
Cause invariance and spin-I
L

-

Recall our Scalar Lagrangian From last time :
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We saw that &EiQSI was a symmetry .

What if we let x = x(x+

depend on spacetime position
? This is a local transformation because it's

a different action at each point, in contrast to global which is

the same everywhere .

The spacetime dependence doesn't affect the second and hird terms
,

which remain invariant
,
but it does charge the first one :
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Not invariant anymore!

We can Fix this with a trick
: swap out all instances of he with

Dm = In-igQAnk) (cormint derivative) where is called a coupling constant
.

We define An to have te transformation rule Atl
For 6th Finite
and infinitesimal

x

The OmE = GE-igG An transforms as

Dm -Cn(eia) -igalAnt G)ei
= iQ2 2 -- ixc + eix-igAnci-ikb_ e*
= eixm-igA= eiDE

Transformation of Ancancels extra term from derivative of
local symmetry parameter
=> D-ED-E-> leDe= DeDEinvariant under local
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So
,
we can promote a global symmetry -ei

**
I to a local

-
--

symmetry & -> eixxxE
,
at the cost of introducing

another field An which has its own non-homogeneous transformation
-

rule An -> An+56 -

Worldwould we do his!
· Turns out this is the correct way to incorporate internations

with spin-I fields
!

An will be the photo , and G is the

the electric charse. (The coupling constant is g=x where ="137-
is the fine-structure constant you saw in QM .)

· In fact, this transformation rule for Am is ed for

a consistent
, mitary theory or a massless spin-I particle :

invariance under this local transformation is known as gange invariance
.

-

Let's put aside for now and just consider what form the Lagrangian

For An must take.

· Lorentz invariance
:

An is a Lorentz reator
,
so Anx -> ReAvA'x) .

So be "principle of contracted indices" holds. Am A
M

is Lovetz-invariant
,

as is (3mAr) (6 AY
,

etc
.

· Gauge invariance we want I to be invariat under AmeArtUn
Try writing down a mass term :

5) I m AnA2)
= In (AnA+AndAY
-
I

I
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Surprise ! A mass term is not allowed by garge inverience
·

What about terms with derivatives ? Something like GmAr will pick up

Jebox . Concancel this with
a compensating ferm bobnd

,
which comes

From GeAm .

This leads to La = (Ar-bra)(6-A"-CAT
e

conventional Fur
, Fiertenso-



↳
With Am= 14

,
A)

,

the electromagnetic potentials, you will find
that I is none other than the Maxwell Lagrangian, I (E-B2) .

But the photon has 2 polarizations , i . e- 2 independent components
of Am

,

which is a A-reator- How do we get rid of the 2

extraneous components? Two-step process :

1 . Note Mat Al has no time derivatives : Go to never appears in Lagvasion,
so its equatio of motion doesn't involve time . Therefore As is not

a propagating degree of Freedom
:

this follows immediately from urity (Emil
Can solve for Ao in terms of E =7 3 components left.

2. Choose a gange , For example J .E = 0
.
Solve for one component of-

E in terms of the other two
,
and what's left are he two

propagating degrees of freedom
,
whose equations of motion are

DA
"
* 0

.

The counting is fairly straightforward as above
,
but not Loveth invariance

under - Lorentz transformation, Ao wixes with ,
F-* = O is not

preserved, etc .
-

Repeatie above analysis using unitary representations of be

Lorentz group

A Prector An must have some Hilbert space representation (Amb
,

So we can write a stale 14) as a linear combination of the components :

14
= colAo C

,
1A, + Ar+, /An)

This state must have positive norm :

[414L = 11+ (12+11 + k3)2 70 .

But if the components of An Change under a Lorentz transformation
,

we can charge the nove
,
which is bad : He Loventa transformation

matrices are not unitary !
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Alternatively , we could redefine the norm to be Lorentz-invariant

,

<4143 = /col-1 , -kel"-kn12
,

but Gis is not positive -definitel

Solution in two steps : (1) use Fields as the representation, which

do have witary (infinite-dimensionall representations , and (2) project out the

wrong-sign component . Since vectors live in the (2, 2) representation,
which has j

= 0 and j = 1 components, this is equivalet to projecting
out the j = 0 component, leaving j

= 1 as appropriate for spin I .
momentum-dependent

↓ polarization vector

Write Am in Fourie space
:

Am(x)=(IEnloeipx
A Lorentz transformation will act on his field as

- ip
- (Ax)

Ankx -> AAr(Ax) = (i XinEr(p)e
-

polarization vectors rotate,
but

Pu (a durmy integration variable) does not.
-

This explains why we pick cigenstates of Pr before defining action or Wa.

use equations of motion to count independent polarizations :

DAm -Cn(CAr) = 0 (HW)

Choose a gauge such that CAr=O .

(ca always do his : If

CAr= X
,

tre AreArtGrX , C"AreXtgX .
Solve for D to cancel X . )

> in Fowir space , p = 0 and p
. E = 0

.
The Latter is an algebraic
>

constraint which is Lorentz-invaint,
so it projects out spin-o as

desired. Reduces four polarizations (
= (1

,
0
,
0
, 0
,

E (9
, 1
,

0
, 0)

,
---

-

to kee .

But we have one more gauge tensformation left !

can still have Am=Gnd Consistent with 2An=0 if C x = 0.

In tris case
,
An is gauge-equivalet to 0 (or prenge)

and not physical . Afte Fowie-transforming, this means
the polarization proportional to ↑-moratin (tm <Pn)
is unphysical .
-



We are thus left with two independent polarization rectors . ↳

in a frame where Pr (E, 0, 0, E) : (recall this was our "standard vector"
for massless particles)

-00 3 linear polaminate

or

=(0 ,
y
,
- i
,
0)

= = z)0, 1
,
i
, 0)

circular polization

In GFT
,
bese polaination restors represent physical states

,
so

we can like linea combinations of trem :

e.. It) = (
,
1k + (12) · De <ilj =

!" mis

(t(t) = 14 , /[11k + 12212) + 4,Pr[(12)
+ c

, [21k
e

11
=o Since and are

- (Ei)3=' * = 1 e M

ortrogonal

=1
,
1+ 1212

This inner product is Lorentz-invaint because the basis rators

Charge wide Lovents, but not
ICI ! Moreove, gauge
-

invariance let us get rid of the states with non-positive norm !

( = (1
,
0
, 0 , 0)

= < <0102=-1
,
bad !

Gr= (1
,
0
,
0
,
1) = <FIF) = 0 unphysical cancels out of anye /

(forward
,
or longitudinal

,
polarizatio computation)

........

Including the Lagrangian For An, our spiro and spirtl Lagrangion is now

= IOmEl - m+E - x(EtE" - Faulnr

Note
: [Am] = 26m7=1 From covariat deivative

,
so (FmFrr)=4,

as required .



The deivative term in the Lagrangian for E with only ↳
I

the global symmetry
,
GnEC

, gave rise to the equations

of motion fo non-interacting (Free) Scalar Fields

Once promoted to a covariant deivative
,
IDE)" contains

interactions between & and Am .

-

IDmE1 (GmttigQAmEt) (6 -E-igGAME)

=Gme+6-I-Anfig-))+graAA
in QM

,
this would be the

probability current fo the

wareflection
.
In QFT

,
it's

literally the electric current
for a charged scalar particle .

=> & contains -

FrFor-And
,

which is exactly
how

you would write Maxwell's equations with a
external source ( = (P, 5) ! So I sources currents

,

which create E and fields From Ar
,

which back-reacts
on E . These coupled equations are impossible to solve

exactly, so starting in 2 weeks we will use

perturbation theory in the coupling streyhgQ to

approximate the solutions
-



7

Meespinalfields L

As we saw
,
a mass term for a vector field is not gauge

invariant
.
However

,
there are several massive spinal particles

in nature
,
which are either composite particles (the meson

,

For example) or which acquire a mass through the Higgs
mechanism (the Wand I gauge bosons)

·

So
,
we should

understand what their vagrangios should look like

without assuming any gauge invariance conditions
.

Luckily , the story is still quite simple . We still need to

get rid of 1 extraneous degree of freedom , and this will

restrict the form of the Lagagion .

We want a Lagresion whose equations of motion will yield

(1 + mi)An= 0 in order to satisfy the relativistic dispersion

p
=
m? So we can have quadratic terms with 0 or 2

deivatives. The most general such Lagrangion is

= E ABAn+ ANGrl Art InAAn wit a, b, ~

arbitrary coefficiets. (Note that [CI= 1 if [AT= 1 a and 6 are
/

dimensionless
,

and (m)=1 . )

The equations of motion are CHWT

a An +68nCAr+mAn =0.

Take 22 of this to set

((a + 61 + ri)(6
-

An) = 0 .

We are on the right track
if we can enforce JAm : O :

this is a scalar (i. e . Spinal constraint so it projects out

j = 0 as desired . To do this
,

take a = 1
,
b = -1 !



L = IADAn- ACGAr+ ImAAn ↳

= I (2A
" GrAn-GANWmAr) + ImANAn (integratin - parts)

= (2mAr-brA)(AV- "Ar) + Im A-An crearranging)

= I FurFr+ ImArAn & Proca /massive spinil
Lagrungim

The field strength From justappeared without having to
involve gange invariance

!

The equations of motion are now

(D +nAnto and "Am=O .

We can now find the 3 linearly-independent polarization rectors

as before
,
but now in a Fame where = (n, 0, 0, 0

Since the Poincare Casimir Pr= m?

In Fowier Space, have p
m and p

. t=0. So can take

t = (0, 1
, 0,0
,

t = (0
,

0
,

1
, 0)

,

ad Gr = 10, 0, 0, 1) . These

satisfy (*. G : -1 as did the massless polarizations, and they
are all physical .

In a boosted frame with pr= (E, 0, 0, P2) (P
= E-mt

,

we have

t =10
,
1
,
0
, 0

,

E = (0
,
0
,

1
,
0)
,
t= (7 , 0, 0, E) .

The third polarization is called longitudinal because it has a
-

spatial component along the direction of motion .

Note that for ultra-relativistic energies Ex>m,

En - E (1, 0, 0, D -
This will cause problems in RFT

,
and is why massive spirt

must either be composite or wise from a Higgs mechanism .


