
-

interaction at low energies L

Let's go all the way back to te QCD Lagrangian , considering only the

two lightest quarks - Ignorin RED and setting the quark masses to zeo,

L = - Gara+ in[DutikorDrupidarDuctidharDude

This is invariant under separate global left-
and right-handed S4(2) :

O -> 9- Qu und QR 9RkR where Ki(?) , QR=(? ), Ent sure-L

and go Succ ·
Given the existence of 99 mesons, one can guess this

interaction is affractive. What happens if the ground state of the universe

has a condensate of a pairs?
(This is analogous to Coope pairs

in a superconductor. )

Let's assure [in) = <Ad)
= V Cremeb- (n) = I , so this

operator has dimension 3) . This is Lorentz-invariant
,
but it breaks

the Land R symmetries' . QG=QptQp
,
so [QG) = [in+Id)

is not invariant unless q2= 90 .

This is our first example of
aspbroken symmetry :

SUC2)
-

< SUCR & SuczI
92 qR 92F9R :

this symmetry is called (strong) isospic
-

1

Spontaneous" because the Lagrangian is invariant unde the symeety
,

but the ground state is not . We call [QQ) a vacuum expectation

value (ver)
,

which is an order paramete for the symmetry breaking.

Armed with the hypothesis of chetrybreaking, we can
understand the spectrum and interactions of light mesons

without knowing anything about QCD ! This is an extremely powerful
tool , which will seve as a warm-up For a similar effect at high

energies, the Higgs mechanism
.



2

To see how to arrange for chiral symmetry breaking
,
let's FirstL

consider a simpler toy example with a complex scalo-o and

a spirtaneously - broken action symmetry.
Conside the Following Lagrangian :

2 = 2082-4 + 2208 - (000) , which is invariant under - eid4.

This looks just like the Scalar Lagangion we considered much earlie

in the course but the mass term has the wrong sign
!

If
-

we write = T-V
,

tre quadratic and quartic terms are like

a potential energy , which we can plot as a function of Re(d)
and Im (4) : i !

Va↑
-- ↑WAN14

metal:
(I'm Gnd at 3D renderings

.) What this is meant to show is that y = 0

is an unstable maximum of the potential . All Feguman diagrams
we have computed Thusfar are an expansion around zero fielch values

,
e

so to fix this
,
we need to find the true minimum of the poletial,

which will describe the ground state of the theory.

But which ground state? The potential is a Function only of 141 :

V(x) = -mx + * x4 , where X
= I . Find minimum

by VID, VYO :

V(x) = - 2mx + xx = x)-ze+ xx2) . x = 0 is estable maximum
,
so

solve -2m+ /x= 0 =) Xo = Hake positive value since (CK0)
.

Li
Check : v"(X) = - 2m2 + 3xx2

,
V "(X0) = -2n+ 3x)x) = 4m" >0

las long as XLO So xo is reall



Conclusion : there is a continuous family of minima, B

I = E eit , parameterized by 8 . The theory has to pick one .
!

by selecting a particula value of the angle along the circle
,

we are spobreaking
the UCI rotation symmetry of

the Lagengian .
Without loss of generality , define o such that he

minimum is at =0
,
and rewrite 4 as

0(x) = (xo + 0(x)) e **, wire O(X) and TI(X) are real . In other

words
, we are just writing I = re

* in polar coordinates,
and shifting the radial coordinate such that the ground state

Configuration has o(x1 = T(x) = 0. By rewriting the Lagrangia
in terms of o and is

,
we can go back to using Feynman

rinles and forget about my complications from the wrong-sign

mass term .
We will see this again next Lecture .

Basi to suc- juczip .

Now we want to break a nalia

global symmetry to a subgroup : to do this
,

we will need a

matrix-valued scalar field which transforms unde Such. SUCHR ·

Let's take a 2x2 matix field [(x) transforming as [(x) + grE(x)g
Lord & -> 9mg: to play the role of o above

. Let's follow our

moses and genealize the previous Lagrangion to matrices :

[ = Tr(2m2
+

- 2) + m T- (2 +2) - E(Tr(2+2)2
Can show (SHW) that this Lagengion is invariant under SUC2)-< Succe /
but the ground state is [0=(!i) with v = E
This ground state is at invariant under the Full symmetry, since

92209 =

919 , but it Is invariant if we taken 92=9R1

Since grand sc are witary matrices. Thus, this Lagrangian Spontaneously
breaks SUC212 xSucrie to the subgroup SUC2Iv with 92= Se , as desired.



As before
,
we can rewrite [in "Polar coordinates" : ↳

E(x) = * exp/2iTTY ,

where w(x) and TY(x) are real scales,

and Ta =
"

. This reduces to So when o
=

= 0
,
but it is not the

most geneal 2x2 complex matrix . Instead,
we want I to

paracterize
the space of possible vacua, which

is 59 ,
ive a

real constant times an SUCL) matrix . We will actually go one step

Further
:

we will deple o by taking m+0
,

1 - 0 with fixed
.

This means it costs infinite potential energy to change o, so it is

pinned" at a constant value . The remaining degrees of Freedom can be

writte as U(x) = E[(x) = exp(2:4) .
This is a witay matrix,

satisfying UTU= 1
,
and transforming as Ut qrUgat . Fi is a

constant with dimensions of mass
. In this normalization, (UL=1

which

is invariant unde 92=91 So U parameterizes the Sucrexsucla

breaking while throwing away all the information we don't know about

lafter all
,
we have no idea whethe the Lagansion we started with

resembles the RCD Lagrangio at low energies).

Upshot : we want to write the most general Lagrangian for U, invariant

under SUS2)
,

x SUC2Im -

UTU= 1
,
a cont term , so this won't contribute

to the equations of motion : we need derivatives . Loretz invariance requires

at least two derivatives, and must
have an equal number of U and Uti

2= T(rUC-u+) + 0(34) - this is te Chiral Lagrangian

to lowest order in deivatives

That was a lot of Formalism
:

now to physics .

Let TO = ↑Y
,
TF = ) T = iT) (To is real, iand I are complex conjugates)

& this is a be convention ! The field it
u = xxp((, +*0)] actually annihilates a charge - I pirn , not chase

+

We will interpret the Chiral Lagrangio as a theory of pions .
Note that

there are no quarks or gluous anywher to be found ! This is the "change of
variables" that lets us understand RCD When ga gets large .



some important predictions of chiral symmetry breaking ! ↳
· Thehost)massless pias . Every tern has deivatives

,
so there

is no term like "T.

This is an example of 60 Theorem

a spontaneously broken continuous global symmetry implies
massless particles .

We will explain the nonzer observed pion masses shortly
,

but already this motivates why ex = 130Mer<Mp=/6eV :

pions are Goldstone bosons of the Spontaneously broken Chiral symetry
of massless QCD .

It also explains why there are 3 pions, corresponding
to the 3 gereators of the broken SUC2)-

· Pion interactions are highly constrained .

The Laguasion is an infinite
-

series in pouses of i. The coefficient
E ensures the usual
+

normalization for scalar linetic terms

Tr(246
-

ut) = I(59(65 %) + 2 x 6-- +--- (BH w)

But there is also an infinite series of two-derivative interactions
.

r) -+
-

+ - - -)+ (π++ -

+ + - --) +0),,)

all of these coefficients are completely Fixed in terms of one
-

parameter Fi :

we will show in a comple weeks how to determine

Fi from the I lifetime . This meas that o its - #°T0) is

completely determined once the it lifetire is measured
. (HI)

Note that there are no odd powers of I no point retex I
At

even though this is Lorentz invariant, conserves change
,

etc.

· the pion mass is proportional to sqroots of the quart masses.

we can introduce up and down quarte masses as

Cm = Mk wit M= (-w ) .
Clearly

,
this term exicity

breaks Chiral symmetry, but we can still use it to write a chirally-



6
invariant Lagrangian by letting be a constant feld with the L

-

same transformation properties as v : Mt9uMgR -

This trick is called spuriou analysis
,
because M is not a real field

-

("spurious") . A nice analogy is with Loretz symmetry breaking :

If

me want e.g. the x direction to be a preferred direction in
spacetime

,
we could embed it in a vector vi

= (0
,
1
,
0
, 0)
,

and write
a Lorentz-invariant Lagrangion like bet

,
even though vi does

not actually transform .

= <n =+ (n
+

u + Mut)

=vi(mu+d) - E(en+ra)(I(πY+ +i) + 0(5)
M &

real Scalar Complex
Mass Scalar mess

The coefficient ↓ is fixed by Lin)= <Ad
=

vi
,

so ensuring the vacuum2

evegies in Cm and I'm are equal Uniquely determines the coefficient
.

m =
=

= >
- Central . So approximate equality of charged and
F

neutral pion masses is not a result ofmed, but rather

Mutad <V.

Lattice QCD Calculations confirm this relationshis

· we can generalize SUS2) -> SUC3) to include the strange quark,

but at the cost of some accuracy since My is of the same order

as V
.
But we expect 8 light mesons, which we identify as

T
,
TE
,
K Y #Y

,
KE

,
andy , whose interactions are constrained by

approximate SUCI) Flavor symmetry .

The Chiral Lagrangian is an example of an emerfieldtheory,

containing terms of dimension o and higher. We will see more

examples like this in the last weeks of the course


