
we are thus left with ¥ independent polarization vectors : [

in a franc where pn= (E, 0,0, E), they are

C- = ( 0,1
,
0,01

} linear polarization
C-%) -_ (0,0, 1,0 )

or

C-É= two , 1
,
- i,o )

c-K' = trio, 1
,
i,o )

} circular polarization

In QFT
,

these polarisation vectors represent physical states
,
so

we can take linear combinations of them :

e. 9. IE> = 411> +4127 . Define < it; > = -Ei
" Ethan

< c- I C- 7--1412<11171-14%212> + 4*4<11271-4592211 >
11

~

- (ELP C-
' ^ = I

= ◦ since Elm and EI are

orthogonal

= 14171412

This inner product is Lorentz
- invariant because the basis rotors

change under Lorentz, but
Ict ! Moreover, gauge

invariance let us get rid of the states with non -positive norm ?

C-% = (1,010,0 ) = > Colo> I -1
,
bad !

C-* = ( 1
, go, 1) = > < ft F> = 0

, lnphysical ( cancels out of any
(forward

,
or longitudinal

, polarization ) computation )
-
- -
-

-

- - - -

Including the Lagrangian for Am, our spin
-◦ and spin- l Lagrangian is now

L= IDNET - ñEᵗE - ✗ (oIᵗ¢=T - to Fnuf " "

Note : [Am ] :[ In] = 1 From covariant derivative
,
so (FmF

" )=4,
as required .



The derivative term in the Lagrangian to- I with only ←
the global symmetry

,
LIFE

, gave rise to the equations

of motion for non-interacting (free ) scalar Fields:

Once promoted to a covariant derivative
,
Ibn # 12 contains

interactions between OI and Am .

-

lDnEF=(dnI++igQAnE+)(TOI - IGQAME )
= In Etd

-

E -Antigo ( €+501 - 2^4=+01)) +*ANA - IET
-

in QM
,
this would be the

probability current for the
wavefunction

.
.
In QFT

,
it's

literally the electric current
For a charged scalar particle .

⇒ L contains -1g Fm F" - And ? which is exactly
how

you would write Maxwell 's equations with an
external source j^= (p, J ) ! So OI sources currents

,

which create and § field, from An
,

which back - reacts
on OI . These coupled equations are impossible to solve

exactly, so starting in 2 weeks we will use

perturbation theory in the coupling strengthgQ to

approximate the solutions
.



KNonabelian gauge
Fields (very briefly ! )
-

What if we tried the same trick with the SUCH symmetry?

We want the Lagrangian to be invariant under the local

symmetry § → ei
✗"×"

"

OI where C-a -= % (a--1,437. Guess a covariant

derivative : |DnE=2nE-igA%Ta0- .

This time
,
we now need

three spin- 1 Fields A} , one for each T .

will postpone proof
for later

,
but the correct transformation

rules are fÉiÉ|(matrix commentator)
or in conporents-A-g-C-o.to -✗ • Acn (recall connotation

relations for Pauli matrices
,
[on

,
] = Zi c-

a"o')

The corresponding non-abelian field strength (a 2×2 matrix -valued Lorentz Hear)

is Fmr = (In Au
- Jv Am ) - ig Can, Av]

← extra ten Kase Pauli matrices

don't commute !

A clever way to write
this ;

Dm = 2m - i 9Am (abstract covariant derivative operator
-)

[ Dm
,

Dr ] = (da - i 9Am)(du - IgA , )
- ( Jv - igAdorn - igAn)

= 2¥ -igdnn-v-ign-xn-igx-ndv-g~A~Av-dfntigh.AM+ igA/utigAHm +g-Av Am

= - ig (2nA , - I. An - ig [An ,Av ] )
= - igfrv

Can show (☆ HW) that F Fru = [ it , Fru) , so Far itself is

not gauge invariant
.

However
,

8 ( Fnv . F
"

/ = Ffm - F
"
+ F~u.SE

"
= [ix. Fm]F

"

+ India , FT

= i ✗ For F
"
-Fn¥F" +Elif "

matrix product
✓

- Fru F
"

in
and Einstein su-ration



one last trick ! TRCABC -
- - )=Tr( BC - -

- A) . Trace is cyclical,
8L

invariant
,
so by taking the trace , we can cancel the remaining

terms and get a gauge - invariantobject .

L = - tyTr(Fnif") £
such indices

such

= - t.gl Faff
" '
-

+ FNFF
" ±

1- EEF
"-3) because

Tht 't)=Tr(a--51=171%14
-

- IT- to 9) = £ .

This looks just like 3 copies of the Lagrangian
for the UCH gauge field,

but hidden
inside Fwf

"

ar interaction terms
,

i. e.

Fml F"
'
3 AJAY 5A

"

T-idintmn
itself!

Let's switch to standard rotation and call the such game field W and trench

gauze field B. We can also relabel the coupling gQ→ g
' Y lwill see why next week]

.

Dn I =/2m - ig 'YBn - ig WIT ' )oI

L=lDnIT-ñEtE-l¥oIF-'qB~B"-#w-a]OI
, gauged

This completes one part of our desired classification :

a Lagrangian describing a spin -0 particle of mass m invariant

under Poincaré transformations and the Cqaused ) internal

symmetries UCI ) and such. This description requires us to pick

the representations of tech and such on OI : the former is paaretciaed

by a number Y, and the latter is a choice of representation matrices,

where we have chosen the 2-dimensional rep. using tie Pauli matrices.

The Lagrangian has OI and W self- interactions
,
as well as E -W

and E - B interactions.



9LMassivespin-lfieCds-
As we saw

,
a mass term for a vector field is not gauge

invariant
.
However

,
there are several massive spin-1 particles

in nature
,
which are either composite particles ( the p meson

,

for example ) or which acquire a mass through the Higgs
mechanism ( the Ward 2 gauge bosons? So

,
we should

understand what their Lagrangian should look like

without assuming any gauge invariance conditions
.

Luckily , the story is still quite simple . We still need to

get rid of 1 extraneous degree of freedom , and this will

restrict the form of the Lagrangian .

We want a Lagrangian whose equations of motion will yield

(☐ + ñ)An=o in order to satisfy the relativistic dispersion

p7Ñ. So we can have quadratic terms with 0 or 2
derivatives. The most general such Lagrangian is

L= % An☐ An + bag A^2n8 Au + I ÑAAN with a
,
6
, m

arbitrary coefficients. (Note that 4) =P if (A) =L, a
and 6 are

dimensionless
,

and Cm] -- 1.)

The equations of motion are CHWJ

a ☐Ant 62nd
"

Au tÑAn=o .

Take 2m of this to get

( ( at 6)☐ +N)(5A~)=0 .

We are on the right track
if we can enforce 2-An -_ 0 !

this is a scalar ( i. e. spin-01 constraint so it projects out

j=O as desired . To do this
,

take a -_ 1
,
6=-1 :



E.L= JAM ☐ An - EA^2~2uAu + INAman

= -1-2 ( IAm Juan - ÑAT- Av ) + In
'

A-An ( integrating ↳ parts)

=
-¥( 2nA , - Juan)(HAV - JA

- ) + INA
-

An (rearranging)

=
- tpfnuf" + tzm-A-An ← Proca (massive spin- 1)

Lagrangian

The Field strength Fm justappeared without having to
invoke gauge invariance ! The equations of motion are now

(☐ tri)Ai0 and J^Am=o .

We can now find the 3 lineal> - independent polarization vectors

as before
,
but now in a frame when P

"

- Cm
, 0,0, 0)

since the Poincaré Casini- F- n?

In Fourier space, have p'=m
" and p

- c- =o. So can take

C-
'

n
= (0,1 , 0,01

,

EI =(0,0, 1,0)
,

and Ent = (0,90, 1) . These

satisfy C-
*

- c- = - l as did the massless polarizations, and they
are all physical .

In a boosted frame with p^= CE, 0,0, A) ( pi
-

- E'-my
,

we have

C- 'i lo, 1,401, En -10,0, 1,07, C-F- ( PI , o, o, En ) .
The third polarization is called logical because it has a

spatial component along the direction of motion .

Note that for ultra- relativistic energies F-⇒n
,

ti → Ena, 0,91) .
This will cause problems in QFT

,
and is why massive spin

- I

must either be composite or arise from a Higgs mechanism .


