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Outline :

I. GR from the bottom up - the unique Lagrangian Fo- massless spin-2

II. GREFF. perihelion of mercury From dimensional

analysis alone !

I. Massless spin -2 particles have 2 polarizations. A Lorentz-
invariant description requires such a particle to be

embedded in the smallest Lorentz rep . containing spin-2 :
jet and jail => (2%+1112%+1)=9

,
symmetric traceless

tensors hmu . (Actually
,
more convenient to start with trace

included and project out, so ( 0,0) ⑦( 1,1 )
. )

From these to components, we need to get down to 2

physical polarizations; this will strongly constrain the kinds

of Lagrangian we can write down
.
It's easiest to

see the algorithm by starting first with spin - l as
a warm-up .

Am i 4 components → 3 (massive ) → 2(massless)

can split any 4-vector into transverse and longitudinal

components ! An G) = AIG ) + In -114) with JAI = 0

(proof : d-An = ☐ Tl
,

so given An
,
Solve for a)

This decomposition is not unique but it exists: essentially defines
Lorenz gauge for AT

.



Let's pretend we don't know about gauge invariance and I
want to find a sensible Lagrangian to- Am .

Most general 2-derivative Lagrangian is !

L = a Am☐ An + 6 AM2nd
"

Aut n
"

A
"

An La
,
6
,
niconstants)

(up to terms which vanish after integration by parts)

Plugging in A = AT + d -11
.

After some integration by parts,

L = a Art☐AI t Ñ(A^TAI) - (at6) IT ☐
'

Ti - ÑTDT

Claim ! the theory is sick if a +6=10 .

Compute a propagator in momentum space : ☐ → - k ? so

%=E-a¥+Fñ= [÷ - ¥;;÷]
=) IT is actually two fields

,

but one has a wrong -sign

propagator ? a ghost After quantization, leads to negative -norm
states and non - unitary evolution : bad !

Only way out is to have at 6=0
,
which can be written

in the more suggestive way with a = -6=2, n'→ Int

[ = - To Fon F" + { ÑANA'

we can now restore a fictitious gauge symmetry (Stickelbeg trick )
AI → AI + 2nd

,
Ti → Ti - ✗

⇒ L =
- ¥FÑFÑ + In

'

(AI+2nF )?

Only two propagating nodes in Ant ( transverse + gauge in. )
,

the third ( longitudinal ) mode is introduced explicitly with a :
mass term for A => kinetic term for Ti .



cwhat about massless spin -1 ? If we try to set m→o
,

the kinetic term for Ti vanishes
,
but if An couples to matter,

L ) And ~
,

then under gauge symmetry JL = 2- Taj
-

Bad things happen if interaction term is infinitely larger than

kinetic term . Only way out : oh =o up to total derivatives
=> 2~J^=O . Massless spin - I coupled to matter ⇒ conservedJ

.

Ok
,
now to spin-2 . Again, separate into transverse + long . :

hmu = HI t Into + Truth w/ 2 " hi
,

= 0
.

Also separate in = TIE + 2- It w/ j~_~T=o .

Most general 2-derivative quadratic Lagrangian is :

L = a hw ☐ h
"
+ 6hm 2^2×5

,
+ ch ☐ htdh 58hm

+ n'(✗ huh
"
+ y ti) w/ h= tix .

Same trick as before : after inserting transverse decomposition , look for
terms involving T.it : how 3 22nduñh

,
h 32 ☐at

Ñ(✗ huh
" tyti) ) n' ( 2×22511<2^2 " Titty ☐ Ti ☐H)

= 4Ñ(✗ +g) Ti ☐
"

Tie
up

to i. 6- p .

Same problem same cure : need ✗ + y = 0 to avoid ghosts.
Similar reasoning fixes relative coefficients of other terms:

L ,=p='zh~☐Ñ - tzhnu 8Th "✗ + hith~u-IHDhi-lzm-lhn.ru-E)
.

Fiera - Pauli Lagrangian for Massi're spin-2 . Stiickelcoeq trick ? all terms

but mass term are int ' under hI hot dirt 2in
,
let This TL - an

and we are left with 10-4-4=2 d. o . F 's in HI
.
and

4- 1=3 d.af's in Tim
,

leaving 2+3 = 5 for massless spin - 2-



IF we blindly set n=0, we get

L = thru ☐ h
"
- thru 8Th "✗ + h58h~-Ih☐h

which is linearized vacuum Einstein-Hilbert: we are on the right

track ! But mass term gave TII a kinetic term .

Need to make

sure this disappears when hw couples to other fields
.

f) h~✓T~ => JL = ( 2. Tiu +27in)T
"

= > 2
-
T
"
=o

.

But this is not enough : consider L
,
= tho.

JL
,
= 271m¢ .

If we let¢ → Ot Tin 2^¢ and modify L to

L
-

= ✗ + tho
,
02,3%54+5%4=51%07 → o

.

But now tree are extra terms :

oh
,

= tzh Tinto 1- (2^-11^11%84)

To cancel these
,
need to modify transformation of h

,

which means adding more terms L
,
3h-4

, - .
.

Miraculously
,
this process converges !

¢ → ¢(✗ +a)
,
how→(y← + Jin ) (you +2,914*+44×+41) -rynr

In other words, a general coordinate transformation

⇒ L -

- mpif-E-EHRG~tm-p.hn.] +24])
( this is not trivial, but it's true )

⇒ GR is the unique theory of a massless spin -2 particle
which couples to matter.

The factors of Imp ,
are for dimensional consistency : [ hw] =\,

so this is just like the chiral Lagrangian F-iifpnexpl-I.TT



III. GR as an EFT.

Let's be schematic and ruthlessly suppress indices. Riemann torso-

has two derivatives R.mx, ~ 22 exp (Lp, has ),
analogousÑÉp,÷

,

04Th)
LEH~R~TRCR.nu] ⇐> Lain ,

Tr [but Du ]

Each term has 2 derivatives and an infinite number of

powers of h .

Ag with chiral Lagrangian, should write down all terms consistent

with symmetry ( in this case, diff invariance ) :

L =Ft (MpfRt L
,

R
-

+ ↳ R~R
"

+↳ R~µR
"'t

. . .)
a-

÷2- total derivative
,

disappears in petrbatro- th>.

f- ( Eh ☐him,

☐ it - - ) +Limit 15h +ntpph ☐
-

hit
-- )

just like chiral Lagrangian, this theory intrinsically contains

higher- dimension terms even with only 2 derivatives : no%k.

⇒ theory must break down land needs a UV completion)
at E-Mpi . But below that, perfectly predictive !

Example : Let's look at effects of tp, ☐h
'
term

.
We can use

classical field perturbation theory :

equation of motion
is ☐ h - try , ☐(ti) - Ip,T ,

where Tis tie

energy - momentum terror of a classical source
.

Lowest - order solution is E- Imp, ÷T ; Fo- F- mosh
,

this is just tie Newtonian potential h
'"
=

-

map, ÷ .



12LPerturbative solution
-

.

☐ (h
"'t h

' " ) = -Ep,T + ntp, ☐ (h
"'th "'T where h

" '
= OC Lp;)

☐ h
"' -
- Ep, ☐ ( Ip, F) torpid

⇒ h
" '
-

- ntpp Est
'

- 1- I :-p, ITMpl

This is just the position - space classical version of Feynman diagrams :

ut
h
'"
= •MTB ,

h " ' = ohne

r tha
source interaction

hn÷ ~ mtp
, Mgmt .

Take m= Mo , r = dit. 6th - sun and Mercury.

h
' "

I,
~ n÷, n÷

~ 1038 ¥ ~ 15 ? which is tie perihelion shirt!

43
"

/catry
- = 0.8×10 ?
2-11/88day

what about higher -order terms Li ? Can solve exactly uh, ad Li.

ha = Ip, [f- 128Ti 4+1,1=0%1+-1 . Short-range ⇒ unobservable
.

There are also genuine quantum effects :

mingy- Corrects graviton propagator. Just like in

non-abelian sarge theory
,
get a lnfp

'

) contribution which can't be

canceled by countertenors- Fourier - transform
'

. In C-p4 → ÷ (c. F. Uehlinspokirai
in QED)

ha - Inta - Eir - !÷in¥ - Ksa
-

III.out .

- - ]
r es r

"

classical
"

quantum Uv completion predicts these


