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two lightest quarks - Ignoring QED and setting the quark masses to zero,

I = - ↳ 6m96
" "

+ i uIÉDnu< + intro-Drum + i DIEDad, + idtnonDndn

This is invariant under Schank global left
- and right-handed rotations

'

.

(E) → %(%) and ( I:) - gata:) where % C- such

and 9r→ Such . We saw last week that qq interactions are

attractive .
What happens if the ground state of the universe

has a condensate of qq- pairs?
(This is analogous to Cooper pairs

in a superconductor. )

Let's assume < ñu. > = < d-d > = V3 Irene-k- Cu]=É , so this

operator has dimension 3) . This is Lorentz- invariant
,
but it breaks

the L and R symmetries
'

.

ñu : utiyrtutreu
, ,

so <in> is

not invariant unless g< = ga .

This is our first example of
a spontaneously broken symmetry :

Su
✓

9L 9h %=9R : this symmetry is called lstrongisspin
"

spontaneous
"

because the Lagrangian is invariant under the symmetry
,

but the ground state is not . We call < ñu> a vacuum expectation

value ( ver )
,

which is an order parameter for the symmetry breaking.

Armed with the hypothesis of chiÉeakhy, we can
understand the spectrum and interactions of light mesons

without knowing anything about QCD ! This is an extremely powerful
tool , which will serve as a warm-up for a similar effect at high

energies, the Higgs mechanism
.



To see how to arrange for chiral symmetry breaking
,
let 's First£

consider a simpler toy example with a complex Scala- ¢ and

a spontaneously - broken abelian symmetry.
.
Consider the following Lagrangian :

2=24054 + n'0B¢ - ¥1040T , which is invariant under 9→ei✗¢.

This looks just like the scalar Lagrangian we considered much earlier

in the courses but the mahastgn ! If

we write L -

- T- V
,

the quadratic and quartic ferns are like

a potential energy , which we can plot as a function of Recon
and Inca :

r Into)

..

LI 'm bad at 3D renderings
.) What this is meant to show is that 4=0

is an unstable maximum of the potential . All Feynman diagrams
we have computed thus far are an expansion around zero field values

,

so to fix this
,
we need to find the true minimum of the potential,

which will describe the ground state of the theory.

But which ground state? The potential is a faction only of lyli

V41 = -six
-

+ ✗
4
,
where ✗ = 141 . Find minimum by V '=o

,
✓
"

>o :

✓ 4×1=-25×+4×3 = ✗ (-2^7×5) . ✗ =o is unstable maximum
,
so

solve -2m
-

+ ✗Ñ= 0 → ✗
•

= Fm÷ ( take positive value since 101 >o)
.

Check : ✓
"G) = -2m't 3×15

,
✓
"

(Xo) : -2m
't 3×(2-5) = 4mi >o

×

(as long as ✗ >0 so ✗
o
is real)



Conclusion : there is a continuous family of minima, 3L

¢; FI-e.io , parameterized by Q . The theory has to pick one

'

.

by selecting a particular value
of the angle along the circle

,

we are spontaneousbbcaking the UCM rotation symmetry of

the Lagrangian .
Without loss of generality , define ¢ such that the

minimum is at 0--0
,
and rewrite ¢ as

01×1 = ( ✗otolx) ) ei
"'"

,
where 0K ) and TICH are real . In other

words
, we are just writing ¢ = rei in polar coordinates,

and shifting tie radial coordinate such that the ground state

configuration has ocxl = Tik ) = 0 . By rewriting the Lagrangian
in terms of r and Ti

,
we can go back to using Feynman

rules and forget about any complications from the wrong-sign

mass term .
We will see this again next lecture .

- - - -
-

-

- - - -

Back to such ✗ such .

Now we want to break a non-abelian

global symmetry to a subgroup : to do this
,

we will need a

matrix - valued scalar field which transforms under SUCH
,
✗ Sucha .

Let's take a 2×2 matrix field ECM transforming as {G) → g. Elxlgrt
(and get → 9rE+%+) to play the role of ¢ above

. Let's follow our

noses and generalize the previous Lagrangian to matrices ?

f-- Tr (2^52^2) + sit- (ETE) - ⇒Krista)T
Can show (*Hw) that this Lagrangian is invariant under SUCH Sacha ,
but the ground state is E. = ¥119 ) with v= 4g .

This ground state is not invariant under the Full symmetry, since

92%9Rt = ¥g<gñ , but it is invariant if we take go.gr ,

since q< andga are unitary matrices. Thus, this Lagrangian spontaneously
breaks such ✗ Sucha to the subgroup SUCH with 9<=2 , as desired.



6As before
,
we can rewrite { in

"

polar coordinates" :

{G) =
✓

exp (zi
"

) , where 041 and Tich are real scabs,
and Ta -- In . This reduces to %,

when 0=7--0, but
it is not the

most general 2×2 Complex matrix . Instead,
we want E to

parameterize the space of possible vacua, which
is Eggert , i. e- a

real constant times an such matrix . We will actually go one step

further
'

. we will decode 0 by taking m→•
,
✗ → • with ✓ Fixed .

This means it costs infinite potential energy to change or, so it is

u pinned
"
at a constant value . The remaining degrees of freedom can be

written as UCH = Ecx) = exp (Zi "") .
This is a unitary matrix,

FTI

satisfying Utu
--11

,
and transforming as u→ gallant . Fit is a

constant with dimensions of mass
. In this normalization, CU

> = 11 which

is invariant under giqn , so U parametrizes the Suchy such

breaking while throwing away all the information we don't know about

(after all
,
we have no idea whether the Lagrangian he started with

resembles the QCD Lagrangian at low energies).

Upshot ! we want to write the most general Lagrangian for U, invariant

under such
,
✗ sumn .

U+U= 11
,
a co-start term , so this won't contribute

to the equations of motion: we need derivatives . Lorentz invariance requires

at least two derivatives, and must
have an equal number of U and ut

'

.

✗ =
' Trldnutiut) + OCT) ← this is the chiral Lagrangian

to lowest order in derivatives

That was a lot of formalism : now to physics .

Let to = -113
,
TI = ¥11T '

± i -117 ( TV is real, IT
+
and Ti are complex conjugates)

a- exp [¥
, / II. +

"

-%)]
We will interpret the chiral Lagrangian as a theory of pions .

Note that

there are no quarks or gluons anywhere to be found ! This is the "

change of

variables " that lets us understand QCD when gs gets large .



Some important predictions of chiral symmetry breaking : £
• TheÉtudes .

Every tern has derivatives
,
so there

is no term like n'TF. This is an example of Goldstone 's Theorem :
-

a spontaneously broken continuous global symmetry implies
massless particles .

We will explain the nonzero observed pion messes shots
,

but already this motivates why my,
= 130 MeV K Mp =L Gev :

pions are Goldstone bosons of the spontaneously broken chiral symmetry
of massless QCD .

It also explains why there are 3 pions, corresponding
to the 3 generators of the broken such.

• Piointeatisaehighycotraied .

The Lagrangian is an infinite

series in powers of Ti
.
The coefficient F ensures the usual

normalization for scalar kinetic terms:

F Tr ( 2, UdonUt ) = tzldnti)(5-110) + 2- Ti 2^-11
-

t
- - - (•Hw )

But there is also an infinite series of two -derivative interactions :

¥, f- It °ñ°2nT+JiT
-

+ - - - ) + ¥q(÷g(titi )%Ti5T° + - -- ) + Of ¥,)

all of these coefficients are completely fixed in terms of

one-parameterFa ! we will show in a couple weeks how to determine

F, from the It lifetime . This means that o( Tita
-

→ Tito) is

completely determined once th Tt lifetime is measured
. 1µW?

.

.
.Note that there are no odd powers of it ! no 3-point vertex

-11°

-

,

at
even though this is Lorentz invariant, Conserves charge

,

etc.

• The pion mass is proportional to sqts of the quark masses.

We can introduce up and down quark masses as

Ln = g- Mq with M= (
^"

-a) and q= (
"

d) .
Cleats

,
this term

breaks chiral symmetry, but we can still use it to write a chink> -



invariant Lagrangian by letting M be a constant field with the ②
same transformation properties as ii. M→ gumgot .
This trick is called sp# analysis

,
because M is not a real field

(
"

spurious " ) . A nice analogy is with Lorentz symmetry breaking ! If
we want e.g. the ✗ direction to be a preferred direction in
spacetime

,
we could embed it in a vector ✓

^

= Co
,
I
, 0,0)

,

and write
a Lorentz - invariant Lagrangian like 2m¢ ✓

^

,
even though it does

not actually transform .

⇒ In = ¥tr(Mtu + Mut)
= V3 (mutmd) - (mntnd ) ( Eliott Titi) + Octi)

Fei r q
real scalar coyotes
mass scalar mass

The coefficient ¥ is fixed by <ñu> = <d-d> = v3
,

so the vacuum

enemies in [
n and [

'

n
are equal .

We then have

mÑ = mÑ= = V=÷(~+-a) .

So approximate equality of charged and

neutral pion masses is not a result ofmind, but rather

Mutmd⇐ V. Lattice QCD calculations confirm this relationship

• We can generalize SUCH → SUC3) to include the strange quark,

but at the cost of some accuracy since Ms is of the same order

as V. But we expect 8 light mesons, which we identify as

Ti
,
TF
,
K°
,
Fi
,
k±

,
andy , whose interactions are constrained by

approximate such flavor symmetry .

The chiral Lagrangian is an example of an effective Field theory,

containing terms of dimension 6 and higher. weaillsee.no#

examples like this in the last weeks of the course


