
The weak interaction at low energies L
-

The weak force is responsible For many of the frat subatomic

particle decays ever observed : At → et Te , µ
-

→ e
-

Term
,

n → p e
- Je
,
etc .

With hindsight, we can understand all of these

processes as being mediated by a W boson :
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However
,
these decays were well - understood Long before the w

boson was ever
discovered ! At sufficiently Low energies E Knw,

there is a consistent Fnnewwk fo- understanding the weak

interaction where the W never appears .

Let's look at the W propagator :
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For the pion decay example, he = put Pa = pot , and k
'

-
- ma
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= Cleo mert
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- 10-6, so we can approximate the propagate- by taking K→ o :
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For the It decay diagram, this gives

( out in In iheart Iv = ME in Iuirnlhfr

where

Mn=f÷s¥w=fn÷=In Iall the 2's and Tis are annoying
historical conventions)

We can pretend that this amplitude cane directs from a drrreat

Lagrangian : L -

-
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Gf is known as the Fermi Constant and this interaction is known as he

-

4-Fermi theory p fermions are being multiplied together.

-
because

of an effective field theory
.

The term

This is our first example -

in the Lagrangian
with four fermions has dimension 6

,
and thug Gf

has dimension -2. Numerically, GF
= I

.
166×10

- s Get ? In general,

effective field theories with tens like at Fttt break down at

a scale A
.

This theory therefore predicts it own denise at

f÷= 293 GeV.

This (roughly speaking ) sets an upper
bound on he W mass

.

Let's use te 4- Fermi they to calculate the muon decay width .
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Since mm →me
,
we Can ignore me but

not mm
.

We have evaluated

these traces many the
before

,
but let's do them again to be explicit :
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( squared matrix elect must
be reel
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so cross - terms vanish Calso the be>met))
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Pick a Frane : p = (mm, 0,0, ol, le
,
= C E
,
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,
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From p
-

- k
, tkrtkz , (p -k , F- C

kitted
- 3L

mj -2mmE
= 2K

,
-Kr=3 k ,

.KjItnie-Lane⇒ Gmt> = 326ft (mi-
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not a co-start : nontrivial energydistribution For outgoingJe !

To fond rn , need
to integrate one- 3 - body phase space .

rn -. ÷, ⇒ III. "÷, 7¥,anisotp-a-ie.ie,
Since GMT > only depends on E Ik? , pea-- k, ad ka integrals first!
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Write Test! Teitkz 't 2*51151 cost
,

treat E as the polar
angle in he ku integral ( i.e . o-int Te, along z-axis )
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Change variables From XI co, a to u = tE¥EX
EELdu --
a-

DX

= IT

I [der [
"

duFITNnn - u - Eu- E ) where

U±= teethEn . For the f- function argument to be zero,

we must have U
.

E mm - En - E Ent , which sets limits on

En integral : Eat = ME , Ei = I - E

⇒ Ite f
,

DE
,
= In ( so simple after all that work .

. . )

Not that the f-function also enforces limits on E integral :

F-I Zo => EE In



Putting all the pieces back together @
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Measuring the muon lifetime thus gives a precise determination of Gp !

( Lots of important Corrections from finite electron mass
, photo- emission

from final state, etc . )

Pion decay and helicity suppression
-

Consider two possible decoy modes of the charged pion
'

.

T,
-

→ µ
-

Jn and IT
-

→ e- Je .

The W couples equally to electrons

and muons
,

and since meant, but Mn ( 106 MeV) is pretty close

to my, ( 140 MeV), we
would expect the decay to muons to suffer

a phase space suppression F÷,
and thus B-Carnac B- CT - end.

However
,
the opposite is true ! Brca - → e-in
- = I. 23×10-4, Let's see why .
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lieddlpulIf the I and d quotes were Free particles, this amplitude would

TGF
be Vna - ftp.lrf ) ups) Tick, )kl ' rued .

But the pion is a bound

Vz

state with non perturbative QCD dynamics . We will parametrize our ignorance

( the shaded blob) asFollows(setting Vua -- I From now on ) :

Col Turn I I - H)UalTtp ) > = i p
'

Fa ,
when Fa is the some Ft, we

Saw in the chiral Lagrangian ( see Schwartz 28.2 Fo- more details if you're
anions!)



Thus Ma - → e
- re
-

- Effi, p
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alien rill -r
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Since the pion has spin 0
,
there are no initial spins to avenge over.

Let's try setting the electron
mass to zero in the spin sun :

( Int> = GFI p -f Tr [4kWh ( z -Ws))
As before

,
since p

-

Pu is symmetric , the H trace with the E tensor

vanishes
.

However
,
the other trace is
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But p= kitten , so p
- =
ma
'

, Kiley =p
-ki p

- ka --L ,
and

zip - temp - Kil -p
-

Kiku -- Fyi- m = o ! If the electron were

massless
,
this decay would be Forbidden !

To understand this
,
consider the helicities of the decay products :
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The 4- Fermi interaction only couples left- handed spinors and right-handed

anti spinors . So one helicity must be positive and the other must be

negative , but this
violates momentum conservation since the pion is Spino.

On the other hand, Fermion messes couple left - and right
- handed

spinors , so we can
think of an insertion of me in the amplitude

as a helicity flip :

me

← •

xje←
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Therefore
,
B- la

-

→ e-Td is suppressed compared to n
-

in by nn = to- s,
a little bit less than that when phase space suppression is included.

Let 's now see the fermion mass appear in two ways .



First
,
let 's use explicit spinors . Work in the pion rest Frame p

-

-

- Cna
,
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Recall from Schwartz ch . It ? hack ) -- Eka {s, Ville ) = Efka 7,
where { = ( 'o) for spin - up but y = (

'

o ) fo- spin - down .

Since neutrino is massless
,
E = '1kt . Define z-axis along electron direction, so

lez = - E ad 4=75- ( 'o ) , giving htck ,
) yelled = 52k TETE where he

,
= (E

, 90, K )
.

From p = k , the , we have (p - k ,
)
"
- KJ

,
so ma
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2mF 2Mt,

IMF & KC E - k) = mt me
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no spin sun, 2mF It, as predicted !
since spins are
chosen

That was similar to our w decay calculation last week. Let's now see how the

same answer arises in the spin - summed calculation when we restore me .

Llnl 'S = 6,5ft,
-

Pnp
"
Tr( (Kitner Krull -rs) )

Interestingly, as we found from top quark decay, the one piece in the

trace does not contribute . Instead , we hare to put me back in the

dot products :

( Int> = 46,5ft ( up - temp - teal - p
-kited

with masses
, pie , =mt, p - ka --mt = k

,
- ku

⇒ Limb? 44=2Fan ( Elma 'tni) (nah-ni) - trainee-ni))
= 261=2 Fa

'

(nie-mi) me-
← some facto- as before

Fro- F- s÷i4M5, we find BpIYj= II. (n - I.wait, as observed !


