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Chapter 4

DIRAC EQUATION

The non-relativistic Schrodinger equation was obtained by noting that the
Hamiltonian
_ P’
H=ry (1)

can be transformed into an operator form with the substitutions

0
H—-i— (h=1,c=1 2
iz (h=1, c=1) (2)
P——iV
: G, v?
resulting zat//(x, t):%l//(x, t) (3)

This equation is linear in the time-derivative and quadratic in the space derivative,
and is manifestly non-covariant under Lorentz transformation. Clearly, the left-
hand side and the right-hand side of Equation 3 transforms differently under
Lorentz transformation.

We briefly review Lorentz transformation.

Space-time coordinates (z, x, v, z) are denoted by the contravariant 4-vector
x“ E(x", x', x?, x3)z(t, X, Y,z )
The covariant 4-vector, x,,, is

_ _ _ v
X, =(x,, x, x,, %) = (1, =x, -, -Z)—g/wx

10 0 0]
0 -1 0 0

Sl 0 -1 0 )
0 0 0 -1

Zuw 15 the metric tensor
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The Lorentz transformation relates x*' to x:
(x") =A" x" (5)

For an inertial system S’ moving along z with V .= S, we have

y 0 0 -py
A_| 0 100 ©)
1o 01

Py 0 0 y |

where y = (1 - B’ )_%

Any set of four quantities which transform like x* under Lorentz transformation is
called a four-vector. The total energy E and the momentum P form a four-vector

P =(P°, P, P, P3):(E, 15) (7)
Scalar product of two 4-vectors are invariant under Lorentz transformation
4,B“=g, A"B" (8)

Some examples: xex=x,x"=1>-x

P-P=PP"=E’-P
xeP=x,P"=t E—XeP

.0z c o :
The H —> za—, P — —iV transcription is Lorentz covariant
t

P* —)ii:i@”
8xﬂ

One can readily obtain the continuity equation from the Schrodinger equation:
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P 5.5=0 9)
ot

where p=y *y >0, jz—ﬁ(l/l*Vl//—Wl//*)

p is the probability density, and J is the current density.

Note that the continuity equation can be written in a covariant form
0,j" =0, j*=(p.J) (10)

The early attempt for formulating a Lorentz covariant equation started from the
relativistic energy-momentum relation

E*=P +m’
: .0 = = . :
with the E — za—, P — —iV transcription, one obtains
t

82

—ygy:(—vz +m’ )y (11)

which is the relativistic Schrodinger equation, or the Klein-Gordon equation.

Equation 11 can be written as

(2 +m’ )y =0 (12)
2
where uZ:a—z—vz =ii:6 o* (13)
ot Ox* Ox,, #

is the d’ Alembertian operator, a Lorentz invariant operator.

From the Klein-Gordon equation, one can readily derive the following continuity
equation:
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P 157 =0

ot
_if 422 _ MJ (14)
i l(¢ oo J=i(g*o'p—g 0"p*)
J=—i(¢*Vp-gVg*) (15)

For a plane-wave solution to Klein-Gordon equation

(16)
We have

p=2EIN[, J=2P|N[ (17)

1
Since E = i(P2 +m’ )A , p can be negative for the E < 0 solutions.

The origin of this problem is the second derivative in time for the term 62/6¢* .

Dirac tried to find a relativistic covariant equation with a positive-definite

o : L .0 I
probability density. He assumed an equation linear in P andin V:

Hy = (07-13+,6’m)1//

aP=a B +a,P,+aP,

(18)

It is evident that o’s and f cannot be just numbers, because the equation would not
be invariant even under spatial rotation. Dirac proposed that the equation be

considered as a matrix equation. It should satisfy H’y = (P2 +m’ )1// :

Applying H to Equation 18 leads to

Hy=| Yo'+ (aa, +a,a )PP+ (o ff+ fa,)mb + fim’ |y

i#]
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Therefore

What are the other properties of a;, 5?
First, a;, f are Hermitian, since H is Hermitian (see Equation 18).

In addition, Tr(a;) = 0, Tr(f) = 0. This can be shown by the anticommutator
relations in Equation 19. Recall Tr(4AB) = Tr(BA)

Tr(ai)=Tr(0!i,32)ZTV(ﬂaiﬂ):Tr(_aiﬁﬁ)
_7r(a) = Tr(e)=0 (20)

Similarly, 7r(f) = 0. Therefore, a;, § are traceless, Hermitian matrices.
The eigenvalues of «;, £ can only be +1 or -1 since a;” = > = 1.

ax=Ax = a’x=Ax=x = A=+l (21)
The trace of a matrix is equal to the sum of all its eigenvalues. Therefore, for a

traceless matrix having +1, -1 as possible eigenvalues, it must have an even
number of dimension n. n cannot be 2, since only three traceless n = 2 independent

matrices exist (O'x, c,, o,, for example) , and we need four traceless matrices to

accommodate «,a,,a,,f.

n =4 is the smallest possible dimension for a;, f. The Pauli-Dirac representation is

given as
0 o I 0

1

The Dirac equation [&-13 +mpf ]1// = Hy can be expressed in a more covariant

fashion by multiplying f from the left:

(BH —(Ba)-P—m)y =0 (23)
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Introducing y* =(f, fa), Equation 23 becomes

(7P, —m)y =0 (24)

P, =i0,, therefore

: 0
(17/”6# —m)w =0 (recall 0,= 6x“) (25)

. (1 0} i (0 o 6
"o 21)7 7 Tl 0 (26)

1

Explicitly,

y"’s satisfy the anticommutation relation

Y 2yv Yy = 2?‘ 1 (27)
Pt ()=

Although y° is Hermitian, (y°)" =9°, y/ is anti-Hermitian:
0 = (28)

However,

) ="y and  Y=)" (1)) (29)
To obtain the adjoint Dirac equation, one takes Hermitian conjugate of Equation 25
—i@ﬂl//Jr(]/ﬂ) —my" =0 (30)

Since 7" is not Hermitian for u = 1, 2, 3, it is useful to multiply Equation 30 from
the right by y° to yield (using Equation 29)

=0, (v y )y —m(p'y’)=0 (31)

Define =y (32)
the adjoint Dirac equation is i0 wy" +my =0 (33)
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or y7()zf+m)=o (34)
where }{ =y*P

)7
and P acts to its left in Equation 34.

One is now ready to check the continuity equation and the probability density and
current density for the Dirac equation.

Multiplying Equation 25 by i to its left, and Equation 33 by y to its right, we
obtain

wyy"o,y —ymy =0

o B (35)

i0,Wy" "y +myy =0
Adding these two equations yields

0,(7r'v)=0 (36)
Define j=wyty (37)
the continuity equation 0,J"=0 follows.
. — + 4 2
Note that p=j"=wyv=y '//:Z"//i‘ >0
i=1

Hence the probability density is indeed positive definite for the Dirac equation.
As will be shown later / transforms like a 4-vector, and p =° is not a Lorentz

invariant. Rather, it is the time component of a 4-vector. It is not too surprising
that p is not a Lorentz invariant, since a probability density satisfies the following:

I pd’x = const (38)

Since d’x undergoes Lorentz contraction, it is natural that p must also change under
the Lorentz transformation in order to preserve the integral.
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Each component of the four Dirac wave function components satisfies the Klein-
Gordon equation. Multiplying Equation 25 from the left by iy“0,,, we have

~7"y"0,0,y —m'y =0 (39)
or
1 14 14
{5(7/“7/ +y 7/”)8/1(% +m2}// =0
hence
(g‘”@ﬂév - mz)w =0
or

(6,04 +m* )y =0 (40)

Note that Equation 40 is understood as four separate uncoupled equations for each
component of y.

We turn next to the solutions to the Dirac equation for a free particle.

Because of Equation 40, the Dirac equation admits a free-particle solution as
follows

w =u(P)e"" (41)

where u(P) is independent of x and 1s a 4-component spinor. Substituting Equation
41 into Equation 25 gives

(7P, —m)u(P)=0, or (}f—m)u(P)zo (42)
Eq. 42 is the Dirca equation in the momentum space. Note that P, in Eq. 42 is no

longer a differential operator (just a multiplicative operator). We now simply write
u(P) as u. Similarly, the adjoint equation is readily obtained:

a(}f—m):o (43)

We now try to find solutions to the Dirac Equation. For a Dirac particle at
rest, p =0, and Equation 42 becomes
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(yoE - m)u =0 (1// = ue‘iE’) (44)
or
m
Eu=my’u= " u (45)
—m
—m
The eigenvectors are
1 0 0 0
0 1 0 0
ul—NO; uZ:NO; u3:N1; u4=NO (46)
0 0 0 1

with eigenvalues m, m, -m, -m, respectively. N is the normalization factor.

To obtain the solutions for p # 0, one can either solve the Dirac Equation directly,
or by boosting the 1//( p= 0) solution to another inertia frame moving with —p
with respect to the rest frame.

It is instructive to examine the method involving the Lorentz boost. To use this
method, we need to first address the question — How does y transform under
Lorentz transformation? Let us suppose that in reference frame S, the Dirac
equation is written as

(iyﬂ ;ﬂ - mjl//(x) =0 (47)

!/ . .
In another frame S’, where x* = A“* x", the Dirac equation becomes
b v 2

[i}/” g - mjl//’(x’) =0 (48)
ox*

Now,
w'(¥) =y (Ax) =Sy (x) (49)
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and
y(x)=S"y'(x) (50)

Substituting Equation 50 into Equation 47 and noting

azﬁﬁx A 0 51)
ox” axV, ox" # axv,

Equation 47 becomes, upon multiplying S from the left,

(z’Sy“AV#LS‘1 —m]w’(x’)zo (52)
o’

Requiring Equation 52 to be identical to Equation 48 gives

iS}/“Avui,S_1 =iy* 0 ,
ox" ox*
or
S}/,uAvﬂs—l — 7/1/
Equivalently,
Avﬂy/,z _ S—lva

Our task is to find S, which is a 4 x 4 matrix, for any Lorentz transformation A,
such that Equation 53 is satisfied.

We consider three cases of Lorentz transformation:
1) Lorentz boost
2) Spatial rotation
3) Space inversion (parity operation)

The cases 1) and 2) can be built up with infinitesimal Lorentz transformations.

Consider an infinitesimal Lorentz transformation

N, =8, +A0", =8, +A0(1,) (54)
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11

Aw is an infinitesimal quantity, and 7, is a 4 x 4 matrix corresponding to a specific

Lorentz transformation.

For a transformation to S’ moving along the x-axis with an infinitesimal velocity

Aw = A, we have

I, =

H

S

S
S O O O
S O O O

]v,u _

o o = O

-1

(= el e

oS O o O
oS O o O

(55)

Similarly, for a rotation through an angle Aw around the z-axis, the correspond 7,

1S

0 0 0 O]
0O 0 +1 O
0 -1 0 0
0 0 0 O]

1%

oS O O O

oS~ O O

In order to satisfy the relation for Lorentz transformation

the infinitesimal transformation, Equation 54, satisfies

A N =07,

1" =

™

as can be readily verified for Equations 55 and 56.

0 0
-1 0
0 0
0 .

There are 6 independent 7", 3 for boosts and 3 for rotations.

Expand S in powers of Aw:

S=1 —iUWAa)”V

(56)

(57)

(58)

(39)

o, 1s the generator for the corresponding infinitesimal Lorentz transformation.
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Inserting Equation 59 and Equation 54 into Equation 53, we have
2 8", =8 Vu | =]V 00| (60)

which is satisfied by
I
Guv :5[]/#, ]/V:| (61)

The anti-symmetric tensor 6, has the following non-vanishing elements

o.=—0, =-ia, (62)

5 ol
G, =0, = (63)

for boost and

for rotation ijk cyclic.

We are ready to construct a finite spinor transformation S from successive
infinitesimal transformation

N—ow pvon

. N
S:Hm@—i%o Vq
| (64)
= exp(—ia)awl,j”)

To prove Equation 60

S=1-0,,A0"
4

St =1+ -0, ,A0”
4
A, =0",+A0",
. v _ -1 v
Since AN, y'=8" 8§

We have (5Vﬂ +Aw", )7" = (1 + iaaﬂAa)“ﬁjyv (1 - iaaﬂAa)“ﬂj
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L
4
(ignoring (Aw)” term)

or YA,y =yt - yvaaﬂAa)“ﬂnLiaaﬁAa)“ﬂyv
Theref A’ yh=—LA Py 0,
erefore o,y = 2 Oy ,0,, (a)
\4 Vi 1 V) Vo
but Ao, y#:Aa)#ﬂ/#:E[Aa)ﬁj/ﬂ‘i‘Aa) ya}
1 V av
ZE[Aa)ﬂyﬂ—Aa) )/a}
1

=g =g v ]=r" 0y (b)

Inserting (b) into (a), we obtain
2 8", ¥, =8" Vu | =]V 00|

For a Lorentz boost along the x-axis,

() =exp| (£ o o o (2

(65)
@
= exp(—zal jl//(x)
1 :
where tanh w = £, cosh o= =y, sinh w = fy
J1- 5
Similarly, for a rotation around the z-axis of an angle w:
!/ ! i
y'(x')= exp[ia) oﬂ}y(x) (66)
' 0
o, 0 -1
where o?=|" =
0 o 1
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Equation 66 is similar to the rotation of two-component Pauli spinor

y'(x')= e%)woal//(x) (67)
Are the spinor transformation S unitary?

For spatial rotation, S = Sk, S is unitary, since

P N (68)

Rot — e =
but for Lorentz boost

g A e g g

Lor — e =€ Lor Lor (69)
Nevertheless, both Sg,, and S;,, have the property
S = v, Sty (70)

which can be verified by expanding Sk, S;.- In power series.

Here is proof for f = tanh

Consider a Lorentz boost along the x-axis

0 -1 0 0
-1 0 0 0
I=1" =
“1o 0 00
(0 0 0 0]
(1 0 0 0]
01 00
I’ = P=1
0000
0 0 0 0]
2 =li (1+21j X"
N—>ow N p
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IV
(o),
U

(cosh@! +sinh w! ); x“

(1—[2 +I*coshw + Isinhw) x*

[ coshw —sinhw 0 O]
—sinhw coshw 0 O
0

x'= X
0 0 1
0 0 0 1]
t' = (cosh w) t — (sinh w) x
x"=-(sinh w) ¢t + (cosh w) x
We also have =y (t—px)
x'=y(-ft+x)
Therefore
y=cosh w yp = sinh @ S =tanh @

The fact that S;,, is not unitary (Equation 69) should not be too surprising. This
simply reflects the situation that yy is not a conserved quantity in a Lorentz boost.

We now consider space inversion:

This discrete transformation cannot be constructed out of infinitesimal
transformation. Rather, we rely on the definition of § (Equation 53) to find the
parity transformation S, for the Dirac spinor y.

Equation 53 and Equation 71 imply

S—170S — 7/0
S (72)
S, V'S, =-r
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This can be satisfied with

(1 0 0 0]
S =y 01 0 O
P70 0 -1 0
00 0 -1
Note that S, also satisfies Equation 70 since
-1 _ _ocg+
Sp - 7/ Spj/o

For a Dirac particle at rest, Equation 73 shows that U, and U, have positive parity
while U; and U, have negative parity (Equation 46)!

Having established the properties of S, we can show that i transforms like a

scalar, while wy“w transforms like a 4-vector under Lorentz transformation.

+

7' (x)=v'(x) 7, =(Sw (%)) 7,=v(x)' S,

—p(x) 78" =7 (x)S”

(74)

Therefore

7 (< (<) =7 (x) ™S ()= () () 75)
= Wy isascalar

()Y (x) =7 (x)S"7"Sw (x)

7 (x) ALy v (x)

= A (7 (x) 7w (v)

= wy“y is a4-vector

A
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To obtain the plane-wave solution to the Dirac equation for a particle moving
along the x-axis with velocity S, we boost along —x with a velocity of —5.

S = e_(%)mo'; Oy = —i
Y (76)
—e = cosh% - q, sinh 2
where tanh © = -f
The spinors u'(p) are
u”(p)=| cosh (ﬁj — a, sinh (ﬂ) U”(0)
2 2
1 0 0 —tanh 2
2
0 1 —tanh 2 0
= cosh(%j 2 u” (O) (77)
0 -tanhZ 1 0
2
—tanhZ 0 0 1
L 2 i
where
tanh(gj: tanh @ _ —-[ 1
2) 1++1-tanh’w 1+(1_ﬂ2)4
__—B _pr__—pym _ P -
_1+y_1+7_(1+7/)m_E+m 78)
v
and
cosh| 2 | = 1 B 1 _ |m+E
2 o\V2 (o V2 N 2m
1 - tanh® (j
2 l+y

using Equation 78, Equation 77 becomes
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1
0

Y /m+E
! (p)= 2m 0

e

0 0
L P
Soom

0 0

For a boost along an arbitrary direction

0o P ‘}y —17 _
|| || ||

Heem
0

0
1

—1%‘ 0 0 0
1Y = P
‘Py 0 0 0
7]
—17 0 0 0
| /p]
and
S:e_wza'p
1 0 Pz Px—iPy
E+m E+m
0 1 Px+iPy -Pz
uv(p): m+E E+m E+m
\' 2m Pz Px —iPy 1 0
E+m E+m
Px +iPy —Pz 0 1
. E+m E+m

The four solutions of the spinors are

18

(79)

(80)

(81)

(82)
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1 1]
0 0
ul(p): ,m+E Pz . u2(p): /m+E Px—iPy
2m E+m 2m E+m
Px +iPy —Pz
L E+m . L E+m ] (83)
Pz Px—iPy
E+m E+m
m+E Px+iPy m+E —Pz
w(p)= ; ui(p)=
2m | E+m 2m | E+m
1 0
Note that Equation 83 is obtained by using a normalization:
1] 0] 0] 0]
0 1 0 0
u'=| |, wr=| |} = |} u'= (84)
0 0 1 0
0] 10 0 1]
We can also solve the Dirac equation directly:
_ 5o P
Eu:(&-P+ﬂm)u:{ﬁmﬂ o ju (85)
o*P -m

u
A .
u ={ j, where u,, up are two-component wave functions

Up
E uA _ m_’ 6'? MA
uB 5.P —m uB
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We obtain the coupled equations

G+Pu, =(E-m)u,
and
5'-13uA :(E +m)uB

A possible solution to Equation 86 is

Explicitly:

ForE>0, u" =N GoP

E+m

Px+iPy

E+m

Pz
E—m

Px+iPy |

E—m

1
(s) X =

x5 ’ ) —(Oj
E+m X 0=

S=1,2

GP_(5

ForE<0, u*?) =N| E—m
()

X

W (p)=N| X2V | Eso
E+m
—Pz

E+m

Px—iPy

E<O

—_ O |

20

(86)

(87)
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Note that u°(p), u*(p) from Equation 87 are different from those obtained by the
boost method (Equation 83). Apart from a difference in the normalization factor
N,

oo (P) =ttt (~p) where p =(E, p)

Note that E > 0 for u\) (p), while E <0 for u{}:2) (p).

3,
00st direct

In order to interpret the E < 0 solutions for 4#***p), we examine the charge-

conjugation transformation on the Dirac equation.

The Dirac equation for an electron in an EM field can be obtained with the gauge
substitution

0" —> D" =0" +igA” (89)
For an electron with charge g = -e (e > 0), we have
i0, —>1i0,+ed, (90)
The Dirac equation for an electron becomes
[ 7(i0, +ed,)=m |y =0 1)
The Dirac equation for a positron, ., would be
[ 7(i0,—ed,)—m |y, =0 (92)
Our task is to find the transformation linking y to w.. To change the relative sign

between the 0, and 4, terms in Equation 91, one can take a complex conjugate of
Equation 91

() (-i0, +ed,)=m |y =0 (93)

To find a 4 x 4 matrix S., which satisfies
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Se w* =y, (94)

We insert S, S. term in front of y* in Equation 93 and multiply S, from the left:
[Sc(y”)* S (-, +eAﬂ)—m}(chy*): 0 (95)
From Equations 94 and 95, it follows that S, satisfies the following equation:

S.(r) S ==y (96)

Now, the Pauli-Dirac representation of " gives

*

(7/;1) __]/‘ IOI',U—2

Therefore, Equation 96 implies that S, commutes with y* and anticommutes with
°,y', >, This can be satisfied if S, is proportional to y*:

S =iy’ = (98)

The factor i is chosen by convention.

To obtain the positron wave function, one takes a complex conjugate of the
electron wave function, followed by a multiplication of iy*:

v, =iy’ (99)

We can apply Equation 99 to y'"(p):
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ir'y" (p)=

Px—iPy

E+m
—Pz
E+m
0

1

We can also write y¥(p’) as

E+m
Px +iPy
E+m

P°=E>0

e, P°=E>0

v (p)=N

Px'—iPy'

E-m
—PZ'
E-m
0
1

—iP'ex

where (P')0 =E'<0

Substituting p’ = -p into Equation 102, we obtain

23

(100)

(101)

(102)
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1/1(4)(—p):N e”™; P'=E>0

Equation 103 is identical to Equation 101.

*

Hence, V=iry" (p)=v"(-p)

Similarly, l/fﬁ)—w v (p)=—v"(-p)

It also follows

where v\, v are the spinors for positron wave functions.

24

(103)

(104)

(105)
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It is instructive to consider time-reversal operation on the Dirac equation. In a
procedure analogous to that for the charge-conjugation operation, we can write
down the Dirac equation for a time-reversed electron state, y,, as

0 0 0 0
iy —+iy —+iy —+iy ——-m |y, =0 106
( APt arvas Sreas/ s Jt//, (106)

and the ordinary Dirac equation as

.00 .,0 .,0 ;0
— 4y —+iy —+iy——m =0 107
(17 ot v ox v oy v oz j‘// (107)

Note that Equation 106 is obtained by ¢t — -f transformation applied to the Dirac
equation.

Taking the complex conjugate of Equation 107 gives

To find a 4 x 4 matrix which transforms y to v,
S w* =y, (109)

When we multiply S;'S, in front of y* in Equation 108 followed by multiplying S,
from the left, we get

() 2 i 2T 2 |-mpsw =0 a0

Equations 109 and 110 imply that S, should have the following properties:
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(111)

S.(r) st =" =123
Since ())* =%, @)* =7', ¢¥)* =", (')* =7°, Equation 111 implies

S, commutes with y°, y* and anticommutes with y', y°. S, is therefore proportional
to y', y° and, by convention, one chooses

St:i7/173
0 -1 0 O
o, 0 {1 0 0 0 (112)
= = —1
0 o, 0 0 0 -1
0O 0 1 O
Applying S, y*(p) for ", one obtains
1
0 -1 0 O 0
‘ 1 0 0 O .
Stl//(l) (p) — N Pz ezP X
0 0 0 -1 E+m
0 0 1 O Px—iPy
E+m
113
0 (113)
1
__jN| ~Px—iPy | jipx
E+m
Pz
E+m

Hence, the time-reversal operation transforms l//(l) ( ﬁ,t) to W(z) (— ﬁ,—t) , as one

would expect (since time-reversal flips p, ¢ and spin, and w(l) and l//(z) have
opposite spin).
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The combined operation of CPT can be obtained too.

Since Py ="y
)
Cy =_z%) gz/*
Ty =iy yy*

Wepr =CPTy = CP(i7173'//*)
=C(»ir'r’y”)
we have =iy iy'yw
=y rrry
=—iy’y
We can also examine the operation of CPT on solutions for the Klein-Gordon
equation

(6“0, +m*)p(x)=0

In the presence of an EM field:
i0" —i0" —eA”
and the K-G equation becomes

(z’@” — eA”)(iﬁﬂ - eAﬂ)¢(x) =m’ (x)
or
|:D2+m2 +ie(6”A# + A”@ﬂ)—ezA2]¢(x) =0

It is straight forward to show that

)=¢"(x)
T: ¢}(x'):¢*(x)
CPT: ¢, (x')=¢(x)

One can also work out the non-relativistic limit of the Dirac equation. From
Equation 86, the following coupled equations can be obtained:

27
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where W= [WAJ
Vg

Making the substitution P — P + e4 = &, Equation 114 becomes

(67 )y, :(E+eA0 —m)l//A
(67 )y, :(E+eA° +m)l//B

In the non-relativistic limit E = m and e4° << m.
Therefore

where Exg >E —m

Note that Px(Al//)+Ax(13y/):—i(§xZ)w

Equations 117 and 118 imply

L(If’Jre;I)er ¢ 5‘Z§—eA0} =E
m m V4 NRY 4

which is the Pauli equation.

28

(114)

(115)

(116)

(117)

(118)

(119)
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For a uniform B field, A=—Bxy

N | =

— —\2 — — — — - -
(P + eA) ~ P’y 2eP-%(B x7)=P’ +eBs(7xP)=P"+eB-L  (120)
Using Equation 120, Equation 119 becomes

2
L (L4285} B—ed’ |y, =Epw, (121)
2m  2m

The Dirac equation leads to g; = 2 for spin-'% particle.

However, g; = 2 is not a unique feature of Dirac equation. To illustrate this point,
one can start with a non-relativistic expression

H=P/ - (o) 4 (122)

Making the P —> P+ eA substitution, Equation 122 becomes
- —\2 _
:—[ P+e ) +€O'°B:| (123)

Hence, g, = 2 also follows from a non-relativistic approach.

The spin operator is defined as

o, 0 )
Zk:qj:{ ok Uj (i, j, k=1, 2, 3 cyclic) (124)

It can be shown that the Dirac Hamiltonian H = @+P + Bm does not commute with
Y, namely
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| H.2]=2i(a@xP)=0 (125)

It does not commute with the orbital angular momentum L either
[H,Z]z—i(&xf’);to (126)

However, Equations 125 and 126 show that H commutes with the total angular

- - 1=
momentum J =L +—X

[\

[H, J] :[H, Z]{H, %i}:o (127)

Although spin itself is not conserved, the spin projection along the momentum
vector is conserved. This spin projection is also called helicity and is defined as

. 1l3P 0
SeP=— ) (128)
0 o*P

One can readily show that [H , %i-lﬂ =0. The reason why %E-IS is conserved

can be understood if one recognizes that there is no orbital angular momentum
along the direction of momentum. Hence the particle’s spin is the same as its total
angular momentum in this case, and it is conserved.

Note that =* = y°y%* (k =1, 2, 3)

The Dirac spinors given in Equation 87 are not eigenstates of the helicity operator:
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Pz Px—iPy 0
(li-Aju(l)( ) 1 | Px+iPy —Pz 0
2 2|P|| 0 0 Pz
0 0 Px+iPy
Pz
N Px+iPy

e
0

0
0
Px—iPy
—Pz

N
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e vm

Px+iP)/
E+m

(129)

: : . : lo &
Equation 129 shows that in general, U" (P) is not an eigenstate of EZ.P . In the

: : : la ~ .
special case when Px = Py =0, U'" (P) is an eigenstate of EZ-P with an

eigenvalue of +%.

It is possible to construct basis states which are eigenstates of the helicity operator.

It can easily be shown that the following 1
eigenvalues of +2, -/, respectively.

Pz+|P|
Px+iPy

1P
E+m

(PZ+\PD

(Px + zPy

are hilicity eigenstates with

(130)

We summarize here some of the pertinent properties of the Dirac spinors u and v:

First, u and v satisfy the following equations:
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(131)
LT(,P/—m):O, V(,P/+m):O
The orthogonality relations are
() () ()" (8) —
u'u'=2E6_, vV v'=2EJ, (132)

7 =2m, vV = o

Note that different normalizations have been adopted in the literature. For example
7y =1, v =1 (133)
have been chosen by many textbooks

The completeness relations are

(134)
z W) (P)V(S) (P)=F-m
s=1,2
Why are these relations called completeness relations?
One can show easily that
> ut(P)a" (P) — v (P) Y (P)=2m (135)

s=1,2
Using the normalization scheme of Equation 133, one obtains

> ub (PYa" (P) - (P)FY) (P)=1
s=1,2
Equations 134 are very important for evaluating cross sections later on.

Explicitly
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E+m

E+m

Px —iPy

1

0
Pz ;
Af+m
Px+iPy
E+m

E+m
—Pz
/E+m ;
0

1

@) = JE+m

@~ JE+m

Px—iPy
E+m

T eem
e vm

Px+iPy
E+m
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In addition to wy and wy“y discussed earlier, there are other bilinear covariants.

One can show that the following 16 bilinear covariants are independent and

complete:

where

y> anticommutes with all "

vy (1) scalar
vty (4) vector
wo"y  (6) tensor
vy (1)  pseudoscalar
vy vty (4) axial vector
r=ir’y'ry, v ="
{r.r}=0

»’ commutes with proper Lorentz transformation S

]/SS:S}/S

but anticommutes with space inversion Sp

(136)

(137)

(138)

(139)
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75SP:_ P7/5 (140)

The transformation of the 16 bilinear covariants under proper Lorentz
transformations and space inversion, as given by Equation 136, can be readily
proved using Equations 53, 74, 139 and 140.

The y° matrix is often encountered in the context of chirality. Although
[H , ;/SJ # 0, it can be shown that at high energies E >> m

s |6P 0
yu= _|u
0 &P

5 5
and ! 27/ , ! +27 projects the left and right-handed components of the Dirac spinor

u.
We have based our discussion on the Dirac equation upon the Pauli-Dirac
representation of the y matrices. How would the wave function be modified if we

use different representations for the y matrices?

Suppose we use another representation y for the Dirac equation with wave
function /'

(i;/”'ﬁﬂ—m)w':o where [7/“', 7/"':|:2g’” (141)
How does y/' differ from y in the ‘regular’ Dirac equation?
(iy*0, —m)w =0 (142)

The ‘Pauli’s fundamental theorem’ shows that for any 7"’ satisfying the relations

[ i ;/V'J =2g"", a transformation S can be found such that

Sy's =" (143)

Equation 141 becomes
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(i Sy“s7'0,-m)S Sy' =0 (144)
multiplying S™' from the left gives
(i y“0,-m)S™ w'=0 (145)
Equation 145 is equivalent to Equation 142 provided

w=S"y' or y'=Sy (146)

Therefore, the wave functions obtained using different representations of the y-
matrices are related by the same transformation S used to relate ¥ and y*'.

We complete our discussion on the Dirac equation by presenting an alternative
way to derive the Dirac equation.

We can start with the relativistic energy-momentum relation
E'— P =m’ (147)

or equivalently

B>~ (6+P) =m’ (148)

: L .0 = = . :
Making the substitution E — la—, P — —iV and acting on wave function ¢, we
4

have

(i£+ i&-?j{%—i&ﬁ}é = m*¢ (149)

ot

Now ¢ is a two-component wave function.
Define

¢(R) — i( % _ i&.§j¢

(150)
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then Equation 149 gives

ot

# = l(iL i&.vjczﬁ(’”
m

ot

A0 L(,ﬁ . l&'ﬁj e
m

We can now construct a 4-component wave function y

v.)_[¢"+4"
V= (WB] - [¢(R> _¢(L>j

From Equation 151, one can form the following equations:

A 4 40 :%[iﬁ(gj(m +4") +i5,§(¢<1¢>_¢u))}

ot
¢(R) _ ¢(L) _ %[_i§(¢(m _ ¢(L)) n l-o—:,ﬁ(¢(R) 4 ¢(L)):|

From Equation 152, Equations 153, 154 can be expressed

iﬁ iGeV

ot (wj_ (wj
a =m

—iGeV  —ie |\ Vi
ot

which is simply
(i;/"(?# — m)gy =0

the Dirac equation.
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(151)

(152)

(153)

(154)

(155)

(156)



