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Of the Lorentz reps we found in week 2
,
we've written down

Lagrangian for (o
,
o ) and ( I, 't) . Now we'll finish the

job with ( I/O ) ad (0, E) .

Recall J+=J+iÑ are F- J- iÑ formed SUCH algebras
I 2-

( tr , o ) : F- IF, TEO
= > J= IF, k=Éo

These act on two
- component objects we will call left-handedsp.no# :

µ,→e£(
- i¥0- Ñ )

4
, ,

where É parameterize, a rotation and Ñ a boost .

NOTE ! Our sign convention for c- differs
From Schwartz

,
because our

sign yields rotations consistent
with the right-hand rule. So if you're

following along in Schwartz Ch. 10, take -0→ - -0 in his formulas
.

Note also the transformation of th is not unitary . As with spin-1,
we will use momentum

- dependent polarizations (i. e- Spiro-s) to fix this
.

Infinitesimally, 04<=+21--10;
-Bj )o;4< .

Similarly
,
lo
,
ti : 5=0, Jt

-

- IF = > J = IE, ñ=-÷o

(same behavior under rotations, opposite mole boosts)

This acts on right - handed spines? Yr →
e±tiE- E + B-F) µ,

after -_ tzfio-itpjlog.tk

Take Hermitian Conjugates !

Eti -- Hi -0; -Silvio; } remember of -- og.
8T£ = Elio; +B;) trio;

How do we write down a Lorentz- invariant Lagrangian ? So far
,

no Lorentz indices are present to contract with e.9. duty .



I
can try just multiplying spinors, eg. tpftk , but this is not

Lorentz invariant !

[ (titre ) = É( i ⊖; +A;) tho; tr + { trtfio; +A) 0;tr

= ; trio;tr =/ 0

On the other hang the product of a left - handed and right-handed

spinor is
invariant :

EctEtr ) = É(it;
-A) ti-oitrttrti-fi-g.rs;)qtr

= 0

This isn't Hermitian , so
add it Hermitian conjugate

^

.

L ) m(titrttrttu ) ← will see this is a mass term for

spin - ± Fields

conclusion
'

.

without derivatives, only a product of Had this Loreto- invariant.

But just this term
alone gives equations of motion 4<=+5-0

,

which is

very boring.

Consider TF oith :

8 (trtoita) = Hit its;) trio,- oitrttl-io-jtpjtrtoios.tn
= tri {Oi

,
0;) tr -

i TÑ[Oi
,
or;] tr

-

anti commutator
_

Commutator

= 28; ; = Zicijkon

= Bitrttrt C- i;kQ ; trtoktr

Let's define on = (11 , F) . Claim : trfomtn = ( trttr
,
tktoitk ) has precisely

the Lorentz transformation properties of a 4-vector ✓ = ( v0
,
T ) :

Evo = 8. J

OF = Bro taxi
/You did this in Hw 1)



CAUTION '

. is Not a 4-vector . It is just a collectionof & matrices .
③

HoÉe rotation and the previous calculation make it clear that

itr-omdntr.is Lorentz - invariant (facto-of i makes this term Hermitian )

similarly, = (11
,

- ) is Lorentz- invariant when sandwiched between tread tft

⇒L-ritrtondntntiti-ET~tn-mltrtki-ti.tt#-) is the Lagrangian

for a left-handed and a right
- handed spin - I particle coupled with a mass

term. Note there is only one derivative
,
so[t- (a bit weird!)

Equations of notion
: treat ten and tert as independent, so e. a- . Fur tent

,
#
+
are

iondmtn -mk
-

_ ◦

}Diracequ-timio-ndn.tn- nth =O

We will show shots that both 4L and th satisfy Klein - Gordon eqn, so indeed,

m is acting like a mass.
Before that, though, let's consider

internal symmetries .

µn and µ
,
live in different representations of Lorentz group, so can transform

differently under into . Suppose k→eiQiK ad

µ, → eiQ
" tr

,
w/same ✗ . Kinetic terms are invariant

,
but not mass terms !

tatty→ eik - attrit
,

This fact determines an enormous amount of the structure of the SM
.

Ignoring mass terms for now, we can see that

it
,,[

'

Him are invariant under any global UCD or SUCN) transformations,

under which tt and to transform oppositely .

To promote these to local symmetries , just replace

2m → Dm = 2m - igQAn or Dn =-3 - igT
" Ana as for scalars

.

=> interaction between spin - { and spin -1, e. g. electron -photon .



IF % and the have the say symmetries, for m =/ 0 it is
&

Convenient to combine them into a f-component object

+ = ( Ir ) , called a Diracspino . If we define

I = 4+80 = ( ti t;-) where V0 = (
°
" - 11mn

112×2 On
,

)
we can write the Lagrangian more simply as

L = I ( ijm Dn - m ) 4=0 where m=_ m ✗ In
,

0 on
where 8- = ( o- o ) .

Recall From Hw 2 that

S
"

= Cr
,
W] satisfied the commtatin relations

to- the

Lorentz group, but they
were block -diagonal so this is

a reducible representation obtained by combining tk and th .

The equation of motion is easily
obtained from ;§-=o :

cir
-

Dn - n )t=o.

Setting Dn=J~ (i. e. ignoring the coupling to the gauge field ),
can show that µ satisfies the Klein - Go-don eqn . by

acting with ( irvdutm on left :

0 = ( irubutm)( irndn -n)t =L-Hr
-

ain -ri ) to

(kill minus signs
,
use 2in -- duty :

=# {8? V32.2 tri)t

{8387=-8-84-8
'
r
-

=L>
~ =

"

Jiu +nyt

( ( (iffo6-a) =@nd
-

+N)t

Convenient notation ! Contracting with V denoted by a slash,
i.e. 8^2=-8

To obtain equation of motion for I, integrate derivative term by parts :



✗ = - i CDNI)r^t - met 5L

÷µ=o ⇒ - i Dnt 8- -mF=0
,
or in a more convenient notation

,

4-C- iD -m) = 0 ( DF is a reminder that derivative
acts on the left

,
before 8-)

-
- -

- -

Noetheistheoren
Extremely powerful tool in QFT : symmetries ← conservation laws

.

An example : the statement
of conservation of chase can

be expressed in F- +m as ¥+ = F.I, or in relativistic rotation,
Jn j^= 0 for the 4-current j^=_ (P, T) .

We argued that the gauge field coupling to to could describe

electron- photon interactions, so we should be able to build a

current operator out of 4- which
is conserved when µ

satisfies its equation OF motion . Looking at the Lagrangian, we find

f= iIDt -mtt-it-ldn-igQAnvlu-n.tt
> -And-gIY)

Check conservation : 21-gQIr-t) = -gQI(I +I)t
Recall Dirac equations were (expanding out covariant derivative )
( iD-m )t=o ⇒ ✗t=igQA - in )W

Ifi § -m) :O => IF -_ I C- igQA + in )

⇒ 2j^= -gate fight + if tight - in)4=o✓
Note that Al piece cancels on its own

, so 2~j^=o even withoutA !



Noether's theorem guarantees J~j^ as a consequence of the
&

invariance of L under the internal symmetry to→ ein to

The theorem ? L invariant under a continuous symmetry of; = ✗ %÷iEEFg,ÉaserÉ#i
(see Schwartz 3.3 Fo-a proof)

Yi can be any fields (scalar
,
Ferron

,
. . - )

,

and § runs over all

fields transformed by the symmetry .

Example : ✗ = Ici ✗ -m ) to invt. under +→ é"'t
,
D= e-iaaf

⇒ 84 = ikat
,
so ¥✗=iQt, similarly rt⇒ = -iaI

OFJ^= !÷nµ, + §÷g , a = itVliet) + 0 (L doesn't have 21J)
= -QIV4

,

sane as we found before!

(up to a factor ofg
,
since without a gauge field there is no coupling)

j^ as constructed from a symmetry is called a Noetet .

Can play some game for
a complex scalar field, will find Fo- UCD

jm : - i Q(€+2 -OI - G-It)I) exactly as we saw last week .

Non-abelian requires being a little
more careful with indices, we

'll do this

next time .

All our Lagrangian are also invariant under Poincaré
, so :

translation invariance → conservation of energy-momentum

rotation invariance ← conservation of angular momentum .

In HW 3 you'll see how to interpret the Noether current

for a gauge field with a translation- invariant action .


