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Quantum corrections in QED ✓
-

The scattering processes we computed last week were

analogous to classical processes : for example, Moller scattering

can be related to Coulomb scattering in the appropriate
limit . This week

,
we will look at quantum processes with

no classical analogue
.

At low energies
,
we will derive the

quantum correction to the magnetic moment of the electron
.

At high energies, we will see how quantum field theory

treats photon emission (bremsstrahlung ), and how the coupling
" constant " actually depends on energy scale (next week)

.

Let's start first with low energies .

( IX - m ) 4=0 . Multiply on right by - ( irxtm) :
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-

is a differential operate in spino- space,

let 's compute it :

( Int ie An )V^(Jutie AVIV
= ( Int ie An)HutieAu)VV
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B) = ABT BA

First term can be simplified using Ern, ru ) -- zynu, so

¥ { dntieamhtieauyr.VE It2) ( dntie An )(5tieA) I D- (scalar operator)

second term
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. [ In tieAn
,
so tieAu) -- 2X tie 2nA u tieA¢ntiA¢u - e -AJAY- 2µm - ie 2. An - ie u
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= ie Fm (recall we did this in week 3)
Recall From Hw 2 that CV

,
W ) = Snu

,

the Lorentz generators acting on spines .



so ☒
'

= D2 + e Fru S
"

,

and Dirac equation coupled to a gauge freed [

implies ( D
'

+ nite Firs" ) 4--0.

Writing it out explicitly, S
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④tri )¢ is the Klein - Gordon equation for a charged scalar¢ copied

to a gauge field .

The 5
"

ten is unique to Spiro -s : they have a

magnetic moment! For a
non - relativistic Hamiltonian H =

g In Ñ -5
,

the coefficient of e- Evo
" (where = [RTV ] = 25) gives g.
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Dirac equation predicts 9=2
. QED says g = 2
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= 2- 00232- - -

-
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-
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Let's see why 9--2 Using Feynman diagrams .

§P =
- ieñ (g)Vulg ,

)
.

We enforce momentum conservation
IMI

e-
by p=q ,

-

q , ,
but do zot require P'

= 9 since the photon
% %

may not be on - shell (indeed, static
B-Fields doit propagate )

Note that ñlqtorulqiqpuulq ,7= ñlailr
-VK.apuulai-ziulairrlqiqh.nu ,

)

= izulairyqh-qluki-izu-k.lk -4) Vuk ,)

spinors are on - shell, so they satisfy the Dirac equation (94-m ) ulqi-uladlqy-mt.co

⇒izulai.IR#-m)ulai-i-zulqilm-qpVulqiAnticomnnteqzto left : 8^94=-948^+291 .

ñG) of = milord .

Similar manipulation on second term gives

|Ñ(9I0"Cqi9ivulq)=iÑqi(q+qTu4,)-zimñlqr^ulf) Go -d"
identity



③
So we can rewrite the QED vertex

a✓
2-✗ ¥ , so 9--2

iM^ = -iezncqttarnñlqnucqp +! Élqzo"Punky , )
-

This is just Fino
"

in momentum space : Jv An
→ - ipv Em

=3 any amplitude of the Fo-n ñlqlrnvprulq ,
) contributes to g.

Here is the next contribution ?

This is our First example of a loop diagram .

im? { p
It follows all the usual Feynman rules,

Y except there is one undetermined momentum

K
,
over which we integrate f ᵈ%CITY

9 , 92

This diagram has two additional QED vertices
,
so it is proportional to ✗ t.me,

the E. F-on the Dirac contribution.

Write down the amplitude , proceeding backwards along fermion lines !

initial:÷ññY÷É;¥r" " nai
lfactrontansintsad spin.-s ) -- -éñl%(f÷÷¥¥¥¥→]uGi
There are a standard set of tricks for evaluating this kind of integral :

• Combine the n denominators into the form ¥gg , , at the egsense of an

integral over auxiliary Feypa-metos .

• Use spherical symmetry to drop terms with odd powers of K.

- Use standard identities for spherical ruin-is in 4 dimensions
, leaving only

an ordinary integral S
" dk

times some 8 matrices
.

Est

we will outline the calculation here
, you'll fill in the details for HW.



First, we need the identity ⇐ = 2/
'

dxdydzrcxtytz - 1)☒zg} .

@
(see Peskin&Schroeder for proof)

Here
,
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-ri
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-
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+ zqi - (✗ ty)i (using ✗ tstz -_ 1)

Complete the Square : (Kntypn -29,] = K'+2k - typ -4) + y
-

p
'

+23? - Zyzp -

g,

so ✗ At> B + 2C = ( kntypn -29,12- D where D= ( y
'
-g) p

-

+ (E-2)qi
-yTp ,
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• Use qi=m : (22-2)n' + (✗ +g)n' = (22-2+(1-2)) n
-

= (1- z )
-

n

-

• use p=q, -9 , :(ptq,Éqi , P' + Zp -

q, +
n'=i => Zp -9 , = - p

-
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'
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-

= - ✗yp
"

so D= - ✗yp
-

+ ( I-25mi

Change variables to K' = ktyp -29 , ,
denominate- is now (K '

'

_ g)
3
.

This change of variables has unit Jacobian : date
' =dʳk

Hw : Perform this shift in the numerator Nⁿ=V(pltktnlrncktmlru ,

do lots of algebra using Gordon identity and ✗ t > +2=1 to get

☆

a-(g) Nnulqp = 5410
"
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. _ .

-

this is the piece
we wanted

Normalizing by Zm ,
the contribution to g ( conventionally called FD is

FIP) = 22-14 ie } m ) {
'

dxdydz za- 2) Nxt> +2-1) 1M£ 1-
(4) & [ten- D] >

2 From coeff,
,

2 From Zfdxdydrr
☆ to see how we deal with the other pieces of NT take QFT!



Note that D depends on ×

, y,
- so we have to do fd%

'

integral first. [
k'
_

is a Lorentzian dot product, while he would prefer a Euclidean

dot prod-at to do the integral in spherical coordinates
.

One subtlety From QFT : all propagators have an infinitesimal positive

imaginary part . In the K'
°

plane, this pushes the poles off the

real axis
'

. (K'T- D + i c- = 0 => K' ◦ = ±FÉ Ii c-

Lie
'°

Can rotate integration contour

•÷ K' ° → ik
"

without hittin
>

any poles : wick-r-at.in

Define Euclidean 4-momentum ÑE=( ik"
,
E) S.t. K"→ - ko" -Ñ= -KE

f.
Jacobian plus factoring out minus sign

⇒ I ¥→J=I÷dᵈ"±a¥-☐J}
^ ordinary spherical} - symmetric

= jz ¥ 4 -dimensional integral

The magnetic moment is a low
-

energy phenomenon => take p
-

<< my

D= ( 1- 25m
'

as p
-
→ 0

HW

Falco)=÷, {
"

did> dz ÷zJ(✗ tyre - 1) = eg÷ = ÷
,

so finally, 9--2111-1=401)=|2tI+o⇔
Continuing to many orders in &

, this is the most precise comparison

between theory and experiment that humanity has ever made .

However, it works for the electron but not for the muon !

There is a t.IE discrepancy for gn which is currently being

actively investigated by experimentalists (g-2 at Fermilab ) and

theorists ( lattice QCD contributions? new particles?)


