
✗ = - i CDNI)r^t - met 5L

÷µ=o ⇒ - i Dnt 8- -mF=0
,
or in a more convenient notation

,

4-C- iD -m) = 0 ( DF is a reminder that derivative
acts on the left

,
before 8-)

-
- -

- -

Noetheistheoren
Extremely powerful tool in QFT : symmetries ← conservation laws

.

An example : the statement
of conservation of chase can

be expressed in F- +m as ¥+ = F.I, or in relativistic rotation,
Jn j^= 0 for the 4-current j^=_ (P, T) .

We argued that the gauge field coupling to to could describe

electron- photon interactions, so we should be able to build a

current operator out of 4- which
is conserved when µ

satisfies its equation OF motion . Looking at the Lagrangian, we find

f= iIDt -mtt-it-ldn-igQAnvlu-n.tt
> -And-gIY)

Check conservation : 21-gQIr-t) = -gQI(I +I)t
Recall Dirac equations were (expanding out covariant derivative )
( iD-m )t=o ⇒ ✗t=igQA - in )W

Ifi § -m) :O => IF -_ I C- igQA + in )

⇒ 2j^= -gate fight + if tight - in)4=o✓
Note that Al piece cancels on its own

, so 2~j^=o even withoutA !



Noether's theorem guarantees J~j^ as a consequence of the
&

invariance of L under the internal symmetry to→ ein to

The theorem ? L invariant under a continuous symmetry of; = ✗ %÷iEEFg,ÉaserÉ#i
(see Schwartz 3.3 Fo-a proof)

Yi can be any fields (scalar
,
Ferron

,
. . - )

,

and § runs over all

fields transformed by the symmetry .

Example : ✗ = Ici ✗ -m ) to invt. under +→ é"'t
,
D= e-iaaf

⇒ 84 = ikat
,
so ¥✗=iQt, similarly rt⇒ = -iaI

OFJ^= !÷nµ, + §÷g , a = itVliet) + 0 (L doesn't have 21J)
= -QIV4

,

sane as we found before!

(up to a factor ofg
,
since without a gauge field there is no coupling)

j^ as constructed from a symmetry is called a Noetet .

Can play some game for
a complex scalar field, will find Fo- UCD

jm : - i Q(€+2 -OI - G-It)I) exactly as we saw last week .

Non-abelian requires being a little
more careful with indices, we

'll do this

next time .

All our Lagrangian are also invariant under Poincaré
, so :

translation invariance → conservation of energy-momentum

rotation invariance ← conservation of angular momentum .

In HW 3 you'll see how to interpret the Noether current

for a gauge field with a translation- invariant action .



I
Thestmdadmodel
We have classified spin-0 and spin - I Fields 6

>
heir Lorentz reps and

internal (gauge ) symmetries, through
which we introduced spin- l fields.

Here are the Fields which comprise the standard Model !

✗ spin-0

if it

⇐ uµ,↳=l÷¥"É¥¥;;;I ✓
field,# (2) I

,↳pin-11 Sum)

Charges/representations

Terminology ! Lf
,
erif are left/right-handed leptons

Air
,
ur¥1drÉ are left/right-handed quarts

F-- 1,2, } are generations ( F- 1 is electron
,
electron neutrino, up quark, down qwrkj

f- =L is muon
,
muon neutrino

,
Chan qwk, strange game;" f

f= } is tan
,
tan neutrino

, top quay bottom quark )

It is the Hifield

Why, is hypoeharie

SUCH ( sometimes such is the weak force , and only acts on
left - handed fermions (and the Higgs)

sun ) (sometimes Suppa ) is Cota , or he ste

Notation ! Anything with a ✓ under such is a 2-component rector of fields

which transforms with ei
"T"

,
like I we saw earlier (in fact, I H )

.

I

similarly , the queries are 3-component vectors transforming with 3×3 notary matrices

( ¥1
(YEI ( " red "

,

"

green
"

,

" blue ") , so Q is actually a 3×2=1 - component field
Qr:( of 2-component fermions (12 components total )⇐it



8L
The Standard Model consists of (almost) all terms we can write down

up to total dimension 4 which are invariant under Lorentz and local

such ✗ SUCH ✗ Uchi, symmetry .

Easy stuff first,
'

<
such, G- 1, . . -8 such,a=1, . . } Lucie,

d

Lai
.

-

- Ibn HT - £6:b
"
- Fwiw

-u
-

- throw

1- { { i LIED-L.r-tiQEED~Q.r-i-ieE-VD~efi-iurfto-D~ufi-idpf.to
-Dadi}

F- 1

(role mass term has wrong sign ! Will get to this later in tie course)(
Higgs =

tm
"

H+ H - X ( 1++1+12

Since fermions have dimension % ,
a fermion - fermion - scalar term (known as

a Yukawa term ) has dimension 4. What such terns
are allowed?

d

] - Yi
,

? LF It eii - Y; ; QFH dri th . c.[
Yukawa 9

r
3×3 matrix Hermitian conjugates : these are
of numbers needed for Lagrangian to be real

,

but are often dropped to-Consider [ Her term first : convenience
.

SU (3)
^

. Lit→ Li
,

H - H
, Eri - epi (no transformations, so trivially invariant)

such
'

.
LF- Lt; Ut

,

It → UH
,
Eri - er F- some U C- such

,
so

LfHei → L;t(ut% Heir = Litter
, invariant (as expected , just like# +E)

U 4)
,
! this group is Abelim, so as a shortcut, can just count charges

'

.

+I +I -1 = 0

Lit Heir

So even Roush Li and er transform differently
,

It compensates
, making it

invariant .

Very similar story for second term .

Can check such and SUCH yourself
,

- to + I - I = 0
Uchi. QF H dÉ



&One final trick
and we're done ! We can make an SUCZ) -invariant

term wut taking Hermitian conjugates
.

You will show (• Hw) that C-
"

Galt , ( o- E"QÉH,
't

) is invariant under such
.

So
, defining Ñ= C-

" Hot = ( a.) , which has ✗ = ¥ ,
we can wite

- I - I +5--0

3 -Y.IQ?.H~uirLyum-n

That's it !

= Ibn HT
- £656

" "

- Fwiw
-u
-

- throw?÷÷÷¥aa*+;e¥raiEii+ir*→d
if-_ 1

d
- Yi

,

?Litter - Y; ; QFH Dri - Y;iQ;+Ñuni th - e
.

Consequences of this Lagrangian .

'

:÷÷÷:÷:÷÷÷i÷÷::::÷÷:::÷:For fun ,
a taste of the Higgs mechanism ? note that this Lagrangian

has no fermion masses ( it Cait, since all he left- and right - handed

-
.

V a constant , then

Yi Litter ' → Yi Cristy ;) en =v%ie<
a mass term

for the electron ?

More on this, and how electromagnetism emerges from hyperhaze,
in the weeks to come .



10LThe terms we didn't write down are of the form

G ETE"
,

"

where F-- G
,
W
,

B and E" = Euro Fpo .

These are called theaters . They happen to be

total derivatives :

take = FIE" ; where Ki Eun /A" F a
- g- F
"-

A
"

A
"
A
"

)
(actually doing the derivative is an index -filled mess

,
best done with

algebra of differential forms ).

This means they doit contribute to the (classical ) equations of
motion

. However
,
the QCD Theta term is physical because it

can be put in the Yukawa matrix by performing a chiral
rotation Q → ei^Q

, wdaseit.ie/dr with ✗ =/B. This is because
this transformation is anomalies : it leaves the Lagrangian the same
but changes the measure of the path integral . (more on
this in QFT 2.) The theta term has non-perturbative observable
effects

, including inducing an electric dipole moment to- the
neutron

. We haven't measured this
, so can bound -0<-10-9

This is the Straffen : why is Q so small ?

To wrap up, let's practice with Noether currents
.

The

SUGI gause symmetry has a global part given by Ñx)=Ñ(i.e.
a constant transformation parameter) , so we can try to apply
Noether's theorem . The quark fields transform as (ai _= ajrydf)

÷ia = IT"Qi , but the gauge fields also transform
, =

- ft"Acn
.

So the Noether current is

in = (% !÷µ%÷ ) + }¥a ;) '%÷a . Taking into account the nonlinear



terms in Fri
,
we have (co- bin:> L and R quarks into a Dirac spin.#

d) Ilir- dnt 98
-

A a)Q - %(d~Ai - KAI +qfa
"
A! Ait

⇒ I = IET
, }÷µgy= - (5A

"
- JA

- •

+gfb
"

A
"

A
" )= - F

" "

3120-1

So JM = - Ern Ta Q + fb
"

A
"

f
" "

= - Qy~Ta a + fabcpfnbfnvc

I ←
Using antrsymnefn of fate and relabelingthis is a matrix , so

order matters:
- Imr man

,
mm--1,213

This is certainly conserved , 2)
"-

= 0
,
as guaranteed by

Noether 's theorem, but it's not particularly useful because
it's eioriant ! Not only does it contain Fri

,

which is

only covariant
,
it contains Aub by itself, which is neither

invariant nor covariant. This means the Noether current

corresponding to a non-Abelian gauge symmetry is

mpa ' .

On the other hand
,
the Noether currents corresponding to Uci )

gauge symmetries as gauge - invariant and physical . As we will see

next week
,
at low energies the left - and right-handed fermions

pair up into 4-component Dirac spines in the (1%0)+010
, :)

Lorentz representation such that the Noether current of Ucl)
Em

iz the electric current operator. There are also conserved charges

corresponding to global symmetries of the SM Lagrangian , which

you 'll explore on the HW.


