
Intro to group theory and 5013,1 ) t
-

Observations Imany ! ) tell us physics is invariant with respect
to Lorentz transformations . Therefore, Our goal is to describe

elementary particles in a Lorentz - invariant way .

An elementary particle is an irreducible representation of

the Poincare group
-

a senidrrct product of the

Lorentz group and the gap of spacetime translations -

classified by its tie Casimir invariants
,
mass and

spin . If the particle is charged
,

it is an irreducible

representation OF an additional inenal symmetry,

global or gauged

Over the next 3 week , we will learn what all these words

mean .

God
'

,
a collection of objects with an associative multiplication race satisfy

a) identity
'

,

I M -- MI -- M for
any M E G and some

Specific I C- G

6) inure : for any MEG, there exists M
- I
in G such that

m M
- t

-

- I

c) closure : if M
,
M

'

E G
, ten MM

'

EG

Note : multiplication is not necessarily commutative : MN I NM

in general

Representation : a map G → Mat Elements of G can
nxn

'

then act on vectors in te veto- space IR
"

by matrix

multiplication



Claim : Lorentz transformations form a group, which we call £
5013,17

Two ways to see this :

1) explicit calculation ( compose two boosts and see you can

get another boost, etc ) - (Hwy

2) be no-e abstract and clever

Define 5013,1 ) as the set of 4×4 real matrices M

satisfying=I ,
uh

7=1
'

- i.
, g) and I -- (

'

i
,

,)
check this makes sense ! boost along x - axis is

v - VB o
o -

naif- no
.
! ! ;) ,

mini --

t.io?:i:i)c--nimnn--nnt--f:nI:.:::..l9minm--fi-iir-ri
, ,)= (

'

i

,

,
) since

RTI- 5) = # u-ri ) -- I

identity ! M -- I ⇒ yntmm -

- 7171=1
,

inverse : M
- '
is a- inverse to M as long as M

"

C- 5063,17 . Let's prove this ?

# = (ymtym )
- '
= m

- '

y

- '
Int)

- '

y
- '
= m

- '

ya
- ' I'
-

y



Left - multiply by M
, right

-multiply by m
- '

n

.

I
I

MIM" -

- Mtn - ' yin - 'Ii g)m
' '

-

II
= mln

- '

Tty m
' '

so M" is in Sochi )

closure : [Hw)
-

- - -

These 4x4 matrices are also a representation of the

group : since they were used to define the group, we call

it the defining representation It acts on 4-vectors x
"

as Nu Xu
-

-

What about other representations ?

• Trivial representation : All elements of 5013,1 ) map to lie

number 1
.
This is the "do -nothing

"

representation and

acts on scalars (numbers)

"

What about acting on z - component vectors? 3-component ?

To do this systematically, we need the concept of

Lie algebras These are another mathematical collection of
-

objects obtained from a group by looking at group elements

infinitesimally close to the identity .

Let's try writing M = It C- X and expand to First order in E.

I = y fat C- Xlty (It EX ) = y't C- (7Xtytyx ) + OCE)
" "

I I

⇒ lyXty=-XT defines Lie algebra soon )

Dimension
"

.
easiest to compare to X

"
= - X

,
which defines an antisymmetric matrix ?

( °o¥¥ ) ← 6 us



4
Unlike 5013,1 )

,
so 13,1) does It have a multiplication rule

.

L
It is

, however, a vecfo-sp-a.ae : if X, Y E seok, 11, then

a X t 6 Y E sac3,1 ) for any real numbers a
,
6
.

It has one additional ingredient, called the Liebe :

if X
,
Y Eso 11

,
then [X

,
Y ) = Xy - YX C- Soo

, 1)

Proof : y ( XY
- YXYY = yfytxt - Xtytly

-

-

y ytyyxty - y Xtyyyty
=L- YU-N - f - xxx )

= - ( xx - xx ) ✓

Since taking brackets keeps us in the lie algebra, we can choose
a

basis Ti and mile ( Ti
,
T ' ) = f " " Tk

,
Wwe five are called

structure co-stunts
,
and the whole equation is a commutation relation

.-
-

Fu- soo
, 11
,
it's easiest to split the basis into infinitesimal boosts

and infinitesimal rotations
-

,
and to allow ourselves complex coefficients

Let T = ( J
×
, } , jz) be infinitesimal rotations around x

, y
,
and z axes

respectively .
Ex

.
Jx --

if :{ooo ! :o) CHW)
- l

l

E = ( Kx
, Ky , Kz ) are infinitesimal boosts along X

, y ,
-

Ex
- Kx -

- i foot!!;) boost directing
is a 3 - recto-

I

commutation relations : ( Ji
,

'

-
it

a Jn
,
( Ki

,
K;) -- - i tiin )n

,
Csi
,
k
; 7- it. ke

9 9
.

look familiar? two boosts give a rotation . H W



The fact that J and K get mixed with each other is annoying
.

£
But we have one more trick of our sleeve : define a reedusis

FA -- Jtizk ,
B ..

J

In this basis
,

the commutation relations are

[Ai
,
A;) -- if a Ak

,

( Bi
,
Bi ) -- it in Bk ,

(Ai
,

B;] -

- O

-

two identical copies of the same

h don't mix :

I
Lie algebra whic

So representation theory of son, l ) boils down to representation theory
of A and B

.

But you already know the answer From quantum mechanics !
#

Zd rep : Ai Ioi
,
Pauli matrices (spin - I )

3d rep : A ; = infinitesimal 3d rotations (spin - l )
/

:

using raising and lowering operators , can have any half- integer

spin representation of dimension Zjtl

⇒ Pick a half-integer j , and another half- integer ja
,

and

You have defined a rep. (j , , ja ) of the Lorentz group with

dimension ( 25
,

'- 1) (Litt) .

i
.

a
is

- -
-
-

left - f- vectors
handed

spinors
I


