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NOTE:War is only antisymmetric withbothitsindices L
lowered!From low on in the course, index heights come with
important minus signs.
Ageneral infinitesimal Lorente transformation can be written

- i

X =- WarM
=

- i (wo, M"+worMoN+Wosc0+W,M" +W,M" +w,M23), where
2 &
↳

coefficients
generators

I
0 , 2 Bu

I I
0 - K, - Fz -

k3

IWi=
-, 0 Os -,M= k,063 -2
-Bu -E0 K2- 65 O 6,
-3 E-0,0 ka 62-6, 0

(woi=i, wij=tijk (n) (watch the minus signs in the top row!)
B =(B,2,Bz) is an infinitesimal boostvector, and E- (A, F2, fu) is
an infinitesimal rotation aboutthe axis 8. This let us writean infinitesimal

transformation in a way where there are no minus sign ambiguities.

AE.I+ i.I likeminus sign compared toSchwartz!
Our convention is the usual RA rule for rotations.

Aconvenient way to write the entries ofMay each of which is a 4x4

Matrix, is (Mar=i(y2x5% - y"?) where x, label the matrix indices.

I I
O I 00

I -ex. (M01* =

i(y0ads-yi)
=

iju00 - k, Cin-class
o 0 O

e
-

u o o r exercise]
+if x =0,

=

1
+1ikx =1, =0

Using this form, we can compute the commutator for all generators.

[M,Mor] =(-7 (n-- (m): (MY

=
- (y* -y)( - yay() +(y8 -yi)(y -vi -1)

U
=- y*xy 5 + ywxyV+(3 similarl

=
- iqi(y0283 - y-yz) +13 similer)

=-igveyyar +(2 similarl

=> (MN, M10] =i 17 vomro+yroM-yen-y-M)



8Now let's include transformations to getthe whole Poincard group.L
x
*

- x +X can be implemented as a matrixwithone extra entry.
I x

0
+10

I " (this is called on affine transformation)I !ii)(i)= I
I
Ix 3 +113

So a queral Poincar'selement(Lorentz
+translation) can be represented as:

(1,a =

( - ,i)
Ix,(x =(-)(E)=(!)
Infinitesimal translation is still a vector, let'scall itpri

po - i
- I), "-+i)i,ets

Note signs!In other words,I
O

I (PM)*=-inna where a is

the row index of the 3x5

<P2, P7 =0 (HW] matrix.

One lastcommutation relation to compute.
& B

[MM, po] =

B I(1)E)-
& por transforms like a"(-P48-

I_q1 -- - I ↑-vector, as itshould

10

So the commutator is a pure translation (Lorentz partis of



9Compute the coefficient. L
ily*-y5)(ig) =i)yvo(-igMx) -yeofig"))

=i (yropprya - y2o(p)

=>IMM, P8] =i/yrop--yeop)
We now have the completecommutation relations for the Lie

algebra ofthe Poincaregroup'

SMM, M10] =

i(yvMo+yNoM-yeM"-y-M)
IMM, pOy =i/yropr-yrop)
(P-,p7 =0

Note thatwhile we derived these using a particular 3x5 representation

of thelie algebra, they hold in general as abstractoperator relations.

Just like with the Lorentz group, we will now systematically
constructthe representations ofthis group.

mioperators

Now that we have thealgebra, whatcan we do withit?

If we find an objectthat commutes withall generators, a

theaven from math tells us
itmustbe proportional tothe

idelity operator on any reducible representation: this is called a Casimir operator

Irreducible I can'twrite as block-diagonal like

[(S I



L
Here's one Casimir operator!P=PMPr. Proof:

[PY, POI =0 since all P's commute

SP2, M
=P" [Po, M2] + [PYM-JPar (using (AB, C7 =ACB,C] + (A. (TB)

=Po/-iP-PY) -i(yrop--y-mp)(a)
= i(prpr-prpy) + i (P-pr-p-pr) =0

(which had to be true:Mar is antisymmetric in MV, and since

CM, PJCP, could only have a commutator like PP which

is symmetric in e,v)
i) on an irreducible rep, practs as a constant times the identity

operator. Let's call the constant": we will soo-identify itwith

the physical Isquared) mass ofa particle.

The Poincarealgebra has a second Casimir, butit's a bit less transparent.

ILeti deviceEtaMMPO (Pauli-Lubask:pseudovector)

Even is thetotally antisymetric tensor withGoizs=-1.

we will see thathis
related to a particle's skin. First,

some useful observations:

· W is orthogonal to P.WaP"<t.poPP*=0 by

antisymmetry ofE.

· W and P commute, so we can label reps, by both their eigenvals.
O

~(WG, POT =IEmpa[MP, POI ==Epa (M-[P9pO] +[M,par]P
=I Eavpa(yrope-ymoprype
=o, again by antisymmetry.



Now, consider some state lens which is an eigenvector of #

per w/eigenvalue K2. We will see nextweek that such states

describe particles of definitemomenture.
Practsas lekn =m,

so indeed, for a massive particle, or acts as the identityon

all states (12) related by Lorate transformations.

Boostto a frame where le =(m,0,0,07,50 P0(k) =M1k), Pilk) =0.

Then Wilk) =Itino:MP4P°1K] =m (tonMin) (1) =
-mI(k)

As you recall from GM, J =5.9 =s(st1) is indeed a multiple
of the identity with coefficient given by the particle's spins,so
the same should hold true for WI=-(win): -m25.5.

Note:this only works in m>0!! Will come back to m
=

0.

Claim:WWWis a Casimir, i.e. commutes withall per and Mar

Proof:We have already shown [W,PT=0, so clearly (hYP] =0.

ButW"is Lorentz-inumit
(no free indices), so the action of

an infinitesimal Lorentz transformation
mustvanish:

(WY, MN] =0.

If this argument is too slick for you, for HW you will

check explicitly that2WYMW] =0 using the Poincarealgebra.

-

interpretation of Casimirs.
t

Recall From the second lecture thati=FF, IIEI

=>I =I
++y-

Reps of Loretz group are labeled by half-intest spins
i,, in, so this is like adding spins in km. I can have

spins j =1j,jz), bijal,..-jitjz, wik5=j(j +1)


