
⑦correctionsin GED L

The scattering processes we computed last week were

analogous to classical processes :

For example, Moller Scattering

can be related to Coulomb scattering in the appropriate
limit . This week

,
we will look at quartum processes with

no classical analogue
.

At low evergies
,
we will derive the

quarter correction to the magnetic moment of the electron
.

At high eversies, we will see how quarte field theory

treats photon emission (bremsstrahlung)
,

and how the coupling

"constant" actually depends on energy scale (next week)
.

Let's start first with low evergies .

(i-n)4 = 0 . multiply on right by -(i+ n) :

/" +mi4 = 0 D" is a differential operator in spiror space,

let's compute it :

(n+ ieAn)U(brtieArlU
= (GntieAn)(butieAr)Umf

= UntieAn , 6 +icAr [UYVV3 i [GmtieAn, GtieAr] [V v]

where (A
,
BT = AB-BA and SA

,
B) = AB+ BA

First term can be simplified using 58-
, WV3

=

2 ye, so

↓ [Un+ieAr, Gr+ieArSUYY
= I (2) (6m+ieA)(CtieAr) = D2 (scalar operator

second term : [SetieAn
,
GrtieAv] = GYr+ inf_Antie, Arbetie/Ambr-e Ar

- 2 - ie2An-ieAmbn-ieAfter Ar

= ie Fur (recall we did this in week 3)
Recall From HW2 that [VUT= SeY Ge Lovet generators acting on spirors .



So D
= D2 + eFrSer

,

and Dirac equation coupled to a gauge fieldL

implies (D + m + eFwS)4 =0.
oi

Writing it out explicitly, S =
- I (a - ai) and Si = I Eisk(

*

onl
.

Foi= Ei , Fij
=- Eijnn

,
So

(D +n - e((
+ iE) - =

(5 - :E(a) 34 = 0

(D +m2)/ is the Klein-Gordon equation for a charged scalar o coupled

to a gange field .

The S
mu

term is que to spinous : they have a
-

magnetic moment! For a
non-relativistic Hamiltorim H

= gEn B-s,

the Coefficient of Four (where our I [V, V]
= 2927 gives g-

-m

Dirac equation predicts g
=2. GED says g

= 2 + It ... = 2 - 00232...

-

Letisawing = using Feyuman diagrams .

-

iM - Sp =-ien(q)Vul,) .

We enforce momentum conservation

e-Sfer by P
=

qz - 9 ,, but
do not require p

= 0
, since tre photon

91 92
may not be on-shell (indeed, static

B-fields don't propagatel

Note Rat (9) 0
-

(92-91
-

191) = qelV-V/92s
,-19)

- quiVr-/92-9
,
14(9 ,

)

= [u(q)V92-4, (u(91) - ( -)(y -x
,
) U-u(a)

Spinors are on-stell, so they satisfy the Dirac equation (4, -e) u(a
,
1 = n(ar) (4

,

-n) = 0

=> In(ac V-2 - 2) n19 ,
) - En(q2)(n -q , )V-u(q ,

)/

Anticomante
2
to left

! 042 = -42V+ 292 . T(qu)42 = mular)
.

Similar manipulation on second term gives

a-9 ,val)
= in(n)(9 , 19) () - 2imElqV9) Get y



3L
So we can rewrite tre RED retex

2x 2 : sog
= 2

iM
-
=
- 2(q1+2)"i(q)u(q , )+ (2) a--p-n(q , )⑧

-

2m

e

This is just From
in moretur space

:

Grant-ipote

=) any amplitude of the form ulgalourpoula) contributes to

g-

Here is the next contribution :

(2)M This is our First example of a loop diagram .

It follows all the usual Feynman rules,
iM - excep there is one undetermined momentum

k- 91 K
,
ove which we integrate :)

(2π)4
9 , 92

This diagram has two additional RED Vertices
,
So it is proportional to a times

the From the Dirac contribution.

Write down the amplitude , proceeding backwards along fermion lines .

im*= (iel"( (g) white num Vous

/Factor out constants and spinors)=-e"lga)))it is ve can

There are a standard set of tricks For evaluating this kind of integral :
· Combine the a denominators into the form glas

at he expese of an

integral ove auxiliary Feyuman parameters .

-

use spherical symmetry to drop terms with old powers of
momentar

Use standard identifies for spherical volumes in & dimensions
, leaving only

an ordinary integral) times some Umatrices
.

(n
"
-3)v

We will outline the calculation here
, you'll fill in the details for HW.



Firstgeneneeide in 2) decdew(xtrz-1) xre W

↳

Here
,
A = le"-m

,
B = (p+)-mic

= (k -q, )2

XA+ YB + zC = x x yp ypK+y y Z-2zq
,
+ 29,

- -
-

= k + 2eyp - 29 ,
) +yp + 29, - (xx))m- lusing x +3 2 = 1)

Complete the square : (kn+yPr -29,) = k + 2 -(yp -29 + y p + 22, -22p9,

So xA+B+2C = (k-type-29,"- A where A= Pete e-

-
-

· US 9 ,

=m ! (2-z)m2 + (x +y)m
= (22- z + (1-z))m= (1 - z)m

· Use p
=

12-9: (p+q,q2 , p + 2p-q, +m
=m =22p -

q ,
= -p

(y"-y)p" + y2p
= (y-y+ y(X- x -x))p =

- xyp2

So =
- xyp + (1 - z)2-

Charge variables to k = K+yp - 29 ,, denominator
is now (l-A) P

This chage of variables has mit Jacobian : d = dek

HW : Perform his shift
in the numerator N = VIPH+U(KtVr ,

do lots of algebra using Gordon identity and x+y+2 = 1 to get

D

n(q2)N-u(q ,) = i(q2(amp-n( , ) xi)- 2m)z(1- 2) +- - - -

-

this is the piece
we wanted

Normalizing by En , he contribution to g (conventionally called F2) is

ECpT = (dien) I'dxdyd2z(1 - z)w(xr + z -1) me
l

2 from Loeff
,

↳ Frie 2)dxdyde
* to see how we deal with the other pieces of NM, take QFT!



Note Mat A depends on x, 3, 2 so we have to do Sai' integral First. SL
h is a Lovatzian dot product, while we would prefer a Euclidean

dot product to do the integral in spherical coordinates
.

One subtlety From GFT : all propagators have an infinitesimal positive

imaginary part . In the boplane, this pushes the poles off the

real axis
: (K-B+it =

0 = > =

I D Fit

can rotate integration contour

↳'Tile" without hitting#
Lai

any poles : Wick rotation
-

-
Define Euclidean Armamentum EE= like", ) sit. ki -ko-= -RE

&
Jacobim plas factoring out minus sign

-3
=> (rig /Are

& ordinary spleically - Symmetric
= ↑-dimensional integral

The magnetic moment is a low-energy phenomenon => take p" mY
A = (1- z)m2 asp 0

HW

Fro = Eddy de O(xgrz- 1) ==

So Finally, g
=2(1 + F(0) =FT0(x2)

Continuing to many orders in 4
, this is the most precise comparison

between theory and experiment that humanity has ever made .

However, it works For the electron but not for the muon !

There is a So discrepancy for you which is currently being

actively investigated by experimentalists (g-2 at Fermilab) and

Meorists (lattice QCD contributions? new particles?)


