Currents and B Fields:a

For now, we’ll consider situations with steady currents.
This means not only that J is constant,
but also that p is constant.

The latter condition implies that V-j=0 everywhere.
This can only work if current flows in loops:
If the lines end anywhere, then charge will pile up at the ends: p won’t be constant.

There is no such thing as a point steady current, unlike a point charge.

In this situation, we have (empirically) the Biot-Savart Law:
. [ Xz - I ¢dl xz
B(7)= g5l =

¢ S
A d 42 A1 2’
One can generalize this to surface
or volume current densities. r
e Replace with K orJ. Y
X

e Replace dl with dd or dVol.

Bio-Savart is the magnetic equivalent of Coulomb’s law.
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Example:

L dl
Consider an infinitely long straight wire: >
O]
= S
dl Xz points into the page. Its magnitude is: s
- 0 cosf=—
dl x#|=disinp=dicosO=dl(s/ ) .
1 2
Also, X = cos 6
2 2
7 S ; »
Here is the integral we must do: B= at [~ COSZ dl
ar S
sdo
Write dl in terms of d0: dl=s d(tan@)z ssec’0d=—
cos 0

0
max

_ I I
Thus: B= a jgma*c059d9= a [sin@}

47TS min 4”5 emin

=2 for an oo wire

Note: This is valid for a finite wire as long as it is
part of a complete loop (e.g., a square):



Example: The magnetic field on the axis, at (0, 0, z,) of a square loop:

y A

12 A
. 2,
i. X / / X

By symmetry, B must point along the z-axis.
All four segments produce the same B,. Look at one.

u I . Gmax =
B — 0 |:S|n9:| current flows
471-5 9min into picture

ok

z

1/2 a
2 2
s:(a +zo) and cosp=-— ”':‘\Z .y
S AN
, a a o] O\
sin@_ = = /‘\\/‘/x’
max 5 5 1/2 5 5 1/2 [
(a +s ) (Za +zo) S
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So, B =—Bcosq):—'u°
‘ At (2, 2\Y? 2 2\ 2 2\M2 | 1
(a +2z ) (Za +2z ) (a +z ) For large z,, Be<—; .
0 0 0 Z,
U I 4 our sides) This is a magnetic dipole.
— 0
=- There are no monopoles.

1/2
21 (02 +2; )(202 + zf))
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Ampere's Law s

Let’s consider the curl and divergence of B.

_oul, Cylindrical coordinates:
The B field near a current-carrying wire is: B=—2—¢@ <—— This is for ] along the +z axis.
27TS Use the right-hand rule.

Note: This holds for any wire,
if s << the radius of curvature:

Look at it end-on:
I is out of the picture.

independent
of s.

Because B is inversely proportional tos, - - M/
. 7 $¢B-dl =
the integral around a loop of radius s is 27TS

$dl =p 1

* In fact, this is true for any loop (any shape) that goes once around the wire.
e Any loop that does not go around the wire has gSE-df =0.

This is an important result, so we’ll prove it.
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Proof that ggé-diz ul for any loop around a wire.

IJOI
2TTS

Do it in cylindrical coordinates. (s,®,z). B= (O, ,O), and dl = (ds,sd(p,dz)

Thus, B-dl :'u—oldgo _ Neither radial (s) nor longitudinal (z)

27 motion contributes to the integral.
Lol
And [%2B.d :ﬁ(% -9,).

e A complete loop gives p,l.
e Multiple loops (N times around) gives Nul.
e Going the other way around (d¢o becomes —d¢) changes the sign.

We can generalize this result using superposition: gSE-dZ: 21
Only the wires that pass through the loop contribute. /

Clearly, we can let the discrete wires become distributed currents:
§B-dl =u_ | J-hda J

surface

The current flux

through the loop.
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Now, remember our friend, Stokes’ theoremgSE-dZ: | (vxé)-ﬁda
surface

So, we have:yy | J-Ada= | (Vxé)-ﬁdo
any any
surface surface

As we did with the electric field (because it works for any surface through any
loop), this can be written as a local (differential) equation:

—

7 D This is Ampere’s Law.
XB=
V 'uoj It is one of Maxwell’s equations

In a current-free region, VxB=0.
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Example: (G, 5.13a)
Consider a circular wire of radius R that carries total current 1.
Suppose the current density is uniform in the wire:

Calculate B inside and outside the wire.
Symmetry tells us that B has only a & component.

1 _ 5
J=——= . Units are Amp/m".
TR

Forr<R: C-[)Bdl:'uolendosed Uniform J inside.

This is the actual

_ _ 2 situation for DC
2nrB=p -J-Area= [l ——Tr s
TR currents In wires.
g=tol| L
2WR\ R
I/ L
Forr>R: I, 4 ..q=1 andB= Ko Cylindrical symmetry makes current
21r problems simple, just as spherical
The same as from symmetry does for charges.

a line current

End 10/14/13
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