
grouptheory and SOC3, 1) L

Observations (mary!) tell us physics is invariant withrespect
to Lorentz transformations. Therefore, our goal in to describe

elementary particles in a Lorentz-invaint way.

An elementary particle is an irreducible representation of

thePoincaregroup - a semidrectproductofthe

Lorentsgroup and the gap of spacetime translations -

classified by itstwoCasimir invariants, mass and

spir. If the particle is charged, itis an irreducible

representation ofan additional internal symmetry,

global or garded

One thenext3 weeks we will learn whatall these words

mean.

Groupa collection 6 ofobjects a with an associative multiplication rule satisfying
-

a) identity!I=AI =A for
any ACC and some

specific IE G

6) inverse:for my ACC, there exists a in 6 such that

AA - 1
=AA =I

oclosure:it , ArtC, then A, A2tG.

Notesmultiplication is notnecessarily commutative:AArFNeX,
in geneal

Representation:a map 6o -> Matixe. Elevents of6 can-

the acton rectors in thevector space IR by matrix

multiplication



I
Claim: Lorentz transformations form a group, which we call L
50(3,17

-

Two ways to see this:

1) explicitcalculation (compose two boostsand see you can

get another boost, etal

2) be more abstract and cleve

Define SOC3, 1) as the setof4x1 real matrices a
-

satisfy ist=1, wiy=(--,_,)
Let's take an example to reify that this wakes sense: (in-class exercise

V vs

o8
Ax I I U v 0 I = A. Mustoplication by y

on the left
O o I O

C O o I

multiplies rows by diagonal elevents ofy, so

AT(ya) =
v VBOO viI-s 0 o O

-voo zIe Its ou I I 0 -VYrBY00 S0 I D 0

O O 0 I 0 o-1
0 -1 ⑧

O O 0 - 1

and sinceVV= I the RHS i5 !...) =

7.
1-

Verify group properties from the definition.
"IdeND:take I =Ame. Then ITyI= y, so IES019,17
· Inverse: the matrixinverse A "is an inverse to a as long as
AES01,11, so we need toshow (A)A=m. startwith
inverting defining relationship. (AYA)"=-1

=>Nyc=y since y
=

y.



lerWant (A) on left, so t-multiply bok sides by ya and L
right-multiply by yat?
#

M e(gn)ay(+(yn-1) =cyAZN) =sA-YigA=y since

a I

CAT =(a-1)

· Closure: (AW]
---

These 4x4 matrices are also a representationofbe
-

group:since theywere used to define thegroup, we call

itthe defining representation. Itacts on A-rectors x "as Nx".
-

Whatabout other representations?
· Trivial representation: All elevents of 30(3,1) map to re

number 1. This is the "do-nothing"representation and

actson scalars (numbers)

Whataboutacting a 2-componentrectors? 3tomponent?

To do this systematically, we need theconcept of
Lie algebras. These are another mathematical collection of
-

objects obtained from a group by looking at group elevents

infinitesimally close tothe identity.
Let's try writing A

=I +EX and expand to firstorder in t

q
=(I +Ex)

+

y(I +Ex)
=

IyI +t(x Ty +yx) +0(t)
-

-y=Etyx defines Lie algebra e0(3,1)

Up to multiplication by y, this looks like the condition for an antisymmetric
&x1 matrix, which has E=6 independentparameters. Thus
thedimension of 2011) (and SO(3,1) is 6.



X
Unlike SO(II), 8013,1) does nothave a multiplication rule.

L
Itis, however, a verace:if X, Y teal, II, the

aX +6 Y G10(3,1) for any real numbers a, 6.

Ithas one additional ingredient, called the Larketor stator:
if x, y =10(1), the [X, YT =XY - YXGea(2,1

Proof:(2X, x])y =(xy- xx)+y
=

YTxy - xTYy
=

yty-yx) - x
+

(-yy)
&

= y(yx -xy)
= - [X,Y]

Since taking bracketskeeps us in theLie algebra, we can choose
a

basis Ti and wile [Ti, Ti]:fish th, when fist are called-

structureconstants, and the whole equation is a commutation relation.
-
-

For 10th, 1), it's easiestto splitthe basis intoinfinitesimal boosts
-

and infinitesimal rotations, and toallow ourselves complex coefficients

Let5 =( x, s,(2) be infinitesimal rotations around x, y, and z axes

000respectively. Ex. 6x =

I goo I [HW]I

00 - 1

0 0 I 0

E =(kx, ky,kz) ac infinitesimal boosts along x, y, 2

0-10 OEx.
Kx =

i I- 108 0 I CHW]
C

o uo8 boostdirectin
is a 3-recto-

L

Commutation relations. (Si,Jj]= iEisndn, SK, K, =iEisk (m, [Si,K,Tibian Kr
l e

Look familial two boosts give a rotation [HW]



S
The factthat 6 and I get mixed with each oberis annoying.

L
Butwe have one more trickup our sleeve:define a newbasis

-
-> t I +ik -

- 5-iE
I - I I -
I S 2

In this basis, thecommutation relations are

[1,J;7=itins", 261,657:itda. (11, 6:7 =0

-> &

Two identical copies of the same lie algebra which don'tmix!

So representation theory of 103, 1) boils down torepresentation theory
ofit and 5

Butyeknow the answer from quantummechanics!

2 d rep.Ji =i, Paulimatrices (spin-I)

3d rep Ai =infinitesimal 3d rotations (spin-1)
:

using raising and lowering operators, can have any half-integre

Spin representation ofdimension 25 x 1

=) Pick a half-intege;labeling and mother half-integers' forst,
and this defines a rep of the Loretz group (I,;') or
dimension (25H) (2j'+ 1). some examples:

this is all we

sil ↑ -0 "2 I will need to
-I

left-handed I describe theL

0 Scalars/fermions 9

I standard- -

- !
-

I
↑-vector, gravitivos ModelI SE -

direct sunin ---------ermions
e -

I Fru
I
gravitiros i gravitos



6

Retationsof the Poincaregroup L

The world has more symmetries than justLorentz transformations:

translations in space and time. These translations form

a group too.RRY, since we can write x
+ xM+X" as a

&-vector.

Combine translations with rotations and boosts?Have tobe

a bit careful because translations and rotations don'tcommute.

correct structure is a senterproduct:if a and

are translations, andAA are Loventh transformations,

(x, A,).(s, A2) =(a +Ai,aix2)
usual multiplication

Law from last lecture
-

apply Lorentz test. A, to

↑rvector, thentranslate by
2-> this is a group, IR *SO(3,1)

Let's revisitthe Lie algebra oftheLorentz
group, but

now withindices.

A =1 +eX -> N =0+EwY(wave entries of matrix X)

Nga=y -> AYY =

yN

Plus in expansion ofA, isolate OCE) terms as before.

(5 + (w)(0+tw) ya=Yer

yu+ t(Ow8 +0w?)4s +O(E):
luse too to lower indices) t(Owortwom) = 0

-xtWon=O, so war is an antisymmetric tensor

w/6 independent components:3 boosts and 3 rotations.


