
NonaFid (very briefly ! ) [

What if we tried the same trick with the SUCH symmetry?

We want the Lagrangian to be invariant under the local

symmetry I → eid
"" t

-

I ate-e ta E II (a -1,437. Guess a covariant

derivative
'

. µnE=2nI-igAanTaI# , where g is a couplingcostat
-

(analogous to Ei-m charge e) . Need three spin- l fields Aan
,
one for each T .

will postpone proof
for later

,
but the correct transformation

rules are €=tg¥¥) (matrix commutator)
-

or in components , orAna -- tgsnxa - faced Acn .

The corresponding non -abelian field strength (a 2×2 matrix -valued Lorentz laser)

Fru = (In Au
- Iv Am ) - ig CAN, Av)

← extra ten Kase Pauli matrices

is doit commute !

A clever way to write
this :

Dm = In - i 9An (abstract covariant derivative opera to
-)

[ Dn
,

Dr ] -- Hn - i 9Aa) (du - igAu )
- Csu - isAu) Cdn - i gAr)

= Indu - i g 2nA v - igAv2n - igAnh - g-AnAv

ntigduh-mtigh.fr/utig#rmtg-AvAm=-ig(2nAu-IuAn-ig(
An ,Av3 )

= - i g Fru

Can show (AHW) that Tfw = Cia
,
Fru)
, so Far itself is

not gauge invariant
.

However
,

J ( Fav . F
"

) -- TEN - F
--

t Fru -SF
"
-
- Cia

,
Fru) F
"

t India , FT

W = in For F
"
- Fn F

"

t Fru F
"

matrix product - Fru Fria
and Einstein summation



one last trick : Tr(ABC -
- - ) -- Tr( BC - -

- A ) ( trace is cyclical,
8L

invariant
,
so by taking the trace , we can cancel the remaining

terms and get a gauge - invariantobject .

L = - t Tr (Fri F") [
such indices

such

= - t
. ( Fn! F

- u 't EFF
- Z

t EFF
"-3) because

T

Trat 't) -- Truth = Tree, tf
'

ft- (I 9) =
'

z .

This looks just like 3 Copies of the Lagrangian
fo- the UCCI gauge field,

but hidden
inside Fru F

"

an interaction terms
,

i.e
.

Fru
'

F
" '

3 f'
23 AT AT J

-

A
"

Tkgthmh7cf!
Let 's switch to standard rotation and call the SUCH gauge freed W and he Ucp

gauge field B. We can also relabel the coupling Q-
g
' Y (will see why next week):

Dm I =@ - i g 'll Bn - ig Want
- IOI

L=lDnoIT-niEtE-l¥④r_tBnvB~_#w-a]OI
, gauged

This completes one part of our desired classification :

a Lagrangian describing a spin
- O particle of mass m invariant

under Poincare' transformations and the (gauged ) internal

symmetries Ucl ) are such. This description requires us to pick

the representations of UCD and such on OI ! the fo--e- is parametrized

by a number Y, and the latte is a choice of representation matrices,

where we have chosen the 2-dimensional rep. using tie Pauli matrices.

The Lagrangian ha , I and W self- interactions
,
as well as I -W

and I - B interactions.



Spin - I 9h
-

Of the Lorentz reps we found in week I
,
we've written down

Lagrangian for (o
,
o ) and ( th 's) . Now we 'll finish the

job with C 's , o ) ad (O, I) .

Recall TA -- Jt ik are B -- J- ik fo-need SUCH algebra,
-
-

2 2

( I , o ) : B
-

- hi, E
-

- O = > J -- to, K -- izo

These act on two
- component objects we will call left- handed spinors
-

:

µ,→
etlio -T - B )

th ,
where E parameterize, a rotation and I a boost .

(Note this is not unitary ! As with spin - I, we will use momentum
-dependent basis spinor to fix a:D

Infinitesimally, ft
-

-
IC -

it;
- Bolo

; th .

Similarly
,
co
,
th : I -- to, B -- o ⇒ J = IT, I

-

-

- io

(same behavior under rotations, opposite under boosts)

→ etc iE-Ets
-F)
µThis acts on right - handed Spino-5. Tr n

Jxr= Ifit; tBj ) r; th

Take Hern : tim conjugates :

Jtf -- th- ie; - B;) tho;

Jtf -

- th - it; TB; ) tho;

How do we write down a Lorentz- invariant Lagrangian? So far
,

no Lorentz indices are present to contract with e.9. July .



Ko
can try just multiplying spinors, eg. tr tr , but this is not

Lorentz invariant !

[ (tr tr) = EL- ie; th; ) trio; tr t
'ztrtcioitrs; ) o; tr

= A; trio; tr FO

On the other hang the product of a left - handed and right- handed

spinor is
inrwrnt :

f ( titre ) = IC-it;
-A;) thtojtrt { tht (it; to;)o; tr

= 0

This isn't Hermitian , so
add it Hermitian conjugate !

L ) m (ti- trttrttu ) ←
will see this is a mess term fo-

q spin - I fields
"
contains "

conclusion
.

.

without derivatives, only a product of the ad this Loreto- invariant.

But just this term
alone gives equations of motion th -- tr

-

- O
,

which is

very boring.

Consider tho ; tr :

J (tato; ta) = If it its;) trio,- o ; Tnt 's lit,- tf;) tho; o; tr
= Egypt Eri , o;) tht 'II tncoi, tr
-

-

anti commutator
commutator

= 28; ; = LIE ijn on

= B ; tr tr - Eine E ; trtoktr

Let 's define on = (I, F) . Claim ? thtom th = ( trttn
,
troi th ) has precisely-

-

the Lorentz transformation properties of a f- vector ✓ = Cvo
,
T ) :

fro -

- B - T (you did this in Hu l )
JJ = Bro - I xp



Caution on is trot a f-vector . It is just a collectionof A matrices . ¢
-

However, the rotation and the previous calculation make it clear that

i tht o
-

duty is Lorentz - invariant (facto-of i makes this term Hermitian )

similarly, Tom E (II
,

-F) is Lorentz- invariant when sandwiched between tf and put

⇒L=itnoTntntitEE2tn-m(trtkttEt# is he Lagrangian

for a left-handed and a right
- handed spin - I particle coupled with a mass

term. Note there is only one derivative
,
so[tT-

Equations of notion
: treat ta and tert as independent, so e. an .

fu- tent
,
tht-e

j Thtn
- nth

-

- O

) Diracequafion (we will see this in no--

i E- In tu
-

n tr
-

-O detail very soon ! )

(on show (BHW) that both th and th satisfy Klein - Go-don egn, so indeed,

m is acting like a mass.

- - - - - -
-

Ya and tf live in different representations of Lorentz group, so car fansfo-n
-

differently under internal symmetries. Suppose the e'
'

Q'at ad

µ, → eikon tr . Then kinetic terns are invariant
,
but not mass terms!

µntq→ eik ,
-matrix

,

This fact determines an ero-nous amount of the structure of the SM
.

Ignoring mass terns fo- now, we can see that

j th
,
! myth

, n
are invariant under any global UCD or SUN) transformations,

under which tot and to transform opposites .

To promote these to local symmetries , just replace

2n → Dm = In - ig Q An or Dm =-3 - ig
Tatti as fo- scalars

.

=> interactions between spin - Iad spin - I, e. g. electron -photon .



IF m -- O
, tu and tr are no longer coupled: ↳

i o
-

Intr -- O
) Weyl equations .

i E
-

2. the = 0

Let 's suppose th has a Uch symmetry the→ e
'""
t
,

Dmk = 2K - i Q Anti

⇒ L = i tutor- can - iata) K
J QAnthony

Like the scalar
, this is a coupling - And ? where the

fermion current is J - = -Q ti
'

oink .

IF th and tr have the safe symmetries, fo- m to it is

convenient to combine them into a 4-component object

+ = ( tf ) , called a Diracspor . If we define
I = thro = ( tr tht ) where V = (III

"
Ikon Hwa?

we can write the Lagrangian more simply (using Vr matrices from Hwy

L = I firm Dn - m ) 4=0 where m = Mx Imp

( Hw 3 : drive Dirac equation for 4 From th and tr eqns. )

current is J^= -QI MY
.

Note that stacking Kael tr amounts to constructing the (E , o ) ⑤ (o
,representation

. Looking ahead
, the standard Model will be written

in terms of th and tr
,
which have different symmetries ( it

is a chiral Theory), but at low energies
,
tu and tr for the electron

have the sane symmetries, so the Flt formalism is more convenient
.


