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At long last, we are ready to consider the FUI SM Lagrangian .

Last time we studied the gauge sector, and we can now look

at fermion interactions and Yukawa terms.
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As we did last time, we will First set 4=0, then put
it back

in with ✓→ vth .
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where Ye
,
Yd
,
ya are 3×3 matrices

.
To find the mass eigenstates

(which will represent pop-aqat.no particles ), we need to diagonalize

these matrices
. Focus on quarks first .

Math fact : an arbitrary complex matrix may be diagonalized

with two unitary matrices :

✗D= Ud Md Kat

yu= Uumukut
} ↳ K ""+41 M diagonal and real

( This works because YYT is Hermitian, so it has real eigenvalues
,

and

yyt = um
-

ut
,
but the extra matrix K is needed to "

take the square root
")
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Now
,
rotate the quark fields dr → Kada , d<→ Uddin

,

ur → Kaur
,
uh
→ Unh . The mass terms are now diagonal :
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where mjd'
"

are tie diagonal elements of EM
"'d



However
,
the fermion kinetic terms change under this field 8L

redefinition .
Let's look at right-handed fields (which don't transform

under such first
-

.

L ) utri ( ios + ÷owQLoz + Eger-A) uirtdrtilio.at#o-wo--no-2-'geo-A)dji
R

where Qu -- - Egsiiow , Q ↳ siiow are the 2-charges of the RH quarks.R

The covariant derivative is diagonal in Flavio- space, so field

rotations do not change the fermion interactions with neutral

gauge bosons : the SM has no flavor- changing neutral currents

at tree level ( though processes like b→sr do arise at loop level,

they are highly suppressed, so searching for these processes is a good

way
to look for physics beyond the SM)

.
Thus the matrices

K completely drop out .

On the other hand
,
the left - handed tens are
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The off-diagonal terms involving the W± mix up and down, so

under the field redefinitions u<→ Unuu , du→ Udd, ,
these become
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where V I Utuud =

µd
Vhs Vub

Ved Ves ve
, ) is the Cabibbo - Kobayashi -Marteau

( Ckm) matrix
Utd Vts Vtb

Experimentally, all of these entries are nonzero ! This means

that the weak interaction mixes generations, but only for

left-handed fermion fields
.



Let's count the number of parameters in the CKM matrix V. 9L
It's unitary , since Vtv = Udt Unwind -_ I

,
and 3×3 so it has

9 real parameters. However, there is still some redundancy , since

the transformations dÉ → ei" di UE→ ei" nil (i.e. di- eix,
-di

dpi → eitidji uÉ→ei%uÉ and ui→ eiBini
in 4-component notation)

leave the mass terms invariant .
There is one phase angle for

each flavor, so this is a 4118 symmetry, which is a subgroup

of the Sul3)
3

quark Flavor symmetry
when the Yukon- couplings are

absent . By performing these 6 transformations
,
we can eliminate

5 arbitrary phases in V : there is one phase remaining, since taking

Jj =P; = -0 leaves V invariant. Thus ✓ contains 3 real angles

-0
, , ,

Q
, , ,
Oz,

and one complex phase ei? (More on this next week. )

what about the leptons? The only Yukawa term is Eileen , so we

can diagonalize Ye as Ye = Ue Me Ket . Taking eR→ keen and

eh → Heer,
we get chased lepton mass terms mfeÉeÉ the ,

,
where

m; are
the diagonal elements of Me .

The analogue of Mu
,

the neutrino

mass matrix, is not in the standard Model Lagrangian but may be

parameterized by a matrix called the PMNS matrix . However, since

neutrinos (unlike quarks) can 0=19 be detected via their interaction

with the W
,
it is offer more convenient to leave the Lagrangian

diagonal in flavor space and consider tie mixing as partof

the propagation of neutrinos (more on this next lecture
.

( there is also neutrino neutral current scattering through
the 2
,
but W is much easier)

Now that we have defined the fields in terms of physical mass

eigenstates, we can write down the electroweak (such ✗ ua ) ) terms in

the Lagrangian . Since the Lad R Fields have the same electric charges

< × em
,
it is conventional to combine Land Rafter such ✗ Uch → Uci )

Chiral fermion fields into a single Dirac spinor, as we
did for

the electron in QED. But because the WI only couple to L Fields,



we need the left - and right -handed projectors :

Pr ( In ) = ( Fn ) , RCI:) = (E) .

Recall from our mti helicity studies

pr= I = (
°

± )
# ) / Which satisfies

R= 1--1 = ( o )

where 85=1-11
(HT-- In, and { V, r-3=0.

/

In practice, this just means we can use f- instead ofa- and E?

The electroweak
interaction terms in the mass basis can be

compact,
written

Lew = ¥wZnJI + e. And In - w[wtnñir
-Chi;D :< + w-itjrivtk.ci;]

-
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where Vi ; are CKM matrix entries and

J^En= % Qi ( Iir
-

ti + trirntri )

jz=¥Ew[§EirT' ti) - siio-wJF.in]
TO use this

,
just set 4 = your favorite

fer- ion and T
'
= ± 'z for

upper/lower components
of the original SUCH doublet. For example,

f.
T'd = - ta
g

Qa = - tzd

d

In = iesina.com/-IVPLttsiio-wr-)

(note that we only need one
facto- of Pu because it's a projector :

Pi =p, so Furth = ftp.rormpnt-ttror-pix-Fr-pnx)
our

anticommute

This way
,
we can use the usual Dirac spines for external states, etc .

(If you're interested in 2-component language, see arXiv : 0812.1594)



Finally
,
we put back in the Higgs boson

.
The terms proportional

to ✓ were just the fermion mass terms, so this is easy :

"

- - . - =
- i If for 4=9 M, T, u, d, 4s, t, 6

µ

h

Combined with the gauge boson self- interaction terms (Schwartz (zq.gg
,

we now have the tools to calculate aI amplitudes in the

standard Model ! We
will apply these tools to some specific

physical processes
next time .


