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When you first encountered gauge theory, you may have

wondered why dnt igAn Was called a "

covariant " derivative
,

why Am had a funny inhomogeneous transformation rule
,

and why we say
"

only the fields are physical, except in

situations like the Aharonov - Bohm effect! We will see

today how all these facts are related to differential
geometry objects defined on a principalbmdle .

Definitions : P
'

→m is a principal G-bundle over

M if it looks locally like (×
, g) Where ✗ EM is a point

or a differentiable (for us
,
Lorentzian ) manifold M and

G E G is an element of a Lie group . M is the
"

base space
"

and 6 is the gauge group.

° Exam : m=k
,

G- UCD = s'
.

Then P is the
C.

cylinder.
-

A map o : m→ P which can be projected back down toMisaki
.

a group element
at each point . This is the local gause

transformation you have seen before
. So far, the group can

only act on itself by moving point along a fiber
(copy of G over a point ×), later we will see how 6
acts on other geometric objects on M

.



To make the geometric analogies clearer, let's review some facts
£

about covariant derivatives and corrections on Lorentzian manifolds

The covariant derivative lets us compare vectors defined at

different points of M . In other words
,
it induces a nap

1-✗ Me Tym (parallel transport, so we can talk about a
connection orÉtude .

In local coordinates
,
the connection is described by Christoffel

symbols %
,
and the covariant derivative of avec to- field ✓ is

Pnv
"
- 2mW + TI, V! You may recall that under a general

coordinate transformation, T does not transform like a tensor :

r→c¥H¥)r - 1¥11 :¥)
-

extra non- tensional

piece
In terms of T

,

the Riemann ten so- is

R
"

=

"

der] + [ r
,
r]

and we also have [ P
,
P ] = R for a torsion - free connection

.

We have written this in such a way as to remind you

of various formulas from gauge theory !

An → Ant 2in ( inhomogeneous under gauge transformations)

Fw = [Dr
, D) = denary - ig [An,AD

Indeed
,
these are the safe geometric objects: A is a

connection
,
F is a curvature

,

etc
,
but they are defined

on P instead of M
.



Make this more precise by introducing the connection 1-fo-n.sk

First
,
define a vielbein Éa= earn d-

,

and a dual basis of

1- forms É " = eandxn
,
such that the metric is diagonal :

g-- gnu dx
-

①did = ya , E-④ 0^-6
.

Using the vielbein
,

we can define connection coefficients fa6C

by Da É , = Taj Ec as usual
,
and From these

,
a connexion

1- form ( also called the
"

spin connection
") ;

Wai. If :c É
'

I Wn
"

•
dx
"

where wi , = et T :c .

r r
all rielbein one coordinate index
indices

Two important properties of
w : will be important for us :

• for a metric connection
, Pg=0, we have

0 = Pm Yao
= 2/7ab - Wia7cb - Wu ! Mac

= -Wm ab - Wnba

In other words
,
w is as>metric in the villain indices

.

We can interpret wife as (Wn )
"

, , a
matrix -valued 1- Form

,

Where the matrix w : is in the Lie aÑÉLorentz
,

so(3,1) .

• Under a change of frame which preserves the metric , richer: charges

by a Lorentz transformation
, e[ → Na, e 'm , and similarly lower

Viel bein indices have e ? → (A- 1) bae? .
We can do this at each

point : N% G) . The connection coefficients will transform as

Daiei -=T
•
is = Ritchie:) + N' i. Pair

inhomogeneous! ¥



Keeping careful track of the indices, we find the transformation C

w
'

= N
'
WA t A-

'dn

Not coincidentally
,
this looks a lot like a gauge transformation !

And converting back to coordinate basis
,
it gives the familiar

non - tensional transformation of the Christoffels .

Geometrically, what is happening is that there is a principal bundle
over M

,
the fram-eburdk.PE LM ↳ M

,
where 6--5013,17

,

which comes with every Lorentzian manifold M
. The local

Lorentz transformations NX ) are a section 0 : m → P
.
We can

even go one step further and define a connection on the

(target space of the totaisface which is independent of o.

In local coordinates where a point on P is p=(×, g) with g = oh
,

W^ = g-
'
w g + g-

'

day .
A different section 04×1 is related to o b

> 04×1 = hg . To get
back to P

,
need to left-multiply by h

"

.
The new comecaron is

in ' = ( h - 'g)
"

w
'

th
'

g) + Chip
"

dlh
- '

g)

= g-1h ( ti
'
wht ti

'
dh ) (h"g) + (g- 1h ) (- h

"dhh
- '

gt tidy)

= g-
'

wg + g-
'#g- g- 'dhñtg-1dg

= Ñ
,
so independent of o as desired .

In other words
,
Ñ (which lives on P) is a geometric object

independent of the choice of section (gauge), and pulling it
down to the base yields a 1-form on M Which does transform

Under a choice of gauge.



Now
,
it is a straightforward conceptual jump to take [

6 to be an arbitrary Lie group instead of local Lorentz.

In this case
,
there is no frame bundle

,
but we can still

define a g-
valued 1-Form in on P

,
choose a section

,
and

get a g-
valued correction 1- form W on the base

. Reversing

the logic
,
asking for invariance of Ñ implies the gauge transformation

rule for w
,
which we can now call i A. For G-- UCH

,

writing g-- e
"
gives

IA → g-
'

iAg+ g-
'

dog = e-
"
iAe
"
+ e-i^(id✗ei✗)

= iA + i da
,
so

A → A +da
,
familiar from Etm .

just like the covariant derivative on Tm is 0--2 + w
,
the

covariant derivative on TP is D= 2+0
,
which when

pulled back to M by a gauge choice 0 is D= 2 + A.

Also get a nice interpretation of curvature : on M,
can show R = dw + WA w is the curvature 2-form which

is matrix- valued and whose components Finan tensor.

On P
,
the analogous object r=dw^tICÑnñ] can be interpreted

as the curvature of P with respect to the connection Ñ .

Pulled back to M
,
this becomes the familiar field strength

tensor (ants>metric, so really a 2-form) F- = DA + AAA
,

which transforms as f-→ g-
'

Fg .


