
KNote the advantages of index notation here :

if a Lagrangian has all indices contracted
,

it's invariant under

Lorentz transformations.

e. g- LOI du # is not Lorentz - invariant
, but 2m EJE is

.

• UCI ) symmetry : I → ei " ✗OI
.

We also require E-
+
→ e-

i

"oI+

So that It = GIFT before and after trans to-nation

⇒ any terms that have an equal number of OI and It a-e

invariant
, as long as ✗ is a constant -

2m €+2
,
I→ (e 2m¥ ) (e2vE ) = 2-* + due

( Itoi )
-
= ( e Et e E)

-

= CE '-ET
,
etc

.

Just like with Lorentz /Poincaré
,

we can consider infinitesimal transformations !

ei" = I + i Qxt . _ .

,
so OI → (Iti a a) I o- FOI = IQ - OI

This is a convenient calculator-al trick, so let's apply it :

[( Itoi ) = (001+14=+01+(50-1) = C- iQ ✗ EYE + It/ + iaxE) = 0
-

the "

variation operator
"

or

distributes are- products

IF [ ( . - -1=0
,
that ten- is invariant under the symmetry.

• SUCH symmetry ; I
→ e
"
"""
I

.

Recall he Pauli matrices :

O' = (
°

,
;) , o

-

= ( °
- i

i ◦
) . E- (i :) .

'

(
✗
3

✗
'
- in

Forrey parameters xaca-12,31 III: I +in a
} ) = it C- SUCH

M -=ei×= It :X +
'

+ . . . C- SUCH

If ✗ is Hermitian ,
M is unitary (☆Hw)
-



Kwhy such instead of UCZ ) ?

Suppose we diagonalize M so Det M = IT
,

X ; (product of eigenvalues)

log ( det M ) = log / TIX ;) = { log X ; = T- ( log m )
i i

But Tr and def are both basis - independent so they hold for any

M
,
in particular M = eix

If Tr (x ) = 0
,
ten Trllogm ) = T-( il ) = 0 , so log Cdefm ) =o

,

detm -- I

⇒ traceless
,
Hermitian ✗ expatiate to unitary matrices M with

determinant 1
.

Here
, Pauli matrices

are 2×2
,

so they exponential to the group

SUCZ ) ( indeed
, they are the tie algebra of SUCH

,
i. e. the

set of infinitesimal transformations )

Back to Lagrangian : again, any terms with an equal number

of OI and It are invariant .

Proof : JOI = i

III , soit
-

_ (
i

"

E)
+
= #( - a)

(on are Hermitian)

01*+011=1001--401+0170*1 -_ E 'T )E+ # + (EI) #

= #
+

(
-

i✗-)E
= 0

What does 8€ do to be fields in OI ? Write out some examples :

4=4,901 JE = i%I= (
,

%) (
Atik

e. + ice, ) = (
'

¥ +
'

¥ )-4%-1 i%
i. e. 09

,
:
-

% ,
s¢i- ¥ , ore, = -¥

,
Oei %

mixed among one aster ( i. e.
"

rearranges the labels " on field operators)



We have now identified all the spacetime and global (i. e. constant )

symmetries of £ .

To wrap up, a little dianaSsis .

Action 5 should be dimensionless in natural units
,
since it appears

in the path integral as a phase eis.

[ Sdk [ ] = 0 => [dex ] + (2) = 0

- & + [27--0

112]=42←
the ke

> to understanding
90% of QFT in &

spacetime dimension !
We saw that Fo- a scalar field

,

a mass term can be written

as I ] ni #
+

OI
.
So with [it. I

,
we must have[E

↑
"

contains "

[ In ] = [ ¥ ) -_ [ ¥] = 1
,
so [2m E) = 2 and the derivative

( " kinetic " ) term also has dimension & ! [9"2nEᵗduoI] =4.

[④
+

E)7=4, but what about ④
+

E)
3 ? To put this in a Lazarus

must include a dimensional constant [ at] = -2 such that

(Itoi )
'
has dimension &

.

This means that something interesting

happens at energies N ; more on this in the last 2weeks of the course!



in
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Recall our scalar Lagrangian from last time :

LCE ] = 2,0=+5# - n
-

Ete - ✗ (¢+01T

We saw that JOI = iQ ✗ I was a symmetry .

What if we let ✗ = ✗ (x -1

depend on spacetime positron? This is a local transformation because it's

a different action at each point, i- contrast to glotl which is

the same everywhere .

The spacetime dependence doesn't affect the second and third terms
,

which remain invariant
,
but it does change the first one :

FC2.net5€ ) = 2ndIt 2-It 24=+2404--1

= 2n(- iQ ✗G) It) JOI + In It 2-( iQ ✗ 4)E)

= - i Qdnx €+2
-

It iQ5✗ 2nI+E

Not invariant anymore!

We can fix this with a trick : swap out all instances of 2- with

Dm = In - igaAnh (covariant derivative )
'

where g is called a coupling constant
.

for both finitewe define An to have the transformation ~KÑ←Ag and infinitesimal

✗

Then Dm I = 3m€ - ig Q An OI transforms as

DNI → 2 (eiaE) - iga(An +
'

g-2in )ei
"

I

= iQµei%I + eiadnoI-igaane.ioI -io"I
= eiQ^(2m€ - igQAnoI ) = ei" Dn E

Transformation Of An Cancels extra term From derivative of
local symmetry parameter
⇒ D-It D-OI → (e-

ion
DnoI+ ) (eia'D

-

E) = DietDTI
,

invoriwtmde.co#mne--y
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So
,
we can promote a global symmetry E- ei

"
I to a local

symmetry I → ei
←✗4T€

,
at the cost of introducing

-

another field Am which has its own non - homogeneous transformation

→AWhy in the world would we do this?

• Turns out this is the correct way to incorporate interactions

with spin- l fields ! An will be the photon , and Q is the

the elect-i-ha-s.ee . ( The coupling constant is g=FÉ where ✗= 'll } >
is the fine- structure constant you saw in an )

• In fact, this transformation rule for An is required for
a consistent

, unitary theory of a massless spin -1 particle :
invariance under this local transformation is known as g

.

Let's put OI aside for now and just consider what form te Lagrangian

for An must take.

• Lorentz invariance : An is a Lorentz vector
,
so Anlxl →Ñ

,
Avlñlx)

.

So the
"

principle of contracted indices
" holds

-

. An Am is Lorentz - invariant
,

as is (2nA ✓115AM
,

etc
.

• Gauge invariance : we want L to be invariant under An → Ant }Jin
Try writing down a mass term :

8(IñAnAm ) = # 10Am A-+AndA)
= If 2in An =/ 0

Surprise ! A mass term is not allowed by gauge invariance
.

What about terms with derivatives ? Something like 2- Au will pick up

In ) , ✗ .

Can cancel this with a compensating term didnt
,
which comes

from 2AM .

This leads to La =
- ¥ ( InAu - Juan )(TA ' - YA-)
r -

conventional Fru
, fiec-dtta.co -
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with An = (¢

,
E)

,

the electromagnetic potentials, you will find
that L is none other than the Maxwell Lagrangian, If E- Ñ

'

) .

But the photon has 2 polarizations , i. e- 2 independent components
of Am

,

Which is a 4-vector. How do we get rid of the 2

extraneous components? Two-step process :

I. Note that Ao has no time derivatives i do Ao never appears in Lagrangian,
so its equation of motion doesn't involve time . Therefore Ao is not

a propagating degree of freedom : this follows immediately from writing {(Eau]
.

Can solve for Ao in terms of A- ⇒ 3 components left.

2. Choorge , for example F.Ñ = 0
.
Solve Fo- one component of

TA in terms of the other two
,
and what's left are the two

propagating degrees of freedom
,
whose equations of matron are

(1) 4

☐ A = 0.

The counting is fairly straightforward as above
,
but not Lorentz invariance

'

,

under - Lorentz transformation, A- ° mixes with Ñ
,
J -Ñ = 0 is not

preserved, etc .
-
- -

- - -

Repeat the above analysis using unitary representations of the

Lorentz group.

A 4-vector Am must have some Hilbert space representation / An>
,

so we can write a stale It> as a linear combination of the components :

µ> = Col Ao> tc,
1A, > 1- cutAN tc , I X-D

This state must have positive non :

44147 I 1414-1412+141-+1<35 70 .

But if the components of An change under a Lorentz transformation
,

we can change the norm
,
which is bad : the Lorentz transformation

matrices are not unitary !



C
Alternatively , we could redefine the norm to be Lorentz - invariant

,

<µ IN > = Igt- 14T- Kur- k> It
,

but this is not positive -definite !

Solution in two steps : (1) use Fields as the representation, which

do have unitary (infinite-dimensional ) representations , and (2) project out the

wrong - sign component . Since vectors live in the (±, E) representation,
which has j = O and j :| components, this is equivalent to projecting
out the j=O component, leaving 5=1 as appropriate for spin - 1 .

momentum-dependent
L polarization vecto-

Write An in Fourier space : Any = f Y÷;&En(p)éiP
"

A Lorentz transformation will act on this field as

Amla → Ñn AIM 'x ) = 1,1T¥ nun e. (p ) e-
IP "" 'M

-

polarization vectors rotate,
but

pm (a dummy integration variable) does not.

This explains why we pick eigenstates of P
"

before defining action of Wn
.

Use equations of motion to count independent polarizations :

☐An -2m ( TAU ) = 0 (HW)

choose a gauge such that ÑAv=0 .

( can always do this : if

YA
,
= ✗

,

take Au → Aut} dot , JAV → ✗ +¥1 .
Solve for t to cancel ✗ . )

⇒ in Fourier space , P
'

- O and P
- E = 0

.
The latte- is an a(ge6-

constraint which is Lorentz
- in-aint

,
so it project out spin - o as

desired. Reduces fo polarisation C- = ( 190,01
,
Eli )=(0

, 1,0, O )
,
- - -

to three .

But we have one more gauge transformation left !

Can still have An -- 2nd Consistent with 271=0 if 5,1=0
.

In this case
,
An is gauge - equivalent to 0 (or piece )

and not physical . After Fourier - transforming, this means
the polarization proportional to F-momentum (Em ✗ pn )
is 1

.


