
NoFid C very briefly ! ) 6L

What if we tried the sane trick with the SUCH symmetry ?

We want he Lagrangian to be invariant under the local

Symmetry I → eid
"

" " t
"

I ate - e Ta -= II .
Guess a covariant

derivative
'

. Dn I -

- INI - ig Aan TAI
.

So need 3 spin - I Fields

Aan ,
one fo - each gedo - of Such C in this case

,
Pauli matrices )

.

will postpone proof for later
,

but the correct transformation

rules are far = gt 2nd ti [ a
, Am ) ( matrix commutator )

or in Components ,
orAna -

- Ig 2nd
"

- fab - xb Acn . g is called he gauge

Coupling ,

The corresponding non - abelian field strength is

Fmr = ( In Au - Jv An ) - ig CAN
,

Av ] ← extra ten Kase Pauli matrices

don't commute !

A clever way to wife this :

Dm = In - i 9 An ( abstract covariant derivative opera to - )

[ Dn
,

Dr ] -

- Hm- i 9A  a) ( du - i g Au ) - Csu - is Au ) Cdn - i g An )

I Indu - i g 2nA v
- igAv2n - ig Anh - g-An Av

ntigduh-mtigh.fr/utig#rmt5AvAm

= - i g ( war - I. An - igcan.AM
=  

- i g Fru ( also true for Uch
,

by the was! )

Can show that Tfw = Cia
,

Fru )
, so Far itself is

not gauge invariant
.

( Youwill do this in HW3 . ) However
,

of ( Fnv . F
"

) -

-
TEN - F

- -

t Fw . SF
"

-
- Cia

,
Fru ) F

"

t India ,

FT= in For F
"

- Fur F
~

tFallin ) Fru

-  Fru Fria



>
one Last trick : Tr ( ABC - - - ) -

- Tr ( Bc .  -

- A ) C trace is cyclical ,
L

invariant
,

So by taking the trace ,
we car Cancel the remaining

terms pairwise and get  a gauge -  invariant object .

L 3 - tgtrl Enif
"

)

= - I
. ( Fn ! F

- u

't Ini F
" t

TE ? F
" 3

) because
T

The 'T ) -

- Truth = THE,tfIT - ( I9) =
'

z .

This looks just like 3 Copies of the Lagrangian fo - the UCH gauge
field

,

but hidden inside Fru F
"

an

interns
,

i.e
.

Fw
'

F
" ' 3 f'

23 AT AT J
"

A
"

Unlike Ucl ) gauge
fields

,
no - abelian gauge fields interact  with themselves !

For future rotational Convenience
,

let's relabel he Ucl ) part and write

Dna = @- i g 'll Bn - igWant' to

L=lDnoIT-niEtE-l¥④-IBwB~#
This Completes one part of our desired classification :

a Lagrangian describing a Spin
- O particle of mass m invariant

under Poincare' transformations and the Cgauged ) internal

Symmetries Ucl ) art SUCH . This description requires us to pick

the representations of UCD ad such on OI : the fo - - e- is parametrized

by a number Y
,

and the latte is a choice of representation matrices
,

Where we hare chosen the 2-dimensional rep . using be Pauli matrices ,

The Lagrangian ha , I and W self - interactions
,

as well as OI - W

and I - B interactions .



Spin -

'

z 8h
-

Of the Lorentz reps we found in Week I
,

we've written down

Lagrangian For ( o
,

o ) and ( th 's )
.

Now we 'll finish he

job with ( I , o ) and ( 0
,

I )
.

Recall TA -

-

Jt
 ik are B -

- J - ik fo - need SUCH algebra ,

-
-

2 2

( I , o ) : B -

- to ,
A -

- O = > I -

- to ,
K -

- izo

These act on two - component objects we will call left - handed spinors
-

:

µ

,→
etc I - B )

th ,
where E parameterize , a  rotation and I a boost

.

( Note this is not unitary ! As with spin - I
,

we  will use momentum - dependent basis spinor to fkn :D

Infinitesimally ,
Ttu -

- IC-

it ;
 - BJ ) o

,
- the . ( In Hw 2 you constructed the finite rep . )

Similarly ,
Co

,
th : I - to ,

B- -

- o ⇒ J = to ,
I -

-

- io

( same behavior under  rotations
, opposite  under boosts)

→ etc i E - Its . F)
µThis acts on right - handed Spino -5

. Yr a

Jxr=

If
it ;  + Bj ) rjtre

Take Her : tin conjugates !

Jtf -
- th - it ;

 - B ;) tho ;

ftp..tl - it ; TB ; ) tho ;

How do we write down a Lorentz - invariant Lagrangian ? So for
,

no Lorentz indices are present to contract with e. 9 . July .



←
Can try just multiplying spinors,

eg . tr tr
,

but Cperhaps surprisingly )

this is not Lorentz invariant :

of ( tr tr ) = If - it ; th ; ) trio; tr
t thtrtciojtts ; ) o ; tr

= A ; tho ; tr A O
.

Actually
,

we knew this : Lorentz rps .
not  unitary !

On the other hang the product of  a left - handed and right - handed

spinor is inrwrut :

of ( t ftp./--'zC-iGj-A;)tLtojtrtItctCio-;tA;)o;tr
= O

This isn't Hermitian
,

so add it Hermitian conjugate !

L ) m ( ti
- trttrttu ) ← will see this is a mess term fo -

Spin - I Fields

Conclusion
.

.

without derivatives
,

only a product of the ad this Loreto - invent
.

But just this term  alone gives equations of motion tu -
- tr -

- O
,

which is

very boring.

Consider tho
; ten !

or ( trto ; ta ) = It  it its ;) trio
,

- o ; tr - Elio ,
- tf ;)

Tato
;  og tr

= Egypt Eri
,

o ;) Tnt ' If tncoi
,

tr
-

-

anti  commutator
commutator

= 28 ; ;
 =

LIE
"  k

on

= B ; tr Tn - time E ; trtoktr

Let 's define on = ( I
,

F )
.

Claim ? tht on th = ( trttn
,

troi ten ) has precisely
th Lorentz transformation properties of a f - vector V

-
= Cro

,
T ) :

Tvo = B. J

OF = Bro - I xp
( recall Hw 1)



AI0N:

on is trot a f - vector
. If  is just a collection  of A matrices

. ⑥
However, the rotation and the previous calculation make  it clear that

i tht o
-

duty is Lorentz - invariant ( facto - of  i makes this term Hermitian )

Similarly ,
Em I ( I

,

- I ) is Lorentz - invariant when sandwiched between fun .

⇒ L=itnto7ntntitfE2tn-m(trtkttti# is he Lagrangian

for a left-handed and a right - handed spin - I particle coupled with a  mass

term . Note there is only one derivative
,

so [tT-
Equations ok motion : treat ta and tert as independent,

so e.  an . fu - tent
,

It - e

i 0^2 nth - nth
-

- O

) Diracequafion ( we will see this in no - -

; E
- Jn tu -

n tr
-

- O detail very soon ! )

( on show ( AW 3) that both th and th satisfy Klein - Go - don egn ,
so  indeed

,

m is acting like a mass
.

- - - - - -
-

Ya and tf live in different representations of Lorentz group , so can fans fo -
n

-

differently under internal symmetries . Suppose this ei 99K and

µ ,
→ ei Qin tr

.

Then kinetic terms are invariant
,

but not mas , tens !

Hetty → eik ,
- Hate

This fact determines an ere - nous anoint OF the structure of the SM
.

Ignoring mass terns Fo - now
,

we can see that

j th
,
! myth

, n
are invariant under any global UCD or SUN ) transformations

,

under which tot and to transform opposites .

To promote these to local symmetries ,
just replace

In → Dm = In - ig Q An or Dn =3 - i g
Tatti as fo - scalars

.

= > interactions between spin - Land spin - I
,

e. g. electron - photon .



It
Chirality ,

helicity ,
and parity L

-

often convenient to combine massive spinors into a 4 - component object

4=(4×1) .

This transforms under the Ct ,
Otto to

, ref ,
as you saw

in Hw . The labels L and R refer to chirality ,
which describes the

spinor 's formal Lorentz transformation properties and is not
, strictly

speaking,
an observable .

had R Spino -5 do not mix under Lorentz transformations
.

Helicity ,

defined as
In -

- IIIT , is an observable
.

For m → o
,

a chiral
-

Spinor is always an eigenstate of helicity :

ion ftp.
-

- o ⇒ ( E - Trip ) tr -

- O =3 MEtl
.

Similarly
,

ah
,

=
- I

.

We anticipated this when we calculated the Pauli - Kubinski vccfo - fo -
m

-

- O

and spin -

'

z . However
,

if M¥0
,

the ad tr are no longer eigenstates

of helicity .
We can still prepare States of definite helicity

,

they will just be linear Combinations of to ad tr
. Consequently

,

helicity is not Lorentz - invariant for a massive Fermion !

→ ←
boost : C run fash than the particle : f change , sign

but spin stays same )

Finally ,
let's consider a parity transformation

,
which takes I → - I

.

This is actually an element of 013,1 )
,

but  it is not continuously connected

to tie identity since it has def A -

-

- I ( the
"
s

"

in
"

so
"

means def 1)
.

under parity, I → - T,
so in → - ti : parity exchanges had tr

.

Indeed we can also see this From the Lorentz transformations !

e
'zciE . I - Brot )

→ e
's Ci E . Ft B . E )

since B → - B

( tho ) I 0
, 's )

Conclusion : a theory Containing only Yu or tr is not invariant under paris .

Will be very important in he phenomenology of the weak interaction !


