
↳gange
fields (very Griefly ! ) ↳

Let's now try to promote the SUCH symmetry of I to a gauge symmete
.

we want te Lagensian to be invariant under be local

2

synty custo aeata
e (a =1, 2, 3). Guess a covariant

/

This time
,
we now need

-

three spin-l Fields An , one for each to
-

will postpone proof
for later

,
but the correct transformation

rules are Fre+i[, Am]) (matrix commutatore

-

SA =or in components I j24"
- Easa" AY (recall commentation

relations for Pauli matrices
,
[0404 = 2i ="

%-)

The corresponding non-abelian field strength (a 2x2 matrix-valued Coventr tensor)

is Fur
= (2mAr-GvAn)-ig 2Am, Ar]

& extra tern
because Pauli matrices

don't commute !

A clever way to write this :

Dr= We-igAn (abstract covariant derivative operator

[Dr
,

Dr] = (n-igAn)(br-igAr)-Ctr-igAr)CIn-igArl
= Ju-igUmAv-isAdn - inAmbr- gAnAv
-Ym+ igCrAm+igAfr +igA/m +gAvAm

=-ig(CmAr-6An-ig[An ,
Avl)

=- igFru

Ca show (BHW) that &Fa = <ic
,
Fev)
, So For itself is

not gange invariat
.

However
,

O (FurFrY= OFn-FrFrF
= Six

,
FIF+FmCic , Fr

~-
-
ic FarFr -FriclF- + Funia) Fer

matrix product - FerFix
and Einstein summation
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Ove last trick : Tr(ABC ... ) = Tr(BC --

- A) . Trace is Cyclically
L

invariant
,
so by taking the trace , we can cancel the remaining

terms and get a gange-invariatobject .

L
suc2)

= - Tr(Far Fr /SUC2) indices

= - (Fut Fr + FanFrrz + FF-3) because

TST = Tr/CTTY
= Tr(5

, 14 = Tr/di) = I-C

This looks just lik 3 Copies of the Lagrangio
For te UCII gauge Field,

but hidden
inside Furtor are internation terms

,

i
n
e
.

Ful FariC A " A ? "Al

The gause
field interacts with

itself!
-

Let's switch to standard notatio and call the Such guage Freed W and the UCI

gauge Field B. We can also relabel the coupling go -gly I will see why next week)

Dm & = (2n - ig'y Bu - igWi[a)E

↳- - x(+2 - Br - We wraL M -T& gauged

This completes ore part of our desired classification :

a Lagragio describing a spin-o particle of mass minvariant

under Poincars transformations and the (gaused) internal

Symmetrics UCI) and SUCI. This description requires us to pick

te representations of U(I) and Sucz) on E :

the former is pararetired

by a number Y, and the latter is a choice of representation matrices,

where we have chosen the 2-dimensional rep. using the Pauli matrices,

The Lagagion has E and W self-interactions
,
as well as E-W

and I-B interactions.



Spin-I L
-

-

of the Lorentz reps we Found in Weakz
,
we're written down

Lagranging For (0
, 0) and (I, t) .

Now we'll finish the

j00 with (2 , 0) and (O,
1)

.

Recall It It iE and Y IF formed SU12) Algebras
-

2 2

R t

(I , 0) :

I
=

I, j = 0 = I = 1,
k = !

These act on two-component objects we will call t spinors :

(viE.-E) 4 ,
where Eparameteries a rotation and I a boost

.

↑, 2

NOTE ! Our sign Convention for t differs From Schwartz
,
because a

sign yields rotations consistent
with the right-hand rule. So if you're

following along in Schwartz Ch.
10

,
take Ot -E in his formulas

.

Note also the transformation of th is not unitary .
As with spinal,

we will use momentum-dependent polarizations (i. e - Spirors) to fix this
.

Infinitesimally, 4 =
I (it; - B5) o

, P

Similark
,
(0

,
1) :

Y
=

0
, y

+

=I = I = I, k
=

-=

Isame behavior under rotations, opposite unde boosts)

This acts on right-handed spirors. Ye -> e
IliE + -8)

R

54R
= I (-it; + j) o

, Tr

Take Hermitin Conjugates ?

54 = I(iE;-; )Nto; 3 remember oit= 0j
5 = I)it; + i) Pato;

How do we write down a Lorentz-invariat Lagrangian ? So far
,

no Lorentz indices are present to contract with e . s. Gutr.



↳
Can try just multiplying spirors, eg. Tatt

,
but this is not

Lorentz invariat !

5(4Yr) = (ii + i) o, r
+ +fi; + 5) o; tr

= into; R = O

On the other hard, the product of a left-handed and right-handed

Spinor Is
invariant :

5(4tr)= IiE, - i)+j4n+
+
fig, + :)o, Tr

=
0

This isn't Heritian ,
so add its Hermition conjugate to make the Lagrangio real:

2) e(tr4r+tntn) & will see this is a mass tem for

Spin-I fields

Conclusion: without deivatives
,
only a product of te ad Ma is Lovet invint

.

But just this ten alne gives equations of motion 4 = +R =

0
,

which

can't describe fields Rat actually do anything .

Consider P o
: m
:

&(tr ;r) = I (it : + ;) n o; 0, 4 +(i; + i) 4r 0, , tr

=

50:, 0; tr- Th20;
,
o: ta

e
-

anficommutator
commentator

=25;; =Zitisk Or

=Bit rt tin ; nontr

Let's define am = (1
,
)

.

Claim : Prtomtr= (Patte
,

Put o: n) has Precisely-

the Lovetz transformation properties of a R-rector V = /Vo
,
5) :

Ovo = B . I

or = EvotExt
/you did this in HW1)



CAUTION :

O is Not a P-rector . It is just a collection of R matrices
.

↳
-
-

However, Ge rotation and the previous calculation make it clear that

itporsutr is Lorentz-ieviant /factor
of i makes his term Hermition)

Similarl, Em= (1,
-8) is Lorentz-invariat when sandwiched between 4

,
and PutL

=>Entr+it
s
torbet - Stette+ titta)) is De Lagansion

for a left-handed and a right-handed spirit re
comple with a mass

term. Note there is only one deivative
,

so [PT=E la bit weird!)

tr
Equations of motion

: treat to and Pat as independent, so ecore -
For tal

,

it
we

ivr2Yr - 4 = 0

3 Diceequation
i-6 - n4r

= 0

We will show shorth that bot 42 and My satisfy Klein-Gordon equ, so indeed,

e is acting like a mass
.

Before that, though, let's conside

internal symmetries .

Yo and te live in dierepresentations of Lorentz group, so can transform

differently under internal symmetries. Suppose Pu e*** and

Pre like tr ,
/same a . Kinetic terms are invariat

,
but not mass terms !

IIn - - eik ,-2) <

~Y

This fact determines an enormous amount of the structure of tre SM
.

Ignoring mass terms for now
,

we can see that

it Mr. Yum are invariant under my globul USD or SUCN) transformations
,

under which it and ↑ transform oppositely .

To promote Prese to local symmetries ,
just replace

Sm Du=Gn-igQAn or DrEEn-igT"An as for scalars
.

=> interactions between spir-and spin-l, e . g- electron-photon .



I
If Y and tre have the same symmetries, for m to it is

L
convenient to combine tren into a -component object

↑ = (In) ,
called a Dirac spinor . If we define
-

I = 4
+ 0

= (4r +et) where Wo= (I *l
we can write the Lagrangian more simply as

C = Y(iVD-e)4 = 0 where m = m +Hxxx

and U = (E) :
Recall From HW2 that

gaw = ICVYUVY satisfied the commentation relations for the

Lorentz group,
but they were block-diagonal , so this is

a reducible representation obtained by combining tr and two

The equation of motion is easily
obtained from = 0 :

(iVD - )4 = 0
.

Setting Dm= Gm (i v e - ignoring the coupling to the gauge Field)
,

can show that 4 satisfies the Klein-Gordon equ . by

acting with (iv"6u+m) on left :

0 = (iV(r+e)(iV-el4= (-2"r-6b-~)4

Kill minus signs
,

use Gebrcktal : =(95: 32-
bu +m)4

95 03 =+ rur-= 2yru
= (y--26 +m24

(Clifalgebra) =(3n6
-

+m2)4

Convenient notation : contracting with devoted o a slash
,

i
r e . Wm = D

To obtain equation of motion for I, integrate derivative term by parts :



= - i(DnT)U+-nF4 E

UL

54 = 0 =3 - iDnT
-

-mY=O
,

or in a more convenient notation
,

I(-iD -m) = 0 ( D is a reminder that deivative

acts on the left
,
before (e)

- -

Norther's Theorem
-

Extremely powerful tool in QFT : Symmetries = Conservation laws
.

An example : the statement
of conservation of charge can

be expressed in Erm as =-Y .I
,

or in relativistic notation,
Ot

G
*

= 0 for the -current J
*

= (P,
5)

.

We argued that the garge field coupling to ↑ could describe

electron- photon interactions, so we should be able to build a

current operator out of I which
is conserved when I

satisfies its equation of motion . Looking at the Lagrangion
,

we find

2 = iTDR-mFt= iF(6-igkAn)Vy-mI4
C-An)-rt)

ju

Check conservation
: G(-gkFUH)=-gQF(+St

Recall Dirac equations were expanding out covariant derivative)
(i-n)4 = 0 = A4-igGA-iml4
F(-19 -m) = 0 =>4, = 4) - igkA + in)

=) (jr = -qkI)-igkA+ if + igA- if)4 = or/
Note that A piece cancels on its own

, so wri
*

= 0 even withoutA !


