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Let's make these considerations concrete by considering a specir-

Lagrangian for a collection of complex scalar fields
,
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[this Lagrangion will eventually describe the Higgs 60son]
Claim : this Lagrangian describes & massive

,
relativistic scalar fields

which have equations of motion invariant unde the following symmetries:
· Exx- (AY - a) (Poincarel

· E(x) - ei * E(x) for some real numbe &(u(i)

· Exe e
i avo" (x) (SU(2)

First let' expand out & just to see tree is nothing mysterious

in the rotation :

I
+

= (& )
T

= (4,
-i4

. 4
, -iy)

C = =(b , -i646m2 , -16-42)(et-laie eriel) a ...

= I(84)(6-4,
) + I(82)(6-47 + (0 + 3)

these terms are

- 4 -

4 + [0e) I quadratic in the Fields
,

so will give Free-particle
equations of motion+ Sterns proportional to A)

For now
, let's set 1 = 0 and only look at the quadratic terms.



To Find equation of motion
,

use Euler-Lagrange equation :
E

-- = 0 Can similar for An
,
e
, yu)~(2n4,

)

14-dimensional generalization of +)-= 0 from classical mechanics)

For quadratic terms only ,

-
wires ap 2

=y424,
24

, 7 = I4(4,
+ 556

> 4)
= -

,

-
--~

,
2

,

=)((644
,
) - (- X

, ) = 0

tA,
= 0 Klein Gadon equation

Get identical equations For A2 , Y, %2 :

not a surprise, since they appear symmetrically

in 2 (more on this shortly)

Can succinctly write all & equations by treating .
It as independent

Fields !

M

= ,

= - m +

=L(26
-

+ -2) ET = 0
, same for For Euler-Lagrange egs -

For It
- in x (5) :Trsolution E(x)= e

- ik .X
↳

(fikn)(ik) +n) e (5) = (8)
-

This solves the equation for my ad as long aslitt ,
the

correct energy-momentu relation for a relativistic massive particle .

Thinking back to our Poincare discussion
,
I is in an infinite-dimensional

ep of the Poincare group, with Put itm and eisevalue pr= m

The states (1) created by this I(X) have momenture km
.



↳
Now let's consider the symetries of L-

· Poincare : If we transform coordinates x e Xx" +a
/

I should take the same value in bot coordinate systems
.

So we should shift be argment of

I- E(A(x -a))

(E itself doesn't get a Lorentz transformation matrix because it has spin o)

This is just the generalization of the familiar fact that to translate
-

a function by
, you

shift f - F* -2)
.

This is consistent with

our convention to use exclusively active transformations
.

performing this transformation on 2 gives :

<[E(x)
, UmE(x1] -> y 6E(A(x -a)) (rk(n (x -a))

E
derivative hits

shifted argument

- -E
+

(n
-

/x -a)) (a
-

(x -a)) nothing happens o the

Sta shifted asment
-

(I +(n- (x -a))((a-

(x-a)

Look at deivative term !

(mI+(n
-

(x -a)) = (A) n
,
+(a- kx -a) (chain rule)

=y-6
+(ax -a))2E(-

1x -a)) = yur(a -1)(A-

y)-6
+

(a /x -a))(0 (a
-

x -a))
-

= y00 by def
. of

Lorentz gen

=

y106 +(A - /x -a)))
-
(a(x -a)

=) ((E()
, Ge(x1 -> <(E(nIx-al)

, GnE(A(x-a)l7
Lagangim stays exactly the same apart from a shift

in cordinates
.

So
,
if we deive equations of nation from &((dx(Exx))) = 0

,

they will take the same form after a Lorentz transformation
: the Sd4x

integration renders the shift trivial.



Note the advantages of index notation her : E
if a Lagrangian has all indices contracted

,

it's invariant under

Lorentz transformations.

e - q- GEGE is not Lorentz-invaint
, but GmJE is

.

· UIII symmetry :
- eid *
I

.

We also require Ite e-i
**
It

So Rat It= (**+ before and after transformation

It my terms that have an equal number of E and It are

invariant
, as long as < is a constant .

2mEtC-I- (e-i* (E) (e2-) = 2 +Cr~

- ↑( +

E) =

(e - ikq + eixx) = (a + I)2
,
etc-

Just like with Lorentz/Poincare, we can conside infinitesimal transformations

ex Itix ...., so SCHixcEor E = ixc

This is a convenient calculational trick, so let's apply it :

5(I + ) = (0+(E + a
+

(5) = ( -ixx) + E
+

( + ixx) = 0

-

te "variation operator" &
distributes over products

If J ... ) = 0
,
Rat term is invariant unde the symmetry.

· SUS2) Symmetry : - eico
.

Recall te Pauli matrices :

01
= (9! ) ,

02 = (% ) ,

a = (02) -

For real parameters < (a = 1
,

2
, 3)
, in =
I/ = iX (ea(2S

M = eix =

1 + ix + (- ... -(H(2)

If X is Hermitian ,

M is try ($HW)
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Why Sucz) Instead of UC2) ? L

Suppose we diagonalize M So det M = TX : /product of eigenvales)

log (det M) = log (T1 xi) = [log Xi
= T (10) m)

i I

But Tr and det are bok basis-independent so thes hold For any

M
,

in particular M = ex

If Tr(x) = 0
,
t Tr(logm) = Tr(ix) = 0

,
so log(detm) = 0

,

de + M = 1

It traceless, Hermitia
X exponentiate to unitary matrices M with

determinant 1
.

Here
, Pauli matrices are 2x2

,

so My exponentiate to the group

SUS2) (indeed
, they are the Lie algebra of suchl

,
i
.
e .
He

set of infinitesimal transformations)

Back to Lagrangian: again, any terms with an equal number

of E and It are invariant .

Proof : I = is ,

= (: ) =
+

/
low are Hermitian)

-(I +I) =

(5 & +I
+(0) = I

+

) -E = E
+

(i)E
/-I

+

)-iaxixroE
=

0

What does &I do to the fields in I ? Write out some examples :

x = (1
,

0
, 0) NE =

'

E = 1 )(e) : ItI
i. e

- 54
,

= 2 ,
5 :

, Jy ,
=

- 2
5Y2 = II

mixes fields among one mother (i. e .

"

rearranges the labels" or field operators)-



-
We have now identified all he spaceture and global (i. e- coat)

symmetries of 2 .

To wap up, a little dimensional analysis
.

-

Action S should be dimensionless in natural mits
,
since it appears

in the path integral as a phase e"s.

[SdYC) = 0 => (dix) + (C) = 0

CL=0 tre kes to understand a
90% of QFT in &

spacetone dimensions !
We saw that for a scalar field

,

a mass term can be written

as L > m EtE
.

So with (n7= 1
,

we must have1
e

"Contains"

[Cm] = [c-7 = [in) = 1
, so(PmE] = 2 and be deivative

C"Kinetic") term also has diversion &
: [q2m2

- &T =P
.

C(EE) 27 = ↑
,
but what about (E)?? To put his in a Laragia

must include a dimension ful constant [n2)=-2 such that
-

* (IE) has dimension & This means that something interesting-

happens at energies A : more on this in the last 2weeks of the course!


