
For a full justification of all the properties of non -Abelian gauge 5L
theories, plus lots of subtleties I've skipped,

take advanced aft !

Here we will just investigate a few of the consequences .

Corrections to et e
-

→ hadrons
-

9;
et

Jun£m
is the same as GED butwith a

g
a facto- of g , Ia) ;; at the gluon vertex .

r

q ;
compared to ete

-

→ got r in QED
,
we

e-
,

get an extra facto- of :

%
,
%
. ,
§= ,

is
a)if =

a,,§H4i; a)ji = (Ftrloii ) = F(3) = 4 , times as instead of2 .
9 Four T is Hermitian

Sunore- quark

gluon
Colo-s Colo-g

Tete- → hadrons = R roll
t IT t 3£

,

t Oki)+ OCT)) ( inclusive cross section)
TR- ratio

,
contains factor of 3 From sun over colors

This gives us a way to Tease as (E) as a function of Q
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= Eci .
(see plot of as on class schedule page .)

Numerically
, Rg (Q
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while da -- too Cev) to- 0077
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so

the strong force is still strong (atleast , stronger than QED)
even at these energies.

Note that this measurement is an example of aninF-ar@lline_asafeobserra6le.Weare not requiring that there be exactly 2,3, - . -

hadrons in the final state; since we can change this number by emitting
an arbitrary number of low- energy and small -angle gluons, the exclusive

cross section for a fixed number of hadrons is an ill -defined observable .

F- rat shapes fo- et e
-

→ qqg
-

In a defector
,
a gunk jet and a gluon jet arc (to a first approximation)

indistinguishable . So instead of considering the energy spectrum of the gluon,
we will define an observable which is insensitive to quarks vs. gluons :

Pi

thrust I = max Ex;) where Xi = Wiz are the energy fractions of

the three jets ( i=L
,
2,3)

.

We sun these variables for ete
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→ intr
-
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they are identical here
,
with Xittrtxz =L .



We want to co-parte date .
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event shape :
- IH HH
-- → Tet
e-

µ
et

e
-#*

E- I :
T -- "3

"

back-to-back " "
Mercedes - Benz

" : Xi -- tr -- ×3
= F

(x
,
-

- o ) → 2 jets
r xitxi

Recall from QED that does a
-

.

The analogous formula for QLD
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just adds a Colo- facto- as before : d = ocete
-
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Let's consider the case where the gluon is collinear with the quark, and
define z = = XI

= ×I as the energy fraction remaining in the quarkEqt Eg f Xgtxg 2-ta
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In the collinear limit
,
4-momentum

-

Conservation means antiquark add quartetgluon share enemy equally, so Xq El and

Z = Xg , I - Z -

- Xg .

Now
, trial -- 2F¥" = HIGH-cosa = t¥E for small o . on the
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Other hand
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This should look very familiar ! Taking z→ I - z
,
this is precisely the

⑦

splitting function for e-ear you will derive in HW 6
,
with a facto-

OF Ce .

We can write schematically

for 9 d-olq → qg ) x
,

H - (z) whee

# dado-
=

I, ok Pqg ←g
n

I +2
P (z) = ↳ Iz

is the universal collinear splitting function .
qgeq -

similar expressions exist for pqq ← g
, Pgg←g : more on this shortly.

Baek to thrust : in the collinear limit, since xg =L - OLE) and xqtxg - I,
T -- max Ex:3 -- Xq → I

. Let 's also take the soft limit where the gluon is

very low-energy
,
z→ I

.

Paige 's -- G.
'

II 'zd -DE - c
.

'

zd - do,

with l - t
-

- E .

We want to compute doe ,
but this blows up

da- t)

Whn Eero and z→l ! These are the same soft and collinear divergences

we saw in AED
.

Are we screwed?

Not so fast ! Note that Pg .. ,
1291

,
Eso) =L Cpd log ttzdloy ¥ ,

so

probability for emitting a soft and collinear gluon is Flat in log Iz and log 'z .

Now note log Ie = log Int log # t log 4, so this is a Stargate in

the log - log plane :

lag L
E
"
'

e, Use this to calculate CDF Ectol
,
i.e
. probabilityI -z

o

that I - T C l - to
. Discretion

, triangle into N squares
soft 0£ are DA

,
so AT = NDA

, f Pq is flat in

n . ....in#a..n..:i;.I..icn:a..aai'
" "a

→

Collinear
= him ( I - ' G. At)N -

- exp ( -¥4. At)NSP
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At -- I log
- (acted, so

L

ECT. ) = eapf- ↳ log Tau- ed))

TH=dga;=-7"LexpC-÷↳io5kao
Despite divergences, having only softhotline- emission ( Tst) is not only

finite
,
but exponentially unlikely ! exp (q ) cannot come from any individual
-

Feynman diagram.
.
In fact, what

we have done is resumed an

infinite series of Feynman diagrams co-responding to arbitrary numbers

of gluons (see plot on course website ) . PCT) is known as the SudaKor fo-- facto-
-

The interpretation is that there is always some finite - angle emission in acid
.

- - -
-
- -

Splitting functions and the parton shower
-

We found that the probability for collinear splitting is

do (x - ytg )
= do (x→ y) dtdz I [ ÷

,
Ce

' Octa)) .

We took t --E
,

but in gerent we could use any variable which becomes singular in the

collinear limit . For example , WE Cpqtpg )
-

= 2 Eg Eg Cl-cost) is the

invariant mass of the quark
-gluon pair, and is proportional to E

-

in the

collinear limit .

This suggests a convenient way to simulate the behavior of QCD :

create a Markov chain Monte Carlo X → Ytg

↳ ztg ,
etc,

↳
wtg

Where the splitting probability at each step is given as above .

Each daughter in the chain is called a parton- .

To avoid the soft and collinear divergences, use the Sudoku factor.



do 9L
*

= exec-Facelift ) 't ee
'II

t can also be interpreted as the amount the initial quark is off-shek
,

So Simulations work by First picking a monet- for
the hardest gluon ,

then next -hardest, etc .

,

at each step decreasing t until be Sudan

Factor suppresses Fortier
emission .

EI Branching probability =L :

prewar
. - - - ⇐

ajet !
-

re
If we try to calculate the mast

of a jet, (Ep ; )? this

will be dominated by the hardest Parton ( largest t) , which
is

suppressed as It at Large t and exponentially at small t. So the

is a nice global maximum,
and the jet mass is a well-defined

infrared and collinear safe observableI
-
-

- - -
- - - -

From pastors to hadrons
-

WIdon't we see Free quarks o- gluons ? Strictly speaking, this is

a question outside the regime of perturbation theory
,
but we

can motivate it in a couple ways.

Color singlets .

Free colored particles are not observed
,

so one guess is

-

that free particles must be color singlets . For example, mesons

are (mostly) qq pairs
. q is in the 3-dimensional rep- of SUCH,

and g- is in its conjugate rep .

,
so we can wife

30×-3 = 8 I
.

This is the SUCH analogue to adding spin
-

'

z :

a 9 -20×2=1100.
adjoint singlet

(also called ' '

octet ")



Let 's compute the force between not pairs in the Colo- singlet star . LOL
ai

19
;
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a Tg.

Taira
.
-

- T Tan,

ifa .

In
The sign of

the coupling facto- tells us if
the force is attractive

or repulsive : by analogy to QED (and plugging in non -relativistic spinors),

positive sign is attractive - Labeling Colors Ir>
,
Ig>, and lbs, the

octet steaks are linear
combinations of States like Irg- > ,

and the

Singlet state
is fry ( tr> t 1957+166-3) .

If the quarks are in the state trap ( i =L
,

k -- 2)
,
compute TITI , by

summing over outer product of first column times
second row of each

r

bell -Mann matrix .

ifµ :o) x (top) t (1) x Ciro , o) t (
'g) x ( o, - I lol tf§) o ) t (

§¥o
, ol

'- ( :o) ht (o://xcoiorilttzklxlo.im),
= tall::÷H÷÷H÷÷oHi:::D.

o -tf O= (qoooo ); , =
- tf Tj , On ,

so Final state has same color as initial state

(color is conserved ) .

Negative sign means this Co- Figuration is repulsive .

A similar computation for Irt) gives

Tia, Tai, = µhtt ,
, ,

,
and sunning o- e- Irt> → I r⇒

, 1957, 1657

gives a trace
'

. Frfr 'z= Fg .
(Idk 3 " Fg = t Fg , so singlet is attend :

got pairs like to form Colo- singlets.



A similar analysis holds for baryons : E
" "
qq.ge is a Colo- singlet

,
I

explaining why (colorless) baryons like the proton and neutron have Cmostly)

} quarks. However, we shouldn't really trust any of this analysis

since it's a perturbation series in x
, .

Color Flux tubes and confinement
.

-

Using nonperturbative methods
,
Can show that at long distances

,

tie up potential between got pairs grows linearly , Vgik ) a r.

At some scale ro
,
it becomes energetically Favorable to pop another

gig pair out of the vacuum rather than Separate the quark, father.

€. → .#. .}⇒.

So if we try to separate quarks, we just get no-e got colorless

mesons

:
color is Confined . By dimensional analysis

, ro n njie (zoo neut
'

.

These color - singlet particles are the final States of the parton shower:Tio, TF, P, etc . Since baryon rank- is conserved in QCD
,

if we start with a state
with baryon number I Ce. g. a proton),

we hare to end with a state
with baryon number I

, but we

can make any
number of mesons in the process .

Next week we will look at low
-

energy QCD, where
the degrees of

freedom are mesons instead of quarks and gluons .


