex plane with constant angular frequency
o = 2 f radians/second, where £ is the frequency (in cycles/second {cps}, or Hertz {= Hz})

completing one revolution in the complex plane every 7 = 1/f = 2z /w seconds {the variable 7 is
known as the period of oscillation, or period of vibration}. This rotation of Z(z) in the complex

plane can also be seen from the time evolution of the phase:
o(t)=tan™ (¥ (r)/X (¢))=tan™ (Msin a)t/Mcos a)t) =tan™ (tan art) = oot .

Complex Exponential Notation:

The famous mathematician-physicist Leonhard Euler Im ‘
showed that for any real number ¢, that ¢ =cosg +ising. i
This is known as Euler’s formula. Geometrically, the locus of
points described by e for0 < ¢ <27 lie on the unit circle

e¥=cosp+ising

(i.e. radius ‘e”‘" = 1) in the complex plane, centered at (0,0) Sin @
as shown in the figure on the right. Note that if ¢
¢ =cosg+ising, then (&) =e™ =cosp—ising. O)cos ¢ 1 Re

We can thus write any “generic” complex quantity
7= ‘Z‘(cowﬂ'sin p)as Z= ‘Z‘ei"’and write its complex

conjugate Z" =‘Z~‘(COS(0—iSin p)as Z' =‘Z~‘e"¢. Note that:
~ ~| . ~ . ~12 . ) ~12 ~12 ~12 ~2 .
77 = (‘Z‘e"”)-(‘Z‘e”¢) = ‘Z‘ e = ‘Z‘ e’ = ‘Z‘ e’ = ‘Z‘ A= ‘Z‘ Note further that since
e’ =cosp+ising and e =cosg—ising, adding and subtracting these two equations from
each other, it is easy to show that cosp =1(e” +¢ ™) and sinp =% (e —e ™).
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Linear Superposition (Addition) of Two Periodic Signals

It is illustrative to consider the situation associated with the linear superposition of two
complex periodic, equal-amplitude, identical-frequency amplitudes at a given observation point
7 in 3-D space {defined from a local origin O(0,0,0)}, where one signal differs in relative phase

from the other by ¢ =-90° =—1/2. Since the zero of time is arbitrary, we have the freedom to
chose one signal to be purely real at time = 0, e.g. such that:

Z,(7,t)= A(F,t)e = A(F,1)(cos (et ) +isin(wt)) with ‘Z](F,t)‘ = A(F 1)
and the other signal,
Z,(7,t)= A(7,t)e" ™ = A(F 1) (cos(@t - x/2) +isin (ot — 7/2)) with ‘Z (¥ t)‘ A(F 1),
i.e. both signals have purely real amplitude, A(F,t) and angular frequency, @
Note also, that at this point in the discussion, the two complex amplitudes Zl(F,t) and
Z, (F,t) are (for the moment) taken to be “generic” acoustic quantities — i.e. both could represent
e.g. complex pressure p(7,¢), complex particle velocity i (7,¢), complex displacement E(F,t)

and/or complex acceleration E(F,t).

Attime ¢ =0:

Z,(F,t=0)= A(F,t =0)'”" = A(F,1 = 0)( cO5(~z/2) +isin (- /2)) = =i(7,t = 0)

Thus, for this specific example, we see that the 2" signal Z, (7,¢) = A(F,t)e"(“’"”/z) lags
(i.e. is behind) the 1% signal Z, (7,¢)= A(7,t)e"" by 90° in phase, as shown in the figure below,
for t = 0. The resultant/total complex amplitude ZNW (? ,t) is the {instantaneous} phasor sum of
the two individual complex amplitudes:

Z,, (Ft) = Z,(F.t)+ Z,(F.t) = A(F,t) e + A(F,1) ") = A(F,t)e™ (1+e77?)

= A(F1)e" | 1+( O5t~a[2) +isin(~7/2)) | = (7,1 )e (1-i)

with magnitude:

Z, (F0)| =\ Z, (F1) Z, (7o) = A(F o) JA-1) (1+7) = A(F, 1) 1N+ K+ 1 =24(71)
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Im{Z(7)}

A

Atr=0:

As time ¢ increases, all
complex vectors rotate
counter-clockwise in the
complex plane with
angular frequency .

Re{Z(7)}

Note that the reason all complex vectors rotate in a counter-clockwise direction in the
complex plane is due to the sign-choice of the ¢" =cos(r)+isin(er)time dependence — it

determines the direction complex vectors rotate in the complex plane. Had we instead chosen the
e =cos(er)—isin(ewt) time dependence, then all complex vectors would have instead rotated

in a clockwise direction in the complex plane.

Throughout this course, note that we will always assume/adopt the convention of positive
e"" =cos(et)+isin(er) time dependence — because it turns out that the {default} way we use

the lock-in amplifiers in the various phase-sensitive experiments that we have in the P406POM

lab implicitly corresponds mathematically to the e** convention — hence it is extremely
important to use the correct mathematical descriptions in order to match experimental realities!

Note also that if we had instead chosen the second amplitude to be Z, (7,) = A(7,¢)e“"™?
then the 2" signal Z, (7,¢) would lead (i.e. be ahead of) the 1% signal Z, (7,¢) = 4" by 90°
degrees in phase. For this situation, the total complex amplitude is:

Z,, (Fit) = Z,(Fot)+ Z, (F,t) = A(F,t) e + A7, 1) ") = A(F 1) e (1+e77?)

= A(F,1)e" | 1+( COs{m/2) +isin(7/2)) | = A(F.1) e (1+i)

with the same magnitude as before:
Z,, (F0) =2, (711) Z,, (Fot) = A(F,0) J(1+) (1=i) = A(F, 1) 1+ N = X +1 =24 (7 1)

We can now also see that a change in the sign of a complex quantity: Z(¢) = —Z(¢)

physically corresponds to a phase change/shift in phase/phase retardation of —180°
(n.b. which is also mathematically equivalent to a phase advance of +180°).

In other words: Z'(7,t)=~Z(7,t)=Z(F,t)e"" because e** = cos(r) iiw =cos(z)=-1.
6
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The same mathematical formalism can be used for adding together two arbitrary complex
periodic time-dependent signals Z, (7,1) = 4, (7,¢)¢'“"**"Vand Z, (7,1) = 4, (7,¢) =)

Note that Zere, the individual amplitudes, frequencies and phases may all be time-dependent.
The resultant overall complex amplitude in this case is:

7, (7 0) = Z,(F\0)+ Z, (Fo1) = 4, (F,0) 020 4 g (7, 1) o)

tot

Because the zero of time is (always) arbitrary, we are again free to choose/redefine 1 =0 in
such a way as to rotate away one of the two phases — absorbing it as an overall/absolute phase
(which is physically unobservable). Since ™) = ¢*- ¢, the above formula can be rewritten as:

7 (F,0)= Z,(F )+ Z,(7,t) = 4, (F,0) ) 1 4, (7 1) ™)

tot

Multiplying both sides of this equation by e ")

Z~wt (F’ t) e = A (’7’ t) éwl(zym + 4, (77, l) o' gia(F1) =i (7.1)
=4 (17, t)eiaa(t)t +4, (’-;1t)eiwz(z)tei((pz(;,;),%(;’t))

This shift in overall phase, by an amount e js formally equivalent to a redefinition to the
zero of time, and also physically corresponds to a (simultaneous) rotation of both of the

(mutually-perpendicular) real and imaginary axes in the complex plane by an angle, gol(F,t) .
The physical meaning of the remaining phase after this redefinition of time/shift in overall
phase is a phase difference between the second complex amplitude, Z, (? ,t) relative to the first,
Z,(7,t) . The relative phase difference is Ag, (7,1)= (¢, (7.1)— @, (7.1)). Thus, at the (newly)

redefined time r* = ¢ — g1 (r,1)/o1(¢) = 0 (and then substituting * = ¢) the resulting overall, time-
redefined amplitude is:

7., (F.1) = 4, (F, 1) €™ + 4, (7 1) 7070 )
or:

Z,, (17,1‘) = Al(i/:'t)eiwl(f)l + 4, (F’t)eiwz(t)tem(pﬂ(m)

The magnitude of the resulting overall amplitude,

Z, (7 t)‘ can be obtained from

(temporarily suppressing the (7,¢)-dependence, for clarity’s sake):

=7,2,,=(2,+2,)(2,+2,) =(2,+2,)(Z + Z;)

tot

tot
=7, 2+ 2, Zy+ 2y 2, +Z,-Z,
=z +2,-2,+2, 7 +|z,|
Let us now work on simplifying the sum of the two cross terms in the above expression.
Since Z, (7,¢)and Z,(#,t) are complex quantities, they can always be written as:
Z,(7,t) =X, (F,t)+iY,(¥,t) and Z,(F,t)= X, (F,t)+iY, (F.t).
7
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Then (again, for clarity’s sake, temporarily suppressing the (F, t) -dependence of these guantities):

2, Zy+ 2y 2y =(X, +i,) (X, +iY,) +(X, +iL)- (X1+1Y)
= (X, +iY))-(X,-iY,) +(X,+iY,)-(X,—iY))
=(X,- X, +iY,- X, —iYZ-X1+Y1-Y) (X X, +iY, X, ~iY, X, +Y,-Y,)
= (X, X, + i XY i KT, +Y 1 X, )+ (X X, +i X T, —i Xl + Y, T,

=2(X,-X,+Y,-Y,)=2Re{Z, - Z;}
ie. RelZ -Z,} =Re{Z,-Z '} . We will explicitly prove this statement — the 1st term is:
1 2 2 1

Z~12~; =X - X, +iX, Y —iX;- Y, +Y . 1, :(Xl'Xz+Yl'Y2)+i(X2'Yl_X1'Yz)
:Re{Z}Z%} :Im{Z}Zé}

whereas the 2nd term (= changing in indices 1= 2 in the above expression) is:

Zz'Zl*:Xz'X1+iX1'Yz_iX2'Y1+Y2'Yl:Xl'Xz+iX1'Yz_in'Yl+Y1'Yz
:(Xl'Xz+Yl'Yz)+i(X1'Yz_X2'Yl)

:Re{fzif} :Im{Z}-Zf}

Separately comparing the real and imaginary parts of each of these two terms, we see that indeed
Re{Z,-Z;}= Re{Z,-Z]}=(X,-X,+Y,-Y,)

Whereas: Im{Zl-Z;}:—Im{Zz-Zf}:(XZ-IQ—Xl-YZ).

Alternatively, we can equivalently see this another way, simply by working with the explicit

expressions for complex Z, (7,¢) = 4, (7,¢)e"*"**") and Z, (¥,t) = 4, (F,1) >0

Z~1 Z~; +Z~2 . Z~I — Alei(wltﬂﬂl) . Azefi(a)ztﬂoz) n Azei(a)zt+(p2) ) Alefi(wl;ﬂpl)
_ Al . Aze[(a)ltﬂpl)e—l((uztﬂﬂz) + Al .Azel-(wzt+(ﬂ2)efi(a&t+(pl)

Let us define x=(a, (1)t +¢,(1)) and y =(w, (¢)1+¢,(¢)). Rewriting the above expression:
Z~lZ~; +Z~2 Z~1* C A Al e A Al e
= Al . Azei(x*}’) + Al . Azei(}’*X) — A]_ . AZ (ei(x—y) n e,‘(y,x))

=4 -4, (e"(xfy) + eii(xiy)) =24 -4, COS(x—y)
=2cos(x-y) =RG{Z~1(t)-Z~;(t)} n

=2Re{Z,-7,}
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Thus, finally we see that:

tot

=z +2,-2,+2,Z 4|7,

=‘Z‘ +‘Z‘ +(Z 7, +Z~2-Z~f)
2}
t)

= 4,(7, ) a0e() and

‘Z‘ +|Z, \ +2Re{Z,
If we now insert the explicit expressions for complex Z (
Z,(F,t)=4,(F.t)e fea042:0) i the above formula:

Z

tot

= A7 + A3 +24,- 4, cos[ (ayt + ¢, ) — (ot + ;) |

= A + A2 +24,- A4, COS[(a)lt—a)zt)+(¢)1 —goz)]

=AP+ A2 +24,- A, cos[(col—a)z)t+(gol—(p2):|
Let us now define Ay, (1)=(a,(1)-,(1)) and Ag, (7.1)= (@, (F.1) - @, (7.1)).
Then we see that:
Z

tot

= Al + A} + 24, - 4, Cos[Awy,t + Ay, |

If the frequencies of the two complex amplitudes are equal, then A, (1) =(a,(1)- @, (1)) =0
and thus:

Z

tot

= A} + A5 +24,- 4,c0sAg,,

Note that this expression is simply the formula for the law of cosines associated with a
triangle lying in the complex plane! The phasor diagram associated with the two complex

amplitudes Z, (7,¢) = 4, (7,£)e" ") and Z, (¢) = 4, (1) “*""**0) and their resulting
overall amplitude Z,, (¢) in the complex plane is shown in the figure below, for 7 = 0.

Z,(0) Z,(0)
Aw(\ Aw:\ >

‘. > Re
2,(0)

Note that as time ¢ increases, the phasor triangle diagram rotates counter-clockwise in the
complex plane — and also potentially in a quite complicated manner, e.g. if o, (¢) # @, (¢).

Im

For any complex quantity Z(7,¢) =X (7,t)+iY (7,t), the phase angle ¢(7,¢) relative to the
real axis (i.e. the x-axis) in the complex plane is given by the simple trigonometric formula:
tanp=Y/X or: p(t)=tan™(Y/X).

9
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Thus, in the above figure, the phase angle A://(F t) associated with the overall/resultant

amplitude Z,, (7,¢) is tan Ay = Im Z, /Re t, or: Ay =tan” (Im o /Re o )

Writing the “zero-of-time redefined” complex amplitude “vectors” Z, (7,¢) = 4, (7, t)e[(“"(’)’),

Z,(F,t)=4,(F,t)e leassonlr)) gng 7, (7,0) = 4, (F,1)e + 4, (7,2) V") in terms of
their respective real (x-) and imaginary (y-) components, it is straightforward to show that:

Ayl(?,t)tanl(“‘n{z:m—’(’j’t)}}tanl Al(’7 t) ; )Sin(a)zt+A¢)12)J

, (ont)+ A4, (7t
Re{ mt(f,t)} A (7,1) F,t)cos(wyt +Apy, )

sin
cos(ayt)+ 4,

—~

Note that at 7 = O:

Im{ZM(F,tzo)} :tanl( A( t=0)sinAp, ]
Re{Z,, (F,t=0)} 4, (7,6=0)+4,(7,t=0)cosAg,

If the two frequencies are equal to each other, i.e. @, (¢)=w,(t)=w, then

Az//(F,t_O)_tan{

Awy, (t)= (@, (¢)-,(t))=0 and this expression simplifies to:

Ayx(?,t):tan1[Im{Z~’”t(F't)}]:tanl( A4 (7,t)sinat + 4, (; Z‘;Sin(a)t+A(p12)]

A (F,r)cos ot + A,

Re{Z,, (7.1)]

(
At1=0: Aw(F,rO)tanl[gzgwgii_gmtan{ 4, (7,1 =0)sinAg, j

Finally, if additionally the two individual amplitudes are also equal to each other,
ie. A (F,t)=4,(F,t)=A(F 1) then:
Z, (7t )‘2 =24%(1+cosAg,, ) and:

Ay (1) =t _1( S sin oz + X sin(wr +Agy,) ] tan‘l[ sinwt +sin(wt +Ag,) J

M coswrt + M cos(wt +Ap, ) cos wt +cos(wt +Ap, )

sinAg,,

Attr=0: Ay (7,t=0)=tan™
W( ) (1+COSA(012
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Beats Phenomenon

The phenomenon of beats is actually one of the most general cases of wave interference.
Suppose at the observation point 7 in 3-D space we linearly superpose (i.e. add) together two

signals with “zero-of-time re-defined” complex amplitudes Z, (7,¢) = 4, (7 ,t)e[(wl(t)t) and
Z,(F,t) = 4, (7,¢) " =) \which have similar/comparable frequencies, o, (1)~ , (¢)
with Aw,, ()= (@, (t)—,(1)) and instantaneous phase of the second signal relative to the first

of Agy, (7.)=(p,(¥.1)—,(7.)), the total/overall complex amplitude at the observation point
7in3-Dspaceis Z,,(7,t)=Z,(F,t)+Z,(7,t) = 4, (7,t)e™ + 4, (7,1) &=

Note that at the amplitude level, there is nothing explicitly overt and/or obvious in the above
mathematical expression for the overall/total/resultant complex amplitude Z,, (7,¢)that easily at-

a-glance explains the phenomenon of beats associated with adding together two complex signals
that have comparable amplitudes and frequencies.

However, let’s consider the (instantaneous) phasor relationship between the two complex
amplitudes Z, (7,¢) = 4,(7,t)e 1) ang Z,(7,t)=4,(7,t)e ilea)+20a(9) regpectively. Their
relative phase difference attime 1 =0 is Ag,, (7,1 =0)=(g, (7,1 =0) -, (7,1 =0)); the

resultant/total complex amplitude ZNM (F,t) is shown in the above phasor diagram at time 7 = 0.

From the law of cosines, we showed above that magnitude? of the resultant/total complex
amplitude at the observation point 7 in 3-D space was:

Zio (va)‘2 = A7 (Ft)+ AL (F,0)+ 24, (F,t)- 4, (¥, 1) cos| Awyt + Ay, (F,1) ]

Z,( rt =\|Z.. (7.1 —\/A2 1)+ AL (F,1)+ 24, (F,1)- 4, (¥, 1)cos| Ayt + Ay, (F,1) ]

For equal amplitudes: 4, (7,t)=4,(7,t)= A(7,t) = A = constant and zero relative phase:

Apy, (F,1)= (@ (F,1) =, (F.1)) =0 {i.e. ¢, (¥,1) =, (F,)} and constant (i.e. time-independent)
frequencies @z and w1, this expression simplifies to:

7, (F.1)| = ) = A%+ A + 247 cOS Awy,t =24 \[L+COS Ayt
<|Z,,(7.1)|<2.

The phase Ay (7,¢)associated with the total amplitude Z,,, (7,¢) for this specialized case is:
Im{Z (7t
Ay (F,t)=tan™ M — tan-! sin () +sin(w,t)
Re{Ztot(l_;’t)} cos( et )+cos(m,t)
11
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The magnitude of the total complex amplitude,

Z, (F,1)| =|Z.(F,0)+ Z, (7,t)| vs. time, tis
shown in the figure below for time-independent/constant frequencies of 1 = 1000 Hz and
/2 =980 Hz, equal amplitudes of unit strength, i.e. 4 (7,t)=A4,(7,t)=A(7,t)=A4=1.0 and

zero relative phase, Ag, (7,1)=0:

Beats Phenomenon
Asi(t) = Aq(t)+Ax(t)

3.0

2.0

W |l I ™

0.0

LA A

-2.0

Acot(t)

-3.0
0.000 0.025 0.050 0.075 0.100 0.125 0.150

t (seconds)

The beats phenomenon can clearly be seen in the above waveform of the magnitude of the
total amplitude |Z,, (F,t)‘ = ‘Z~1(17,t)+Z~2 (F,t)‘ vs. time, £. From the above graph, it is obvious

that the beat period, meat = 1/fheat = 0.050 sec = 1/20™ sec, corresponding to a beat frequency,
foeat = 1/ meat = 20 Hz, which is simply the frequency difference, freat = | f1 — /2| between f1 = 1000
Hz and f2 = 980 Hz. Thus, the beat period, zeat = 1/fbeat = 1/| fi — f2|. When fi = f2, the beat period
becomes infinitely long, and thus no beats are heard!

In terms of the phasor diagram, as time progresses the individual amplitudes Zl(F,z) and
Z, (F,t) precess (i.e. rotate) counter-clockwise in the complex plane at (angular) rates of

a = 27ntf1 and ax = 272 radians per second respectively, completing one revolution in the phasor
diagram for each cycle/each period of 71 = 2n/an = 1/f1 and = = 2n/ az = 1/f2, respectively.

12
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If at time 7 = O the two phasors are precisely in phase with each other (i.e. with initial relative
phase Aga1 = 0.0), then the resultant/total amplitude, Z,, (7,t=0)=Z,(7,t=0)+Z,(7,t=0) at
time ¢ = 0 will be as shown in the figure below.

Zodt =0) = Z1(t =0) + Z2(t = 0)
e T B

Zi1(t=0) Z2(t=0)

As time progresses, if an # ar, (noting that phasor 1 has angular frequency o = 2nf1 =
2*10007 = 2000x radians/sec and phasor 2 has angular frequency a» = 2rtf2 = 2*980% = 196071
radians/sec in our example above) phasor 1, with higher angular frequency will precess more
rapidly than phasor 2 (by the difference in angular frequencies, Aw = (w1 — az) = (20007 —
1960m) = 40~ radians/second). Thus as time increases, if @1 > @z, phasor 1 will lead phasor 2.

Eventually (at time ¢ = Y2meat = 0.025 = 1/40™ sec in our above example) phasor 2 will be
lagging precisely Ag = = radians, or 180° behind in phase relative to phasor 1. At time ¢ = %2 beat
= 0.025 sec = 1/40" sec phasor 1 will be oriented exactly as it was at time ¢ = 0.0 (having
precessed exactly N1 = ant / 2t = 2nfit | 2n = fit = 25.0 revolutions in this time period), whereas
phasor 2 will be pointing in the opposite direction at this instant in time (having precessed only
N2 = ant | 21 = 2nfat | 27 = fot = 24.5 revolutions in this same time period), and thus the total
amplitude Z,, (7.t =17y ) = Z, (7.t = L1y ) + Z, (¥, 1 = 1 7, ) Will be zero at this instant in time
(if the magnitudes of the two individual amplitudes are precisely equal to each other), or minimal
(if the magnitudes of the two individual amplitudes are not precisely equal to each other), as
shown in the figure below.

As time progresses further, phasor 2 will continue to lag further and further behind phasor 1,
and eventually (at time ¢ = mear = 0.050 sec = 1/20" sec in our above example) phasor 2, having
precessed through N2 = 49.0 revolutions will now be exactly Ap = 2= radians, or 360° (or one
full revolution) behind in phase relative to phasor 1 (which has precessed through N1 = 50.0 full
revolutions), thus, the net/overall result here is the same as being exactly in phase with phasor 1!
At this instant in time, Ziot(f = meat) = Z1(¢ = beat) + Z2(¢ = tbeat) = 2Z1(t = eat), and the phasor
diagram at time ¢ = meat l00ks precisely like that as shown above for time ¢ = 0.

Thus, it should (hopefully) now be clear to the reader that the phenomenon of beats is
manifestly that of time-dependent alternating constructive/destructive interference between two
periodic signals of comparable frequency, at the amplitude level. This is by no means a trivial
point, as often the beats phenomenon is discussed in many physics textbooks in the context of

L7 |2, (7o)

physics origin of the beats phenomenon has absolutely rothing to do with the intensity of the
overall/ resultant signal, it arises from wave interference at the amplitude level.

intensity, . However, from the above discussion, it should be clear that the

13
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A Special/Limiting Case — Amplitude Modulation:

Suppose at the observation point 7 in 3-D space that 4, (7,¢)> 4,(7,t) and £, > f,, then
the exact expression for the complex total/resultant amplitude:

Z, (?,t)‘ = |2, (7.0) = \/Af (F.t)+ 4 (1) +24,(F.1)- 4, (7. t)cos[ Awy,t + Ay, (7.1) ]

can be approximated, neglecting terms of order m?* = (A2 (F,t)/Al(?,t))2 <1 under the radical

sign, and noting that for £, > f,, then @, > w,and hence Aw,, =(», —®,) = w,. For simplicity
in this discussion, we set the phase difference Ag,, (7,7) =g, (F,t)—¢,(F,t)=0 (its effect is
merely to shift the overall beats pattern to the left or right along the time axis). Then:

Z, (F,t)‘ = Al(F,t)\/l+(A2 (F,t)/Al(F,t))z +2(4, (77,t)/Al(F,t))COS[Aa)lthrA\q)ﬂ(iQ}
= 4, (F,1) L+ + 2meos[Aayt] = 4, (7,1) I+ 2mcos ot

Using the Taylor series expansionv1+¢ =1+1¢ for the case ¢ =2mcoswt <1,
Z, (F,t)‘ =4, (F,t)(1+mcoswy).

the magnitude of the total complex amplitude is

The ratio m = (A2 (7.t)/ 4, (F,t)) < 1 is known as the (amplitude) modulation depth
associated with the high-frequency carrier wave Z, (7,¢), with amplitude 4, (7,¢)> 4, (7,¢)
and frequency f; > f,, modulated by the low frequency wave Z, (7,¢)with amplitude 4, (7,¢)
and frequency f, . This is the underlying principle of how AM radio works — note that 4M stands
for Amplitude Modulation. In 4M radio broadcasting, 540 KHz < f, = f. ... <1600 KHz
whereas 20Hz < f, = f, ., <20 KHz .

arrier

udio

Propagation of Complex Sound Waves in Three Dimensions:

In previous lectures, we have discussed the propagation of purely real sound waves in one
dimension, e.g. a monochromatic traveling plane wave propagating in the + x-direction:
w(x,1) = Acos(wt Fkx) where A is the amplitude of the wave, the wavenumber

k=2x/2 (m‘l) , the wavelength A =v/f (m) and the phase speed of propagation of the

monochromatic traveling wave in the medium is v, = f1 = w/k (m/s), which in “free air” {i.e.
“The Great Wide Open”} is also equal to the speed of propagation of energy v, in that medium.

We can “complexify” the purely real 1-D monochromatic traveling plane wave description(s)
w (x,1) = Acos(et F kx) to become complex 1-D monochromatic traveling plane waves simply
by adding on a purely imaginary term: iAsin(a)ziloc) , I.e. complex 1-D monochromatic
traveling plane waves in the +x-direction are mathematically described by:
77 (x,t) = A{cos( @t F kx)+isin (et F kx)} = 4™

14
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In order to describe monochromatic traveling plane waves propagating in an arbitrary
direction in 3-D space, in analogy to the 3-D position vector 7 =r,x+7,y+7rz =xxX+ yy+zz,
we introduce the concept of a wavevector k = k.x+k,y+k_z . The wavevector k is an important
physical quantity because it tells us the propagation direction of the wave — it is in the
k= l?/‘l?‘ = k/k direction. The k_,k,, k. are the components of the wavevector  along

(i.e. projections onto) the x, y, z axes, respectively as shown in the figure below:

H ’ H'™Y = e - - = 2 2 2 2 2 2
The magnitude of the observer’s position vector 7 is: r = || =/Fs7 =\/rx +rl 7 =+ 2R

Likewise, the magnitude of the wavevector & is: k = ‘IQ‘ =Vkek =k + k> + k7 .

The three x,y,z-direction cosines associated with the position vector 7 are obtained from dot
products (aka inner products) of the unit position vector 7 with the x, y, z axes, respectively:

COS®, =rex, C€O0SO =rey and coSO_=rez

Since 7 = r7, then: ?:F/r:F/|F|:F/\/mzx£+yj+zé/\/m.
Thus we see that:

cos O, E?-fc:x/\/mzxﬂdzx/r,

COSO, =7+) :y/\/m =y/|r|=y/r and

COS®, =7z =z/\/m=z/|r| =z/r.

A A2
Note also that: |7+7|" = cos’ ®, +¢0s’ ©  +cos® @, =1.

15
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In terms of the usual 3-D spherical-polar coordinate system’s polar and azimuthal angles
gdand ¢, respectively it is straightforward to show that:
cos®_ =sindcosg,

cos®, =sindsing and
COS®, =cosd, ie. that © =6.
Likewise, the wavevector k = k.x+k,y+k.z hasits own direction cosines:

cos®, =kei=k, [\ K2 +k2+ k7 = —k Jk,
cos®, =kej=k [\ K2 +k+k> =k [|k|=k, /k and
c0s®, =kez=k [k +kP+k = —k Jk.

~A ~2
Note again that: |kk| =cos*®, +cos’@, +cos’©, =1.

If we were to |mag|ne 1-D complex monochromatic traveling plane waves propagating in the

~

k. =%x, ky =+y and k = +z -directions we would describe each of these mathematically as:

Aez (ut+k x

)} =
)= e

Prop. in k. = +3-direction: 77, (F.t) = A{cos(wrt Tk x)+isin(wt T k.x)

Prop. in k, = +j-direction: 7, (7,¢) A{cos(a;t;k y)+isin(otFk,y

Prop. in k, = +2-direction: g7, (7.t)= A{cos(wt Tk z)+isin(at ¥k z)} =A™

From these relations, noting that k«7 = (k& +k,3+k.2)(xX + yp+22) =k x+k y+k.z,
we can generalize to the case for a complex monochromatic traveling plane wave propagating
in an arbitrary direction k= (k x+k y+kz /‘ ‘ kx+k Vtkz /k in 3-D space:

Prop. in k-direction: v (7,t)= A{cos(a)ﬁr k-?)+isin(wt¢k-?)} = 4

The above expression for a complex monochromatic traveling plane wave propagating in an
arbitrary direction & in 3-D space is an appropriate description for a complex scalar field
— e.g. complex pressure p(7,t)— because scalar fields y7(7,¢) at each/every space-time point

(F,t) have no explicit direction associated with them, other than their propagation direction k.

We can also easily generalize the above complex scalar traveling wave description 1,17(17 : t) to
describe 3-D complex vector monochromatic traveling plane waves propagating in an arbitrary

direction % in 3-D space — e.g. complex particle displacement E(F,t), particle velocity

ﬁ(?,t)and/or particle acceleration E(F,t). We can mathematically describe “generic” 3-D
complex vector fields e.g. in Cartesian / rectangular coordinates in the following form:

v (Ft)=g (F.t)x+g, (Ft)p+y. (F1)2
16
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Vector fields 47 (7,¢) at each/every space-time point (7,¢) have do have an explicit direction
associated with them — namely the :ﬁ(?,t) = ;ﬁ(?t)/‘y?(?t)‘ direction. Thus, for a 3-D complex
vector monochromatic traveling plane wave propagating in an arbitrary direction kin3-D space:

i a)ﬁ,l?-?)

Prop. in k-direction: 7 (7,7) = Zl{cos(a)ﬁr I?-F)+isin(a)t$l€-7)} _ e

where the complex vector amplitude associated with the 3-D complex vector monochromatic
traveling plane wave z;(F,t) propagating in an arbitrary direction & in 3-D space is given by:

A=AF+Ay+Az

The above expressions for 3-D complex scalar and vector monochromatic traveling plane

waves propagating in an arbitrary direction k in3-D space are formal mathematical solutions to
their corresponding 3-D wave equations:

2 2
V2 (7. z)—i—a VIR o and Vi@ t)—i—a "25” 1)

¢’ ‘/’

0 respectively.

The 3-D complex monochromatic traveling plane wave solution(s) to these two linear,
homogeneous, 2"-order differential equations physically correspond, respectively to scalar and vector

waves propagating in the k direction in a 3-D medium which has the following physical properties:

(a) The medium is lossless, i.e. no friction/no damping and/or dissipative processes exist.

(b) The medium is also dispersionless, i.e. there is no frequency dependence of the phase
speed of propagation v in the medium, i.e.v, = constant # fen( f,7,...), such that the

dispersion relationship v, = /A = w/k = constant # fen( f,7,...) is valid/holds in the medium.

If the medium is dissipative and/or dispersive, the above wave equation(s) and their solutions
will necessarily be modified/change as a consequence of such phenomena.

1 821//(r )
a T A2

separate/independent wave equations, since 1/7(77, t) =y, (77, t)x + 1/7}, (;7, t)f/ +y. (17, t)i

Note also that the 3-D vector wave equation V2 (7,7) — =0 is actually three

@

2 82 2
Vi, () - L O0ED o grp - LIED g ang vag - L OG0
vw ot v, ot p ot
2
o, Vi (- 2V ED
2o
s 1 0%y (¥t . o4 (F,1) | . Lo 1 047 (F,1) | ~
SN AGH B M:I {Vz (7,8) - —2y Vz‘//z(r,l‘)——zw z=0
v(p t v(p Ot v, ot
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The complex monochromatic scalar and vector traveling plane waves 7 (7,¢), v (7,t)
{obviously} must respectively satisfy the 3-D wave equations:
5 19 . = 1 8%(7.1)
Vg (7, t)-——w(7,t)=0 and: V2 (7 1) —-———"~-=0
l//( ) vj, o’ l//( ) v v; o’

In 3-D Cartesian/rectangular coordinates the Laplacian operator V? = V.V {where V is the
gradient operator} has the form:

VZ=VeV = Efwijﬂrﬁé |2 fc+£jz+£2 _ + & + &
ox oy oz o’ oyt oz

Explicitly carrying out the differentiation(s), we obtain the dispersion relation associated
with propagation of a complex monochromatic traveling plane wave {in “free air’}:

—12 - -
k2 + k> + k> =’ [v. , which since &° = ‘k‘ =kek = k! + k. +k’ can be equivalently written as:

k* =’ /v or: k=a]/v,, hence the phase velocity: v, = w/k = f A = constant = fen(f,7,...).

The surface{s} of constant phase associated with a traveling plane wave occur for
i +7 = constant in the argument of the ¢ factor in 7 (7,¢) andlor 7 (7,t).

From the fundamental/mathematical definition of a {spatial} gradient, the vector wavenumber:
o 0~ 0 O . - aA oA
k EV(k-r)=(ax+5y+£zj(kxx+kyy+kzz) =kX+kp+kz

is a vector quantity that points in a direction perpendicular to the surface(s) of constant phase,
k +F = constant . Physically, it points in the direction of propagation of the traveling plane wave.

If e.g. the vector wavenumber £ lies only in the x-y plane {thus making an angle @ with respect
to the % -axis}, then 7 (7,¢) = A ") Z 4R and 0. planar surfaces of constant phase are
oriented parallel to the Z -axis as shown in the figure below {for a “snapshot-in-time”, e.g. at ¢ = 0}:

5 Planes of constant phase

A k¥ = constant

k=kx+kp

2
k, = ksino A

From the above figure, we see that: k =k X+k 3+ k2 =k 5+k,J =kcosOx+ksin0y
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Surfaces of constant phase are k+F = k.x+k,y=constant or: y = —(kx/ky )x + constant , Which is

the equation of a straight line y(x)=mx+b with slope: m =—(k, /k, ) = -(kcos6/ksind) = —cot 9
and y-intercept: b = constant .

wot—kx) _ A ei(wz—loccosﬁ)

Ate.g. fixed y =0, this traveling wave is: i (7,¢) =7 (x,0,2,) = Ae'"

At e.g. fixed x = 0, this traveling wave is: 7 (7,¢) =17 (0, y,z,t) = A& ) ggilorbsing)

The 3-D complex monochromatic traveling plane wave solution(s) to the above linear,
homogeneous, 2"3-order differential equations also physically means that propagating 2-D planes

(aka wavefionts) of constant phase ¢(7,¢) =t ¥k« also exist, as shown in the figure below,

e.g. for a scalar 3-D complex monochromatic traveling plane wave propagating in the k= +y

. . . T A oy -~ A o~y . i(wtflz-F) _ i(wt—k},y) .
direction with k£ =k y and observer position7 = yy, thus, here: y(7,7) = 4e = Ae :
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For each of the i =1:6 planes located at y = y, in the above figure, at a specific instant in
time, ¢ the phase ¢, (7,7)=@(x,y = y,,z,t) = ot — ky, associated with the complex traveling plane

wave propagating in the k= +y direction is the same (i.e. constant) for every (x,z) point on that

» =y, plane. Note also that the phase difference A%._l(;? ,t) between successive planes i and
i—1 is also constant, as well as time-independent:

Ag, (Ft)=o(x,y=y.z.0)=p(xy =y 2t) = (0t —ky )~ (Dt~ ) ==k (3~ yis) = —kAy

=Ay
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Complex Standing Waves:

Suppose that we linearly superpose (i.e. add together) e.g. two counter-propagating scalar
1-D complex monochromatic travellng plane waves of the same frequency f'and amplitude A4,

propagating in the k =+y and k =—y directions, respectively in a lossless/dispersionless

medium. Then &, = +kp = +(w/v)p =+(27f/v)$ and k, =—kp =—(o/v) 5 =-(27 1 /v) 3
At the observer’s space-time position (7,¢)=(x, y,z,¢), the total/resultant wave is:

G, (Fo1) =7, (Fot) £ 17, (7o) = A 57000 4 gollorterod)
_ Ae[(wt—ky+gol(F,t)) i Aei((quyﬂoz(F,t))

-4 {ei(a)t—/g/+(pl(?,t)) n ei(wt+/gv+(/72(7,t))}

_ Ae,'wt {e—i(ky—(/ll(F,t)) n eﬂ'(kyﬂpz(F,t))}

The magnitude (i.e. length) of the total/resultant wave is:

‘y;tot (F1t)‘ = \/ll[;tot (}711‘) . 1/7;” (}—;, t)
B \/Ax{e_i(ky_%(”)) lka(71) } A\{ io-(7.1) (wz(f,z))}
= A\/{e—i(ky—%(f,t)) + e+i(ky+<ﬂz(f,r))} . {e+i(ky—(p1(7,t)) + e—i(/ng(f,z))}

_ A\/l+ +i(2ky+[¢2(7,1)—¢1(7,t)]) + e—i(2ky+[¢2(7,t)—q)l(;’,t)]) +1

B A\/Z 4 e -a@n)) | 2o e i-ai )

We define: Agy, (7,t)= @, (7.t)— g, (F.t), thus: |, (7.t) = AN2 4 g2 rdonlr0) | i(2h+sen(ri)
We then define: ®(7,7) = 2ky + Ag,, (F,t), thus: y?mt(?,t)‘ :A\/2+e“q’("")+e"¢(7vf) _
=2c0sD(7,1)

But: ") 4 o0 =2cos®(F7,t), thus we see:

Vs (7o) =241+ COS D (F 1)

Thus, we see that when: cosd)(?,t) =+1, i.e. when ®(7,1)=0,427z,+47,+67...= *n,,, 7,

even

neven =0, 2, 4, 6, ... the total/resultant wave will be maximal (i.e. constructive interference of the
two counter-propagating traveling waves): |17, , (F,t)‘ =24, but when cos®(7,7)=-1,

i.e.when ®(7,¢)=+1r,+37,457...= £n 4,7 , noda = 1, 3,5, 7, ... the total/resultant wave will be

l/;tot (F’I)‘ = 0 '

minimal, (i.e. destructive interference of the two counter-propagating traveling waves):

If we choose the observer’s position e.g. to be at 7 = (x,y = 0,z) {i.e. anywhere in the x-z
plane, at y = 0}, then: dD(x,y =0, z,t) =A@, (x,y = O,Z,t) =0, (x,y = O,Z,t)—gol(x,y =0, z,t)
and we see that: cos®(x,y =0,z,7)=c0sAg, (x,y=0,z,), hence the total/resultant plane
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wave is: ‘zﬁmt (x,y=0,z, t)‘ = x/EA\/1+ cosAg,, (x,y=0,z,¢), and thus when:
COSAp,, (x, y=0,z, t) =+1, i.e. when Ag,, (x, y=0,z, t) =0,+27,t47x,t6x...=tn_ 1,

even

neven = 0, 2, 4, 6, ... the total/resultant plane wave will be maximal (i.e. constructive interference
of the two counter-propagating traveling waves): |, (x y=0,z1 ‘: 24, but when

COS<I>(r,t) =-1,i.e. when A(oﬂ(x,y = O,Z,t) =+1r,+37,457...=%n, 7w, nodd =1, 3,5, 7, ...

the total/resultant plane wave will be minimal, (i.e. destructive interference of the two counter-
propagating traveling waves): |7, (7,¢)|=0.

In terms of phasor diagrams:

Maximal/constructive interference occurs when the relative phase Ag,, of the two counter-

propagating traveling waves is an gven integer multiple of 27, i.e. 360°, such that the two
individual amplitudes add linearly together, because they are precisely in-phase with each other,
as shown in the figure below, at time 7 = 0:

RS
l/?l(x,y:O,z,tzo) 1/72(x,y=0,z,t=0)

Minimal/destructive interference occurs when the relative phase Ag,, of the two counter-

propagating traveling waves is an odd integer multiple of 7, i.e. 180°, such that the two
individual amplitudes completely cancel, because they are in precisely out-of-phase with each
other, as shown in the figure below, at time z = 0:

7, (x,y=0,z,t=0) ¥,(x,y=0,z,:=0)
=4 =-4
When the relative phase difference Ag, (x,y=0,z,t)=¢,(x,y=0,z,1)—¢,(x,y=0,z,7) is
anywhere in between these special points, i.e. n 7 <A@, <n,, 7, then only partial/incomplete

interference occurs, and the phasor diagram in the complex plane at time 7 = 0 will in general be
something like that shown in the figure below:

Im A
V. (0) 7, (0)
AV/(\ e A(m:\ » Re
Wl(o)
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Now let us return to our input stimulus/“black-box” system output response problem that we
mentioned at the beginning of these lecture notes, and discuss ¢his situation in greater detail:

S; Inp:Jt(RS)tifmqus ) Linear System Response
ignal (Reference): - ——
S, (1)=5: cos ot Linear, Arbitrary / . _?;tpu'[ Signal:
- Generalized (1) =R, (@) c0s(at +o())
System
= “Black Box”

The instantaneous input stimulus signal S, (¢) = S;, coswr and the instantaneous output

response signal R, (¢)=R., (@)cos(wt +p(w)) are purely real time-domain quantities.

We can “complexify” the instantaneous input/output time-domain signals just as we have
done above by adding suitable / appropriate “imaginary” (aka quadrature) terms to each,
which are {£} 90° out-of-phase with the above purely real time-domain quantities:

S, (t) =S coswt +iS;, sin et = Sie™

Ry (1)= Ro (@)005( 01+ () +iR2, (@)sin e+ 9()) = B, ()¢

The ¢ = 0 phasor diagram associated with these two complex phasors is shown in the figure below:

3 90° _Out-c’)’f-Phgse Phasor Diagram
Imaginary” Axis - Y “snap-shot” @ ¢ = O:

R, (@)
R, (w)sing(w) b
(/’(60) In;_\l?hallse
g : = (13 ea 7
~~ d Axis - X

Whole/entire phasor
diagram rotates in .
counter-clockwise S, (t=0)=S$
manner (at angular

frequency w) as
time ¢’ increases!
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As time ¢ increases, the entire phasor diagram rotates counter-clockwise in the complex plane,
with angular frequency @ as shown in the figure below, for a “snapshot-in-time” at time ¢ = ¢.

The entire ¢ = ¢ phasor diagram below is rotated CCW relative to the above ¢ = 0 phasor
diagram by an angle ¢, = ot :

90° Out-of-Phase
“Imaginary” Axis - Y Phasor Diagram
“snap-shot” @ ¢ =t

R., (w)sing(w)sin ot

out

¢() :E

0 ; k 50
R:, (w)sing(w)cos wr C \orf " U sosinar
R;, (@)sin (0(50) 7 = ot R, (® »)¢0s ¢ (w)sin o
A > > > | In-Phase
R}, (@)cosp(w) “Real”
Whole/entire phasor N — Y AXIs - X
diagram rotates in 0
counter-clockwise R, (@)cosg(w)cos o . .
manner (at angular S, (@t=0)=5; cos0=S5;
frequency w) as
time ¢ increases!

If we write out/expand:

jéout ( ) RO

out

(w)cos(at + (@) +iR:, (w)sin(wt +p(w)) = RS, (0) ")
=R.,(w){coswtcosp(w)-sinwrsing(w)}+iR., (w){sinwtcosp(w)+coswtsing (o)}

out
ey i )
- Re{l?om (t)} +ilm {ﬁom (t)}

We can equivalently write this expression in matrix notation as follows:

{Re{ﬁou,(t)}] [R;’m( ){cos ar cos p(w) - sina)tsinqo(a))}J

m{R,, (1)} ) (ol ){sin ot cos p(w) +cos wtsin p(w)}

out

)
T i

sinat cosot )\ R., (@)sing(w)
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The above ¢ = ¢ phasor diagram has been rotated CCW by an angle ¢, = et relative to the
¢t = 0 phasor diagram. We can thus rewrite the above matrix equation as:

am(t)} _(cosg, —sing, Rju,(a))cosw(a))
out (t)} Sln ¢0 COS ¢g R;)m (a))3|n ¢(0))
cosp, —sing,

The 2x2 matrix ( ]
sing, Cos @,

]

Re{
Im{

=]

is in fact none other than the 2-D rotation matrix, which takes a

X X'
2-D vector [Yj and rotates it {in a CCW direction} by an angle ¢, = e¢ in the X-Y plane to [Y']:
X") (cosgp, =—sing, (X
Y') \sing, cose | Y
precisely as shown in the above ¢ = ¢ phasor diagram!

= See/hear complex sound demo using loudspeaker, p/u mics + 4 ‘scopes and 2 lock-in amplifiers...
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Legal Disclaimer and Copyright Notice:

Legal Disclaimer:

The author specifically disclaims legal responsibility for any loss of profit, or any
consequential, incidental, and/or other damages resulting from the mis-use of information
contained in this document. The author has made every effort possible to ensure that the
information contained in this document is factually and technically accurate and correct.

Copyright Notice:

The contents of this document are protected under both United States of America and
International Copyright Laws. No portion of this document may be reproduced in any manner for
commercial use without prior written permission from the author of this document. The author
grants permission for the use of information contained in this document for private, non-

commercial purposes only.

25

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-
Champaign, Illinois 2002-2017. All rights reserved.



