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As we saw

,
a mass term for a vector field is not gauge

invariant
.
However

,
there are several massive spin-1 particles

in nature
,
which are either composite particles ( the p meson

,

for example ) or which acquire a mass through the Higgs
mechanism ( the Ward 2 gauge bosons? So

,
we should

understand what their Lagrangian should look like

without assuming any gauge invariance conditions
.

Luckily , the story is still quite simple . We still need to

get rid of 1 extraneous degree of freedom , and this will

restrict the form of the Lagrangian .

We want a Lagrangian whose equations of motion will yield

(☐ + ñ)An=o in order to satisfy the relativistic dispersion

p7Ñ. So we can have quadratic terms with 0 or 2
derivatives. The most general such Lagrangian is

L= % An☐ An + bag A^2n8 Au + I ÑAAN with a
,
6
, m

arbitrary coefficients. (Note that 4) =P if (A) =L, a
and 6 are

dimensionless
,

and Cm] -- 1.)

The equations of motion are CHWJ

a ☐Ant 62nd
"

Au tÑAn=o .

Take 2m of this to get

( ( at 6)☐ +N)(5A~)=0 .

We are on the right track
if we can enforce 2-An -_ 0 !

this is a scalar ( i. e. spin-01 constraint so it projects out

j=O as desired . To do this
,

take a -_ 1
,
6=-1 :



E.L= JAM ☐ An - EA^2~2uAu + INAman

= -1-2 ( IAm Juan - ÑAT- Av ) + In
'

A-An ( integrating ↳ parts)

=
-¥( 2nA , - Juan)(HAV - JA

- ) + INA
-

An (rearranging)

=
- tpfnuf" + tzm-A-An ← Proca (massive spin- 1)

Lagrangian

The Field strength Fm justappeared without having to
invoke gauge invariance ! The equations of motion are now

(☐ tri)Ai0 and J^Am=o .

We can now find the 3 lineal> - independent polarization vectors

as before
,
but now in a frame when P

"

- Cm
, 0,0, 0)

since the Poincaré Casini- F- n?

In Fourier space, have p'=m
" and p

- c- =o. So can take

C-
'

n
= (0,1 , 0,01

,

EI =(0,0, 1,0)
,

and Ent = (0,90, 1) . These

satisfy C-
*

- c- = - l as did the massless polarizations, and they
are all physical .

In a boosted frame with p^= CE, 0,0, A) ( pi
-

- E'-my
,

we have

C- 'i lo, 1,401, En -10,0, 1,07, C-F- ( PI , o, o, En ) .
The third polarization is called logical because it has a

spatial component along the direction of motion .

Note that for ultra- relativistic energies F-⇒n
,

ti → Ena, 0,91) .
This will cause problems in QFT

,
and is why massive spin

- I

must either be composite or arise from a Higgs mechanism .



Spin - L
-

L
.

Of the Lorentz reps we found in week 2
,
we've written down

Lagrangian for (o
,
o ) and ( I, 't) . Now we'll finish the

job with ( I/O ) ad (0, E) .

Recall J+=J+iÑ are F- J- iÑ formed SUCH algebras
I 2-

( tr , o ) : F- IF, TEO
= > J= IF, k=Éo

These act on two
- component objects we will call left-handedsp.no# :

µ,→e£(
- i¥0- Ñ )

4
, ,

where É parameterize, a rotation and Ñ a boost .

NOTE ! Our sign convention for c- differs
From Schwartz

,
because our

sign yields rotations consistent
with the right-hand rule. So if you're

following along in Schwartz Ch. 10, take -0→ - -0 in his formulas
.

Note also the transformation of th is not unitary . As with spin-1,
we will use momentum

- dependent polarizations (i. e- Spiro-s) to fix this
.

Infinitesimally, 04<=+21--10;
-Bj )o;4< .

Similarly
,
lo
,
ti : 5=0, Jt

-

- IF = > J = IE, ñ=-÷o

(same behavior under rotations, opposite mole boosts)

This acts on right - handed spines? Yr →
e±tiE- E + B-F) µ,

after -_ tzfio-itpjlog.tk

Take Hermitian Conjugates !

Eti -- Hi -0; -Silvio; } remember of -- og.
8T£ = Elio; +B;) trio;

How do we write down a Lorentz- invariant Lagrangian ? So far
,

no Lorentz indices are present to contract with e.9. duty .



2L
Can try just multiplying spinors, eq. trttk , but this is not

Lorentz invariant !

8 (titre ) = Elio; +A.) trio; tr + ttrtfio; +A) o;tr

=p; trio;tr =/ 0

On the other hang the product of a left - handed and right-handed

spinor is
invariant :

Ectftp. ) = Elio;
-A) ti-ojtrttrtffi-g.tl;) oster

= 0

This isn't Hermitian , so
add it Hermitian conjugate

^

.

L ) m( titer + tatty ←
will see this is a mass termforspin - I Fields

"
Contains "

Conclusion
.

.

without derivatives, only a product of the ad this Loreto- invariant.

But just this term
alone gives equations of motion 4<=+5-0

,

which is

very boring.

Consider Trtoitr :

or (trtoitrr = Elio its;) trio;o;4R - tafia;+p;) trtoig.tn
= tri {Oi

,
o;) tie - i%tÉ[oi, critter
-

anti commutator
-

Commutator

= 28; ; = Zicijkon

= Bitftp.ttiikejtrtoktr

Let's define on = (11 , F) . Claim ! trtomtn ( trttr
,
traitor ) has precisely

the Lorentz transformation properties of a 4-vector ✓^ :(v0
,
T ) :

J v0 = B. J

OF = Bro + Exe
(you did this in Hw 1)



CAUTION ; on is Not a 4-vector . It is just a collectionof 4 matrices .
&

H,Ée rotation and the previous calculation make it clear that

itr-omdntr.is Lorentz - invariant (factorof i makes this term Hermitian )

similarly, Tom -= (11
,

-E) is Lorentz- invariant when sandwiched between thud put

⇒L=itIo^dntntitEE^Jnth-m(trt%+tE+f is the Lagrangian

for a left-handed and a right
- handed spin - I particle coupled with a mass

term. Note there is only one derivative
,
so [4T-

Equations of motion
: treat ten and tert as independent, so e. a- . Fur tent

,
# one

iondntn-mti-OJDiracequ-tionio-nt.tn- nth
--0

We will show shots that both 4h and th satisfy Klein - Gordon eqn, so indeed,

m is acting like a mass.
Before that, though, let's consider

internal symmetries .

✗
n
and tf live in different representations of Lorentz group, so can transform

differently under intr~ies. Suppose Y<→ e'
'

9^4
,
and

µ, → ei
Qi tr

.

Then kinetic terms are invariant
,
but not mass terms!

tht t<→ eik - 4) ✗ titty

This fact determines an enormous amount of the structure of the SM
.

Ignoring mass terms for now, we can see that

i
↳I

^

Him are invariant under any global UCD or SUCN) transformations,

under which tot and to transform oppositely .

To promote these to local symmetries , just replace

2m → Dm I 2m - igQ An or Dm _=2n - igt
"Ai as for scalars

.

=> interactions between spin - Land spin -1, e. g. electron -photon .



IF % and the have the say symmetries, for m =/ 0 it is
&

Convenient to combine them into a f-component object

+ = ( Ir ) , called a Diracspino . If we define

I = 4+80 = ( ti t;-) where V0 = (
°
" - 11mn

112×2 On
,

)
we can write the Lagrangian more simply as

L = I ( ijm Dn - m ) 4=0 where m=_ m ✗ In
,

0 on
where 8- = ( o- o ) .

Recall From Hw 2 that

S
"

= Cr
,
W] satisfied the commtatin relations

to- the

Lorentz group, but they
were block -diagonal so this is

a reducible representation obtained by combining tk and th .

The equation of motion is easily
obtained from ;§-=o :

cir
-

Dn - n )t=o.

Setting Dn=J~ (i. e. ignoring the coupling to the gauge field ),
can show that µ satisfies the Klein - Go-don eqn . by

acting with ( irvdutm on left :

0 = ( irubutm)( irndn -n)t =L-Hr
-

ain -ri ) to

(kill minus signs
,
use 2in -- duty :

=# {8? V32.2 tri)t

{8387=-8-84-8
'
r
-

=L>
~ =

"

Jiu +nyt

( ( (iffo6-a) =@nd
-

+N)t

Convenient notation ! Contracting with V denoted by a slash,
i.e. 8^2=-8

To obtain equation of motion for I, integrate derivative term by parts :


