
Representations of the Poincare
group
I
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The world has more symmetries than just Lorentz transformations :

translations in space ad the .

These translations form

a group too
'

r IR
't

,
since we can write Xm→ Xmt In as a

A- rector
.

Combine translations with rotations and boosts ? Have to be

a bit careful because translations and rotations don't commute
.

Correct structure is a semi -direct product
-

-

- if a ads

are translations
,
and F

, g are
Lorentz transformations

,

( a, f )
. (A
, g) I ( a tf.A, f-g )

F T
usual multiplicationapply Lorentz

transf. f to Law from Last lecture

translation paan .

B
,
then translate

by X

X t F.B is also a 4-vector
,
so it can describe a translation

a⇒ this is a group , IR 45013,1 )

At this point it's worth
reviewing some convenient notation

for Lorentz transformations. In the defining representation ,

a Lorentz transformation A is a 4x4 matrix Nu

Covariant vectors V transform by matrix multiplication
'

.

m

^ u

✓
n
→ N n Vu ( I Av

,
contact top matrix index)

Contravariant vectors transform wite the transpose of A.

m

WMI N u
WV ( I W - NT

,
contract bottom matrix index)



Lorentz transformations preserve the dot product under y
'

.

I

Vnwn I ynvv
- WV = Wy V = Vy W

perform borate transformation n :

Wyv → (Wnt ) y (nv )
-

- W ( Ny NV -

- Wy
- '

V -

- wyv
a

definition of 504,11

With Einstein rotation
,
raise and lower indices with

y
'

.

Can convert covariant → Contravariant by VM =

y
~

Vu
,

and

this way we never need to write explicit facto-s of y or
keep track of transposes .

Transposes and inverses are related by defining equation : .

yay n
-

- *⇒ N
'
-

- yay o- (n'Tu -

- yarn
"

n 's = No
,

so don't need to keep track of inverses either.

tenors have more than one index : each lower index transforms

with a factor of N
,
each upper index w/ ht

e. g. Tru -hi ht Tao
or MN → Np Noe yr ( = mm, so y~ is invariant wide- Lo-ate transforms )
-
note ? order doesn't
matter win we write indies explicitly

Lorentz- invariant quantities have indices fully contracted :

we know Vn Vm or Tnr T
"

does not change under a

Lorentz transformation just by looking at it .

Just to check : wth → Nrw nerve
-

- In
- '

Tun : Wv.
= over 've
= Vvv ✓
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Let's revisit the tie algebra of the Lorentz
group, but
L

now with Einstein index rotation .

M = It EX → AT = TT t E WT (w are entries of matrix X)

ymtym
-

-I → % , Ney
"

No -

- ri

plug in : yr , (r't te w 's )y
" (oh Ew ? )

-

- o;

of tc-yn.ws/roItEy.,rIm?w2t0CE7--of
C- 7h, y
" wtpt C- Tiny town = O t OCE)

1mW
"

p t ytowmo = o ( factor out yo, )

w
" m
t Wnt = O

⇒ w is an antisymmetric 2-index tensor w 16 independent

components
A general infinitesimal Lorentz transformation can be written

X = Wmu M
"

= i ( Wo ,

M
"

t worm
"

two,
Mo't w

, ,
M
"

t w, ,M
"
t w
, ,m
"

)
coefficient! generators

If we take Mio = -moi = Ki and M
"
= -Mii = Eiikjk

,
we can write

O Woi won "3

= xqg , a fatmatrix
withX -

- i µ , ow
, .

-

won tow;) c. independent componentsWow

Woy - Wiz Wis

Alternative parametrization
! X = II.J tip - I (Bi -- Woi

,
Gi -- Eijnwjn )

covariant notation : (Mnf )% -

- i ( y
' oh - guar;)

generator J
label matrix

index O l O O

ex - that. -- ily " oh - n'do;)
-

- i ( go.gg/---kx
+ I if Io ,p= ,

T
- I if a =L

,
M -- O



Now can compute commutator : 4

cnn.mg ; -- in
-T : cnn.gr. - ing : in

-

y ;
L

=
- Gnr : -nmrillnrr; - you:) .- Gear: - yr

-

only -v; - purr:)
-

-
-

-

=
-

yn
-

youorg t go
-

que Tf t ( 3 similar )
=
- iyuei ( yo

-

o; - y
'

r: ) + 13 similar )

= - i yup Mom ) : t 13 similar )

= > (M", M
" ) -

-
- i ( y M

"
-

y
- -mm ,- yu

- mm- quem
no

)
-

Poincare' transformations in matrix form :

Xm - xnt I can be implanted as a matrix with one extra entry :

i :÷÷÷x¥÷H¥÷÷
So a general Lorentz t translation can be written as

"
"" fat

.O

"
"minimal. t.no#t-te''out .

Infinitesimal translation is still a vector
,
let 's call it F :

Po -oil - Oo ÷! ) , P
'
-

- if -7 ! ) , etc.O O

[ pm
,
P
'

) -- o (Hw 23



One last commutation relation to compute : SL

cnn.mn . too - tooO O
O O

f p
-

transforms like a
=

µ , Oy µ
"

Ya
. ) A- vector

, as it should

0

So this is proportional to some p ( Lorentz group part is zero) :

if yur; - y
"Expo).

But 6
,
tu ng we defined P

,

CPT i 02
,
so

[M
"

,
PT ,

-

- - ymqrgtqkr.ro
-

- iynrfir; ) - in
-

Cir: )

[mm
,
PJ

-

- ifynopu - gu
-

pm)

We now have the complete commutation relations
fo- the Lie

algebra of the Poincare group
'

.

[MY MN ) -

-
- i ( ymsm

"
-

y
- -mm + yu

- mm- quem
no

)

:÷÷÷*r
Note that while we derived these using a particular 5×5 representation

of he lie algebra
,
they hold in general as abstract operator relations.



Casimiro
6L

Now that we have the algebra
,
what can we do with it?

If we find an object that commutes with all gene-autos
,
a

theorem from math tells us
it must be proportional to the

identity operator on any inedible representation
: this is called a Casimir operator.

Irreducible ⇐> can't write as block - diagonal like

( to :* I
Hee 's one Casini- operator : p

-

=p
-

pm

proof : ( P
"

,
Po ) = 0 since all P 's co---te

(pm, m
" ) -

- pncpn
,

m
"] + Cpr, n' 7pm

(using CAB , C)
-

-
ACB

, C) + CA, c) B )

=p
- f - ich Poti TIP

'

) tf - in
"
pot iynop e) pm

= - i pep - tip -pe - i pep- t ; pope
- -

p 's commute, so each tern cancels

= O

⇒ P
'

is a constant times the identity .
Let's call the constant m

-
^

.

we will identify it with the physical squared mass of a particle .

The Poincare' algebra has a second Casini- , but it's a bit trickier
.

Let's define Wn -

-

- I Envpo M
"
Pr ( Pauli-Kubinski pseudovector)

Emp, is the totally antisymmetric tensor with C-
on,

= - I


