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Quantum electrodynamics L
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SM Lagrangian Fron last time
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Focus on these ferns today . After setting It = (Y) and diagonalizing
e

Yi ; ,

bottom component of fermion doublet Lf
= ( KY ) is
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we want to identify yer -= Mif , but fo- this to describe charged leptons

(electrons
,
morons

,
fans )

,
we have to be able to combine ( ad R

spinors Into a 4-component Spiro- T = (ehr ) with the correct

electrician .
Recall y-- - I for er

,
but y= -I fo- eh , so this

isn't quite right .

In fact, Q = Tg t Y
,
where T

,
is the 3-d generate- of such

a

Ty = Log = (
"t

- I
,)

,

so er is an eigenvector of Tz wleigerac- e -I .

ai
- Itt - ti -- - l ) this works !

QR -- O t - I =
- I

Conclusion : electromagnetism is a linear combination of SUCH

and UCI )
, gauge bosons

.



We will see later on that the remaining SUCH gauge fields are ↳
much heavier than me

, mm , go for the time being we can ignore

then .
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classical Spino- solutions
-

(massive ) Dirac equation : it-24
- mt -- O

- ip - x

Look for solution , T -- e a) where Xu
, XR are constant 2-cop. spinors

⇒ Vpn t.nl a )

( I.or :o) -

-Y

First look for solutions with f -- O : can construct the solution fo- general § with
a Lorentz boost . p

- o = Pio = MI
,
so

( Tty ! (
"⇒ -

- O =3 Xi- Xr
,

but otherwise unconstrained

choose a basis ! Xu -- (
'

o ) or (
°

, ), so let 4 -component solutions be

Un
-

- rn and uj.sn/!) .

These represent spin -up and spin
-down electrons

(or muons or taus)

just like with complex scalar Fields
,
there are also negative - frequency

solution, etip
"

( Fr ) that represent antiparticles : positrons . Changing sign
of po means Xj - XR : Note : different labeling Convention Fm Schwartz

.

Va
-

- Tn (Ig ) , vs
-

- Tm ) Physical spin - up positrons have Xa
-

- C ? ) :

this comes from Q F T
.



I
can construct solution for general P with Lorentz transformations

.

For now
,
will just write down the solution and check that it works :

s Fo 4) , rip :( Foils were 4=7--111
,
1--2--1 :)ulp ) -_↳ {,

-F-%) (5--1,2)
useful identity

check Dirac equation for ii. lFoJEÉ→
0 pro)(

Foes

E- " t-lrr.ro#*/--F
" "

(poi 0 form- {g) = ^ " ✓
To see how the spinors behave , let's let p→= piz :
pro = ( ELP- E :p, ) , p

-Tr = ( F-+Pa
°

o E-p) , and since these matrices

are already diagonal, taking the square root is unambiguous

•
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F=-pz
◦ /

-Epa*

NOTE-r.ve#d typo in Schwartz 2ⁿᵈ edition
eq . / 11,26) !

If F- 77m
,

F- ≈ Ipzl . For pz > 0 (motion along + z-axis ),

Mlp) ≈ EE ( %) .

✗
<
= 0

,
so this is a purely right-handed Spino-

But { = (f) means spin - up along z-axis ! this electron also has helicity +£
,

or has right- handed polarization in the traditional sense
.

⇒ for massless particles, chirality and helicity are the same

(right- handed Spino- = right-handed particle)



What about antiparticles? A positron moving in the +2 direction

with spin - up along z-axis is still a right-handed antiparticle, but its Spiro- is-

rip =

(°¥p) ≈ FE ( %) , which is pure Xu . Helicity and chirality
0

Epa
are 0ppoe for antiparticles .

Think of u's and is as column vectors and Ñ=_ UH
,
JI ✓+8° as row vectors

.

Useful identities Fo- what follows :

ñslplnsilpl
-

_ uᵗipr° us.IM :(Esto { IF ftp.o-4
.

Free)
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⇒
= (4- 1st) Ey)( };) --2nF"
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similarly
,
utslp ) ns.lpt-IE.li ) (

P
- o

p -E) ({;) -_ ZEE. . (note: notLorentz - invariant !)

Analogous for ✓ (check yourself ) ?

[glp ) vi.Cpl = - 2m55s ', ✓
*

slplrstp) = 2 F- Is ,

We've been a bit fast and loose with matrix notation .
The above were

inmr products : contract two 4-component spines
to get a number

.

Can also take outer products to get
a 4×4 matrix :

É uscplñscp ) = Pⁿ8ntm#q×é=P+ m (Feynman slash notation)
9--1

Érslplrscp ) = H - m
note the order of u andñ,
and some spin index !

5=1



Classical vector solutions ↳
-

Gauge - fixed Maxwell equations : D Am = O , 2-An -

- O

Again
,

look for solutions An = Eep) e-
'

'

Px
.

We did this in week t:

in a frame where pm
-

- CE
, 0,0, E),

we have

Elm" = 10,110,0)
,
En
'"
= (0,0, 1,07, Eof = (I, 0,0, 1)

Recall EE is anphysical because it has zero norm .
However, we need

to include it because Ei
" "

mix with it under a Lorentz transformation .

Esp licitly, let NT =
% I o

- "
s

( ÷! !
-

÷)
'

cache" 3579--1 , arson :p :p;

F

so N preserves pm.
However

, AT E
"'m -_ (1,1, o, 1) =

E' 'j t Ev , so Lorentz

transformations can generate te mphysical polarization .

But it turns out that in QED
,

all amplitudes Mrcp) involving an

external photon with momentum p
"

satisfy 1pnMn=J .

This is tr

Ward identity
,
and because EF - pm

,
this anphysical polarization

doesn't tribute to my observable quantity . (more on this later ! )

Analogous to spinors, we can compute inner and outer products :

E
*
Em "

'
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"

,
i = 1,2

E. en
"" "" -

-

fi . . ) .- fo .
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=
-
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t p
-pitp

-

p-n7
where f

-

- (E
, 0,0,

- E)
.

But by the arguments above
,
the pm will

always contract to zero
,
so we can say

!§
,

Encino Evil → - yw (again, sun over spins gives a matrix )


