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Let's go all the way back to the QCD Lagrangian , considering only the

two lightest quarks - Ignoring QED and setting the quark masses to zero,
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This is invariant under septate global left
- and right- handed rotations

'

.

(E) → %(⇒ and ( I:) - gal where guesuah

and 9h→ Such . We saw last week that got interactions are

attractive .
What happens if the ground state of the universe

has a condensate of gg pairs?
(This is analogous to Cooper pairs

in a superconductor. )

Let's assume Lau.

> =L d-d > = V
? Creme-k-↳ =L , so this

operator has dimension 3) . This is Lo-ertz- invariant
,
but it breaks

the L and R symmetries
'

.

In -

- utuupt utah ,
so <Ins is

not invariant unless q=gq .

This is our first example of
a spontaneously broken symmetry :
-

Such a Sucha → SUCH
r

9L 9h 95-9re : this symmetry is called Gtrspin
"

spontaneous
"

because the Lagrangian is invariant under the symmetry
,

but the ground state is not . We call Lois a vacuum

expectation value : it's an order parameter for the symmetry breaking.

Armed with the hypothesis of chiral symmetry breaking, we can
-

understand the spectrum and interactions of light mesons

without knowing anything about QCD ! This is an extremely powerful
tool , which will serve as a warm -up for a similar effect at high

energies, the Higgs mechanism
.



First
,
let 's parameterize the symmetry breaking .

After the

7£
phase transition, the degrees of Freedom are no longer quarks and

gluons, but scalar
mesons. Let 's package then into a Scala- Field E

,

which we declare to transform as Six ) → q Elxlgrt .

Likewise
,

get → gr Etgut . E is a 2×2 complex matrix
,

and the transformation

rule is just ordinary matrix multiplication .

-
-
-
-

-

To see how to arrange for chiral symmetry breaking
,
let 's First

consider a simpler toy example with a complex Scala- 0 which

is just a ,
not a matrix

.
Consider the following Lagrangian :

L -
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This looks just like the Scalar Lagrangian we considered much earlier

in the Courses but the mass term has the wrong sign ! If
-

we write L -

- T- V
,
he quadratic and quartic ferns are like

a potential energy , which we can plot as a Function of Reef)
i VH1

,matron :

"

ma

II'm bad at 3D renderings
.) What this is meant to show is that 4=0

is an unstable maximum of the potential . All Feynman diagrams
We have computed thug far are an expansion crowd zero field rakes

,

So to fix this
,
we need to find the true minimum of the potential,

which will describe the ground state of the theory.



But which ground state? The potential is a faction only of Ipl : 8L

✓(x ) = -six't taxi , where x
-

- 141 . Find minimum by V'
'

-o
,
✓
"

so :

✓
'
(x ) -- - 2n

-

X t 4×3 = x (- Lm 't xx
' ) . X -- O is unstable maximum

,
so

solve - Zn't Xx?-- o -→ X. = ( take positive value since 101 so)
.

check : v
"
Cx ) -- - Lm't 3XX

'

,
V''(Xo)

-

-

- Zn't 3x(E) = 4mi >o
x

(as long as X >0 so Xo is
real)

conclusion : there is a continuous family of minima,

¢ = FF eio , parameterized by Q . The theory has to pick one :

by selecting a particular value
of the angle along the circle

,

we are sporting the Ucl ) rotation symmetry of

the Lagrangian .
Without loss of generality , define ¢ such that the

minimum is at E-- O
,
and rewrite ¢ as

¢Cx ) = ( xoxoCx) ) ei
""'

,
where OG ) and Tl Cx) are real . In other

words
, we are just writing ¢ = re

'
'

in polar coordinates,
and shifting tie radial coordinate such that the ground state

configuration has ocxl -- Tik ) -- O . By rewriting the Lagrangian
in terms of r and IT

,
we can go back to using Feynman

rules and forget about any complications from the wrong-sign

mass term .
We will see this again next lecture .

-

- -
-

-

Back to such + SUCHr .
It should be plausible that we

can arrange for a spontaneous breaking of this symmetry by

generalizing the previous Lagrangian to matrices :

L -- Tr (255E) + n'Triste) - Iafrate)5

Can show (stfu) that this Lagrangian is invariant under Suchy Sucha ,



but the ground state is

Eo=¥(
'

o9) with v -- If .

9L

This ground stale is not invariant under the Full Symmetry, since

9L So 9£ = Is qqf , but it is invariant if we take q=gr ,
since guardga are unitary matrices. Thus, this Lagrangian spontaneously
breaks SUCHLx Sucha to he subgroup SUCH withgo

-

- se , as desired.

As before
,
we Can rewrite E in

"

polar coordinates" :

{Cx ) = VtI exp (Zi
"

) ,

where old and Thx ) are real seats
,

and Ta -- of . This reduces to go, when
0=7--0

,
but it is not the

most general 2×2 complex
matrix . Instead, we want E to

parameterize the space of possible vacua, which
is I
,

gjgrt , i. e . a

real constant times an SUCH matrix . We will actually go one step

further
'

. we will decode o by taking m→ •
,
y → • with v Fixed .

This means it costs infinite potential energy to charge or, so it is

u pinned
"
at a constant value .

The remaining degrees of freedom Can be

written as UCH = EEK ) = exp (Zi ""I) .
This is a unitary matrix,

satisfying Utu
-

- I
,
and transforming as U→ gull get .

Fit is a

Co, stat with dimensions of mass
. In this normalization, LU

> = I which

is invariant under ga
-

-

ga , so U parametrizes the Sucha sue2)r

breaking while throwing away all the information we don't know about

(after all
,
we have no idea whether the Lagrangian we started with

resembles the QCD Lagrangian at Cow energies
)
.

Upshot : we want to write the most general Lagrangian for U, invariant

under SUCHLx su can .

Utu = I
,
a Constantterm , so this won't contribute

to the equations of motion: we need derivatives . Lorentz invariance requires

at least two derivatives, and must
have an equal number of U and at

-

.

L -- FLI Tr (burnt) t 0h24) ←
this is the Chiral Lagrangian

to lowest order in derivatives



That was a lot of formalism : now to physics . 10L
Let to = a 3, II

= TH TI
'
ti TT) ( Io is real,

Itand IT
-

are complex conjugates)

a- exri.lt:* ?
":D

We will interpret the Chini Lagrangian as a theory of pions .
Note that

there are no quarks o- gluons anywhere to be found ! This is the "

change of

variables " that lets us understand QCD when gs gets large .

• There are 3 (almost ) massless pins . Every tern has derivatives
,
so there

-

is no term like m
-it

.

This is an example of Goldstone 's Theorem :
#

a spontaneously broken continuous global symmetry implies
massless particles .

We will explain the nonzero observed pion messes shots
,

but already this motivates why my,
= 130 MeV Kmp

-

- I GeV :

pions are Goldstone bosons of the spontaneously broken chiral symmetry
of massless QCD .

It also explains why there are 3 pions, corresponding
to the 3 generators of the broken such.

^ Pion interactions are highly constrained .

The Lagrangian is an infinite
-

series in power of ti. The coefficient FIL ensures the usual

normalization for scalar kinetic terms:

Fti
Tr ( full donut ) = tzcdntioksito) t fit 2- IT

-

t
- - - (BHW )

T

But there is also an infinite series of two -derivative interactions :

÷, f - Tao Ti Katsu
-

t - - - ) t
' ( Isleta- Tavis

-

Tio t - -- ) to ( ÷,)

all of these coefficients are completely fixed in terms of

one-parameterFa ! we will show in a couple weeks how to determine

F, from the Tt lifetime . This means that of Tita
-

→ Foto) is

completely determined once he at lifetime is measured
. (AW) ti

-

Note that there are no odd powers of Ti. no 3-point vertex to
. .
. !

.
T,
t

even though this is Lorentz invariant, conserves charge
,

etc.



n The pion mass is proportional to square roots of the quark masses. ④
-

We can introduce up and down quark masses as

In = IM q
with M -- (~ma) and q

-

- ( Ye ) .
Clears

,
this ten

breaks chiral symmetry, but we can still use it to wife a Chimay -

invariant Lagrangian by letting M be a constant freed with te

Same transformation properties as u : M→ gumget .

⇒

Lin
-

- Ig Tr(MtUt Mut)
-

- V
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The coefficient VI is fixed by Liu> = Told> = V? so the vacuum

enemies in Ln and fin are equal .

We then have

MTF = Matt. = I÷f~+-a) .

So approximate equality of charged and

neutral pion masses is not a result of ma
-

- nd
,
but rather

Mut

nd
K V. Lattice QCD calculations Confirm this relationship

a We can generalize SUCH → SUCH to include the strange quark,

but at the Cost of some accuracy since Ms is of the some order

as V
.
But we expect 8 light mesons, Which we identify as

To
,
at
,
Ko
,
Fi
,
KI

,
andy , whose interactions are constrained by

approximate SUCH flavor symmetry .

The Chiral Lagrangian is an example of an effective Field theory,
-

containing terms of dimension 6 and higher. We will see more

examples like this in the last weeksok the course


